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Abstract

In this paper we give some combinatorial applications according to a new ex-
tension of the classical Hermite-Hadamard inequality proved in [1].

2000 Mathematics Subject Classification: 26D10, 49340, 49K40.
Key words: Dynamical Systems, Monotone Trajectories, Generalized Jacobian, Vari-
ational Inequalities.

1 INtroduction. . ... it e 3
2  Asymptotical Formulae .. ....... ... . ool 5
3 Formulae for Power Sums. ............ ..., 10
References

Monotone Trajectories of
Dynamical Systems and
Clarke’s Generalized Jacobian

Giovanni P. Crespi and
mrocca@eco.uninsubria.it

Title Page

<44 44
< >
Go Back
Close
Quit
Page 2 of 15

J. Ineq. Pure and Appl. Math. 7(1) Art. 24, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:g.crespi@univda.it
mailto:
mailto:
mailto:lithau@maths.unsw.edu.au
http://jipam.vu.edu.au/
http://www.ams.org/msc/

In the paper [], we have proved the following generalization of the classi-
cal Hermite-Hadamard inequality for convex functions, extendedritiodes:
Suppose thatoco < a < b < oo, f : (a,b) — R is a strict convex function,
z; € (a,b),i=1,...,nsuchthat; # x; if 1 <i < j < n. Then the following
inequality holds:

o) j,n) < L3 s

i1 i(l’l,...,

) = [ =1 (@ —

In the concave case sign is changed to-. Herell; (x4, . ..

k#i
rp) and FO (s), FMW(s),..., F™1(s), ... is a sequence of functions defined
recursively byF©(s) = f(s) and L F("(s) = F("=V(s),n = 1,2,.... These
sequences of functions ¢f are known as the iterated integrals of As an
application of this main result we have proved the following identities:

(1.2) Z Hk(xlx?__ - — Zxk,
k=1 ’ e k=1
n .Ikil B
(1.2) ; TR 1,
a8 Y= [nY pre @0
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and

n

n 12 mknk

k=1

1

(1'1,...

(1.4) (zk # 0).

1
I, =
In this paper we apply the formulae above to obtain closed combinatorial for-
mulae and to investigate the asymptotic behaviours of these sums. For the
sake of the convenience of the reader we collect the transformational regula-
tions for the quantityil, (x4, ..., z,) which plays a significant role in all of the
formulae. Note that all of them are simple consequences of the definition of
(g, .. xp).

a) If a € R, then

(o + 2z, ... o+ x) = gz, ... xy),
that is,II; is shift invariant.
b)
M (axy, ..., ar,) =" (..., 2,).
c)
(o — 1, .., — xp) = (1) (g, ..., 2,).
dIf z, 0,k =1,...,n,then
1 1 (21, ... 2,
Hk <— —) — (_1)”—1 kgf; . , L )
T Tn, S
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a) Letl < z; < -+ < x, be variables and, = =1, s = z1 + 29, ...,
Sp =1+ -+ x,. Thens; # s, if 1 <i < j <n, hence formulal.1l) can be
applied tosy, ..., s,, consequently we have

i=1 j=1 b

-5 Sn)
For the left-hand side of2(1)
Zsj:xl_’_(x1+m2)+"'+($1+"'+xn):Zj'xn—j—i-l'
j=1 j=1

The definition ofl1; implies
Hj(Sl, ey Sn)
= (s5 = s1) -+ (85 = 55-1)(s5 — sj41) -+ (85 — )
= @2t Fay) (o +25) - 2 (=1)" 7w (350 + 2540)
..(x]+1_|_+xn)

Using the above expressions we have the following identities far allz; <
.« e < l‘n:

(2.2) Zj " Tn—j+1
j=1

= zn: (_1)n—j(m1 +---+ :I:j)”
j=1 (x2+.“+xj)'”(xj*1+$j)mj$j+1"'(xj+1+"'+.ﬁlﬁn).
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Now, if z, — 1,k =1,...,nthen @.2) gives

(n+1) Z Z )"

Multiplying both sides by(n — 1)! leads us to

= i M —1 n+1)!
> (=1 (._1>=< 5 !
=1 J
b) Apply now formula (.3 tozy =1+ £,k =1,...,n. Hence
"1 E\ — 1
= (-1 <1 - —> —
;1+§ 1!_[1 n ;(1+§)2Hk(1+1, 1+2)
N I(E)S i
- L k=1 (n + k)?TL( )
= (=1 n—1_— k
(1) nnH(n-i- )Z(nJrk,) (L)
k=1 k=1
n
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From this equality chain we conclude that

2n\ = (=) m—1 1 1 SN |
2.3 ~ i _ ‘
(2.3) <n);(n+k‘)2 kE—1 n 1+ £ ~n+k
Since )
I~ 1 1
lim — - —/ du = log 2,
— 1"’5 0 1+u

n—oo M,
k=1

hence the left-hand side d1.(3) is convergent and

o ()5 £ 1)

n— oo n
k=1

Pursuant to the Stirling formul&”) ~ <= (n — o0), consequently we
ion for the sum on the left:

have the following asymptotic expression

”@N*c—v J%@f_mﬁw)

Z(n—l—k‘)2 k

k=1
c) This example follows along the lines above but choosipg= 1 + (£)
). Without the detailed computation we have

H“m+w“WAWW (&)
(2.4) -~ Z 1+ ( (n!)? — (n2 + k2)2' (nzk)

(k=1,....n
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From this equality the limit of the right-hand side exists and

lim 2n -
n—oo

[T (0 +F7) §
: (n!)? Z

k=1

D% () Ly

(n2+k:2)2 (n;il-k)

n—oo M

1
1
—/ du
o 1+u?

