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ABSTRACT. In this paper, we obtain some second order differential subordinations of holomor-
phic mappings on a bounded convex balanced doflamC". These results imply some first
order differential subordinations of holomorphic mappings on a bounded convex balanced do-
main 2 in C™. When( is the unit disc in the complex plari@, these results are just ones of
Miller and Mocanu et al. about differential subordinations of analytic functions on the unit disc
in the complex plan€.
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1. INTRODUCTION

Let C" be the space ofi complex variables = (z1, 22, ..., 2z,) with the Euclidian inner

product(z, w) = > 7_, zjw; and the norm||z|| = /(z,2). A domain is called a balanced
domain inC" if Az € Qfor all z € Q and\ € C with |\] < 1. The Minkowski functional of
the balanced domaif is

p(z):inf{t>0,§€§2}, z e C".
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2 YU-CAN ZHU AND MING-SHENG LIu

Suppose thaf) is a bounded convex balanced domainUh, and p(z) is the Minkowski
functional ofQ2. Thenp(-) is a norm ofC" such that

Q={zeC":p(z) <1}, pA2) =[Ap(2)

for A € C, z € C" (seel[20]).
Letp, >1(j=1,2,...,n). Then

b= {mm) €S lap <1
j=1

is a bounded convex balanced domain, and the Minkowski functjgnalof D, satisfies

n

(1.1) Z

1/
p(z) = (Z};l |zj\p) g is the Minkowski functional of domaif, = {z eC: 2}121 |2;]P < 1},
wherep > 1.

Let Df(z) and D*f(z)(-,-) denote the first Fréchet derivative and the second Fréchet de-
rivative for a holomorphic mapping : 0 — C” respectively. Then they have the matrix
representation

_ (9£i(2) 2 P fi(2)
Df(Z) a ( Oz, )1§j,k§n’ P <Z 02,02 >1<‘ k< ’

whereb = (b1, by, ...,b,) € C". The mappingf : Q@ — C" is called locally biholomorphic if
the matrixD f(z) is nonsingular at each poinatin €.

The class of all holomorphic mappings: @ — C" is denoted byH (2, C"). Assume
f,g € H(Q,C"). Then we say that the mappingis subordinate tg;, written f < g or
f(z) < g(z), if there exists a holomorphic mapping : @ — Q with w(0) = 0 such that
f(z) = g(w(z)) forall z € Q. If g is a biholomorphic mapping, thef(z) < ¢(z) if and only
it £(2) C g(©2) and£(0) = g(0).

In classical results of geometric function theory, differential subordinations provide some
simple proofs. They play a key role in the study of some integral operators, differential equa-
tions, and properties of subclasses of univalent functions, etc. S.S. Miller and P.T. Mocanu et al.
have obtained some deep results for differential subordinations [10, 111,112, 13] 16, 14]. There
is a excellent texDifferential Subordinations Theory and Applicatioty S.S. Miller and P.T.
Mocanu [15].

The geometric function theory of several complex variables has been studied by many au-
thors. Many important results for biholomorphic convex or starlike mappin@¥ ihave been
obtained (see [2,13]). Some differential subordinations of analytic functions in the complex
plane are also extended @' [4}16,[8,[15] 22]. But there are very few results on second order
differential subordinations of holomorphic mapping<ih.

In this paper, we obtain some second order differential subordinations of holomorphic map-
pings on a bounded convex balanced donfaim C”. These results imply some first order
differential subordinations of holomorphic mappings on a bounded convex balanced domain
in C". When() is the unit disc in the complex plarfé, these results are just those of Miller
and Mocanu et al. about differential subordinations of analytic functions on the unit disc in the
complex planeC.
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2. MAIN RESULTS AND THEIR PROOFS

In the following, we always assume that the domQiis a bounded convex balanced domain
in C™ andp(z) is the Minkowski functional of2. Thenp(-) is a norm ofC" such that

Q={2eC":p(z) <1}, p(Az) =|Alp(z)

forxe C,z € C".
In order to derive our main results, we need the following lemmas.

Lemma 2.1. Suppose that(z) is twice differentiable if2 — {0}, and letw € H(£2,C") with
w(z) Z 0andw(0) = 0. If zp € Q — {0} satisfies

pw(z0)) = max p(w(z)),

p(2)<p(z0)

then there exists a real numbep 1/2 such that
dp
(2.1) Duw(zp)(z0), E(w()) = tp(wy),

and

(2.2) Re <D2w(zo)(20,20),%(wo)>

SN - = O
> Re {jl:1 azjagl (w0>b]bl - ]Z_: Oz (wO)b bl} p(w())a

wherew, = U)(Z()), Dw(Zo)(Zo) = (bl, b, ... ,bn)

Proof. Sincep(wy) = (r)n<a>(( )p( w(z)), then we havey, # 0. Otherwise, there ia)(z) = 0,
p(z
which contradicts the hypothesis of Lemma|2.1.
Letw(z) = (w1(2), wa(2),. .., wnu(2)), ¥(t) = w(ez0) = (n(t),72(t),...,1m(t)). Then
we havey;(t) = wj(e"z) ( = 1,2,...,n), 7(0) = w(z) = wy and

d;(t) _ g~ Owie"20) o d;(t) _ieiti <8wj(eitz0)z0>

k
z
k=1 0z,

wherez, = (2,29,...,2%). SetL(t) = p(y(t)) (-7 < t < m). Some straightforward
calculations yield

dv Cdy;(h)
Z 82 . j Z 82 ]t
J J

— —2Im [ @w(t)) s Zo)z;z]

Z.
gik=1 """

— —2Im <Dw(e“zo)(e“z(>)7 8—5(7(75))> :
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it 8p O "L 9p "L Q%w;
" _ it ] 22t _r J 0.0

k=1 k=1
_ - w, i 0 OW; g
21m Z]kzllz 82]621 0z (e"2) 0z, (")
- ow; o ow; it 0
+21m[12 Zazjazl (82 - (e20, ))8k (e"z) | -
7,k=11lm=1
Noting L(0) = _max L(t) , we haveL’(0) = 0 andL”(0) < 0. It follows that
dp

(2.3) Im Dw(zo)(zo),a(wo) =0,

and

~  0? o -
+ Re [Z —p(wo)bjbl - —p(wo)bjbl] Z 0.

On the other hand, by Schwarz’s Lemmaln [19], we have
plw(z)) _ pluw)

for 0 < p(z) < p(2o).

p(z) — p(z0)
Let
_ plw(rz)) _ plw(rzo))
olr) = przo)  rp(z)
Theny(1) = max o(r) . It follows that
¢'(1) = lim e —el) o

r—1-  r—1 -

By a simple calculation, we obtain

¢'(1) = —% + % Re <D’LU<ZO)(ZO>7 %(w0>> > 0.

If we let

t=

ke Dutao ), ) ).

then we have > 1/2, therefore[(2.1) of Lemmfa 2.1 holds, afd {2.2) follows frgm](2. 3) and
(2-4). This completes the proof.

Remark 2.2. Sincep(tz) = tp(z) fort > 0, then forz € C" — {0}, we have

dp(tz)

- j+za zj—QRe<z gg(z)>.

(2.5) p(z) =
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Foranyz € C" — {0}, we havep(-7;) = 1. Lettingw(z) = = in ), we obtain that there
exists a real number> 1 such that

<z, %(Z)> =tp(z) >0, ze€C"—-{0}.
Hence it follows from|[(2.b) that
p(2) :2<z,%(z)>, z € C"—{0}.

Lemma 2.3([10]). Letg(&) = a + b€ + b? + - -+ be analytic in|¢| < 1 with g(&) # 0. If
&0 = ree'® (0 < 7y < 1) andRe g(&) = |1§rr‘1<in Reg(¢), then

26) 0 (6) < ~5 et
and
(2.7) Re{&g" (&) + &g (&)} < 0.

Lemma 2.4. Suppose thai(z) is differentiable i2—{0}. Leth : 2 — C™ be a biholomorphic
convex mapping with(0) = 0. Then for every € 2 — {0}, we have
2 (a0, 220) ) ot

Proof. For each: € 2 — {0}, we letg(¢) = (Dh(2) "' (h(z) — h(£2)), %(z)) for |¢| < 1. Then
g(¢) is analytic in|¢] < 1 and

< p(2).

dp
o(6) = (Dh(:) Hh(:), 2D ) + bt
From the result in[3,]7], we havee g(¢) > 0 for all |£] < 1. Hence we obtain
0 =Reg(1l) = minRe g(&).

|€l<1
By a simple calculation, we may obtain

g(1) =— <Dh(z)—1Dh(z)(z), %(Z)> . <Z %<Z)> __rlx)
By (2.6), we have
—p(z)Rea+ |a* <0,
wherea = <(Dh(2)_1h(z), %(2)>. It follows that

2(Dhe) ), 2600 ) - o)

< p(2).