T
—arctanl = —

Combining these observations we have

e ()

k=1

Moreover(n!)? ~ 27n(2)*" and

ﬁ (n +k2
k=1

()]

On the other hand

1 n
— log

n ( N
Z (n2 + k2)2 (n;rk)

T (n!)?

8n II7_, (n? + k?) (n = o0).

1 & 2
= — E log |1+ (E> ]
n n

k=1

1
—>/ log(1+ 2*)dx (n — 00),
0
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hence

n

[1

k 2 11 2
1+ (= ~ enfo og(l+z )dx.
n
k=1

Using integration by parts to evaluate the integral in the exponent gives

1
/ 10g(1+x2)dx:10g2+g—2:a>0.
0

Putting together these results gives the following asymptotical expression:

~ —¢€

Zn: (_1>k_1k2 (Z) m? —n(log2+7%)
(n2 + kz2)2 (TL:L-k) 4
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Letu,,...,u, € Rsuchthat, # 0, |u;| <1, u; # u;if 1 <i<j<nand
x;=1—wu; (1=1,...,n). Then applying {.3) gives

1

n 1 n n n
Z:l—uZ 1}}11_”’“2 (1 —w;)?IL(1 — uy, ..

=1
n n 1
1 — U ]
lg ; (1 _Ui)2Hi(U1,...,un)

Under the above condltlonl-s— S oo ué, hence

1 —uy,)

n

D S R D WS DL W)

=1 ¢=0 =0 =1

where we use the denotatidh(¢) := uf{ + --- + uf, for (¢ = 0,1,2,...), and

thus we have the following identities fax, . . . , u,:
o0 n n 1
(3.2) 2 PO=]]0-uw)} (1 — w2 (uq, .- -, )
=0 k=1 i=1
Apply now 3.2 touy = -5 (k = 1,...,n). For the left-hand side:
[e’e] [ele] n /{ / [e’e]
>r0=-33 ()~
=0 (=0 k=1 =0
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whereP(f) =1 + 2 + ... 4 n’ (£ =0,1,2,...). On the other hand

H( n+1) (nz—'l) and

1:1 n (=)= 1) —a)!
Hi(n+1""’n+1)_ (n+ 1)1 '

Putting these expressions into the right-hand sid& &) (ve obtain

(3.3) S npﬁ nin+1)Y (=1 (T.L N 1).

2 _
=0 - j—1

A simple rearrangemant o8(3) and using?(;‘:ll) = (’;) gives

n

i ni 1)t Z (_1-)j_1 (n)’

=0 = J

and since it is known that

Zn: (_1]?j1 (;z) _ /01 1_(18—_3)nd5 = :1 %,

Jj=1

consequently we have the following identity for all fixed

e}

P(0)
Zn+1€+1 Zk

=0
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Let us start now with3.1) substitutingu; = i z,>1(k=1,...,n)and
xz; # x; if 1 <7 < j < n. Using the same technique applied above and the
transformational rule d) we get the following identity for, . . ., z,:

(3.4) ZZ = (-1

ZOkl

n

(xp — 1) Z (x; — 1)2]'[i(ix1, o ,xn)'

1 =1

::]s

e
Il

Puttingz, = k+ 1 (k = 1,...,n) in (3.4) and simplifying the right-hand side

we have the following equality: Monotone Trajectories of
Dynamical Systems and
00 1 1 n (_1)1',1 n Clarke’s Generalized Jacobian
(3'5) Z |:? ot (n + 1)K:| - Z 7 <Z + 1) <Z> Giovanni P. Crespi and
£=0 =1 mrocca@eco.uninsubria.it
Observe that; + - + 50 = ¢"*1(¢) — 1, where¢"*!(¢) denotes the _
(n + 1)th partial sum of the serieg() = >°3° | 1, if £ > 2. Moreover letH,, Title Page
denote thexth partial sum of the harmonic series, thafis = >_;_, +. Using Contents
this quantity and separating the summands correspondifg=t® and/ = 1 «“ b
gives
< | 2
- [n+1] - (_1)i_1 . nf ™
3.6) n+H, -1+ [y —1]=)" (). Go Back
=2 =1 Close
Rearrangingd.6) and taking the limit ag — oo yields that: Quit
n (_1)1‘—1 . n Page 12 of 15
3.7 —1]=1+1 — nH" —n—H,1|.
@) Z +n£20[12 ) o e
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This relation prompted us to investigate the quantities arising in both sides
of the equality. On one hand the sum of the series is equal to 1 as an easy

computation shows below:

Aagk

Wlp_.
WMg
P?‘l,_.
NE
?T‘lH

DK -1 = Z

(=2

Hence

lim [i -
i=1

In fact we prove more in the following lemma
Lemma 3.1. For all n > 1 the identity below holds

iﬁ(w 1)“(2‘) =n+ H,.

]

=1
i r, € R such that; # x; if

Proof. In the paper [] we proved that ifxr,,
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1 <i<j<nthen

j
;i

)

Applying this result taz; = 1 (i

n

D

i=1

Moreover

n —1)i-1
$- (1)

?

i=1

as we stated.

e

)

2

ZL Lk
1

0

if j7=n
if j=n-—1

if 0<j<n-2

1,...,n) gives that

Hy,
1

0

(-1

if j=n
if j=n—1

if 0<j<n-—2

P

(~1)-"

4 z’”"“(@)

1 1

afg)-sn
n

[e=]

i
n
k
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