0

Lemma 2.5([23]). Suppose thap(z) is twice differentiable if2 — {0}. If f : Q@ — C"is a
biholomorphic convex mapping, then we have

~ Pp —~ Pp 1o dp
: — =) >
(2.8) Re {l§m:1 Td biby, +l§mj1 . by, <Df(z) D*f(z)(b,b), 0z> > ()

for everyz = (21,29, ..,2,) € Q= {0}, b= (b1, by, ...,b,) € C" with Re(b, 22) = 0.
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Lemma 2.6. Assume thap(z) is differentiable in2 — {0}. Then

(2.9) s =2(= ), e -0}
and
(2.10) ‘2 <w, %(z)> < p(w), ze€C"—{0}, weC"

Proof. From Remark 2]2, we only need to projre (2.10). Let C* — {0} and

Q, ={weC":pw) < p(2)}.
Then(2, is a convex domain irC"”, and %(z) is the normal vector 0bf2, at . For every
z,w € C" with p(z) = 1, p(w) = 1, we haveRe <z —w, %(2)> > 0. It follows that

e om0 200 < 2me (= ) o 1.

When<w, %(z)> = 0, it is obvious that|(2.10) holds.

When<w, %(z)> # 0, thenp(w) # 0. Using 5 to substitute for and%e—w to substitute
for w in (2.11), we obtain

'2 Re <w, %(z)>‘ <p(w), zeC"—{0}, weC",

wheref = arg <w, %(z)> and%2(\z) = 2(z) forall A € (0, +o0) andz € Q — {0}. This
completes the proof. O
Lemma 2.7. Suppose that(z) is differentiable inQ2 — {0}, and leth : @ — C" be a biholo-
morphic convex mapping with(0) = 0. Then for every € Q — {0} and vectorf € C, the
inequality o
-1 9p 2 -1
2{ Dh(z)7(), 52(2) )| = (14 p(2))"p(DR(0)(€))

holds.

Proof. Without loss of generality, we may assume thas a biholomorphic convex mapping
on Q. If not, then we can replade(z) by h,.(z) = h(rz), whered < r < 1.
For any fixedz € Q2 — {0}, from the proof of Theorem 2.1 in|[5] 9], there exist 02 and
w € (0,1) such thati(z) = ph(z) and
1—p> 1_—'0(2)
1+ p(2)

Letg(w) = h™ (1 — u)h(w) + ph(Z)]. Sinceh is a biholomorphic convex mapping 6n then
g € H(Q,C") with g(Q2) C Qandg(0) = z. For every¢ € C" — {0}, we set

s =2(s(A-5) ,%@,

then () is an analytic function in\| < 1. By Lemmd 2.5, we obtain
o))
A < A—=]) <1
sl < (s (A5
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forall |\| < 1, and

o) =p(2) +2 (D) (55 ) S ) A+

From the classical result inl[1], we hayg/ (0)| < 1 — [«(0)|>. It follows that

2040000, 22))| < (1= pr ot

SinceDh(z)Dg(0) = (1 — 1) Dh(0), then

2 (D) DUONE), 52)| < (1= ) < (14 pla) o)

forall¢ € C", z € O — {0}.
Set¢ = DR(0)(£), thené = Dh(0)~!¢ and
2( D020, 5706))| < (-4 o)1) ),

which completes the proof. O

Theorem 2.8.Let f,g € H(Q2,C") with f(0) = ¢(0), and letg be biholomorphic convex on
Q. Suppose that(z) is twice differentiable if2 — {0}. If f is not subordinate tg, then there
exist pointszy €  — {0}, wy € 02 with 0 < p(29) < 1, p(wy) = 1 and there is a real number
t > 1/2 such that

(1) f(20) = g(wo), B

(2) (Dglwo) " Df (z0)(z0), (o) ) = t, and

3) Re <Dg(w0)—1D2 £(20) (20, 7)1 %(wo)> > _t.
Proof. If f is not subordinate tg, then there exist points, € Q — {0}, w, € 9Q with 0 <
p(z0) < 1,p(wy) = 1 such thatf(zy) = g(we) and f(D,) C ¢(2), whereD, = {z € C" :
p(z) < r}andr = p(z).

Letw(z) = ¢g7'(f(2)). Thenw : D, — € is a holomorphic mapping with(z) # 0 and
w(0) = 0 satisfyingf(z) = g(w(z)) for z € D,. Hence
1= = .
p(wo) p(zr)rgéo)p(w(z»

By a simple calculation, we have

Dw(2)(20) = Dg(wo) ™ D f(20)(20),
Dg(wo) ™ D? f(20)(20, 20) = Dg(wo) ™ D*g(wo)(Dw(z0)(20), Dw(z0)(20))
+ D*w(20) (20, 20)-
From ), there is a real numbep 1/2 such that

( Dwtan)a). 52 ) ) = to(an) = .
So we obtain

Dy(uwo) " DF (o)), L)) = 1.
( 22)
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and
Re { Dg(un) D/ 2 e 20). Sl )
= Re { Dyln) ™ Dglun) (Do) 20, D) o)) )
+Re <D2w(z0)(zo, zO),%(wo)>
> e Dylun)™ Dglun)a ), S () )

+ Re { p (wo)aja; — p (wo)ajal} — 1,
; =1

wherea = Dw(z)(z0) = (a1, az, ..., a,). Ifweletb = (b1, bs, ..., b,) With b; = ia;, then we

have o o
Re <b %(w0)> Re{ <Dw(z0)( 0), %(wo)>} = Re{it} = 0.

From Lemma 2.5, we obtain

Re { Dg(un) D12 e 20). S )

> —Re<Dg<wo> D) (1), 5 ) )

{Z 5207 (w0)b;by +M2m(wo)bjbz} -
> —t.

This completes the proof. O

Remark 2.9. Whenn = 1, Q is the unit disc in the complex plati@andp(z) = |z|(z € C), we

may obtain Lemma 1 iri [14] from Theorgm P.8. Theoienj 2.8 will play a key role in studying
some second order differential subordinations of holomorphic mappings on a bounded convex
balanced domaif2 in C".

Let Q, be a set ofC", and leth be a biholomorphic convex mapping & Suppose thai(z)
is twice differentiable irf2 — {0}. We define¥ ({2, k) to be the class of maps: C" x C" x
C™ x 2 — C™ that satisfy the following conditions:

(1) ¥(n(0),0,0,0) € €24, and

(2) (e, 8,7.2) ¢ Qufora = h(w), ( Dh(w) (), F(w) ) = t, Re ( Dh(w) (7). F(w))
> —t, andz € Q, wherep(w) = 1 andt > 1/2.

Theorem 2.10.Lety € U(Qy, k). If f € H(Q2,C™) with f(0) = h(0) satisfies
(212) ¢(f(z)v Df(Z)(Z), D2f(2>(zv Z)v Z) S Q1
forall z € Q, thenf(z) < h(z).
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Proof. If f is not subordinate t@, then by Theorem 2|8, there exist pointse Q — {0},
wo € 02 with 0 < p(z9) < 1, p(wy) = 1 and there is a real numbee> 1/2 such that

o) = hun), ( Dblun) D)), 52C) ) =,
and

Re <Dh(w0)_1D2f(zo)(zo, 20), %(wo)> > —t.

Seta = f(z), 8 = Df(20)(20), v = D?f(20)(20, 20), then according to the definition of
U(€y, h), we have

U(f(20), Df (20)(20), D* f(20) (20, 20), 20) ¢ 1
which contradicts (2.12). Heng&z) < h(z), and the proof of Theorem 210 is completel]
Theorem 2.11.Let A > 0, h € H(Q2,C") be biholomorphic convex with(0) = 0, and
let v(z) € H(Q2,C") with ¢(0) = 0. Suppose thap(z) is twice differentiable ir2 — {0},
k > 4||Dh(0)7Y|, andyp, ¢ : Q1 x Q — C are holomorphic such that

Reg(a, z) = A+ [p(a, 2) = 1] = Re[p(a, 2) = 1] + kp(4(2))
for all (o, z) € h(Q2) x Q, where; is a domain ofC" with 2(Q) c Q; and ||[Dh(0)7!]] =
sup p(Dh(0)71(€)). If f € H(Q,C™) with f(0) = 0 satisfies
p(§)<1
AD*f(2)(2,2) + 6(f(2), 2) Df (2)(2) + ¢(f(2), 2) f(2) + ¥(2) < h(2),

thenf(z) < h(z).
Proof. Without loss of generality, we may assume tfiaindg satisfy the conditions of Theorem

onQ. If not, then we can replacf(z) by f,(z) = f(rz), ¥(z) by ¢,(z) = ¥(rz), andh(z)
by h.(z) = h(rz), where0 < r < 1. We would then provg,(z) < h,(z) forall0 < r < 1. By
lettingr — 17, we obtainf(z) < h(z).

Let

vla,B,7,2) = Ay + ¢la, 2)8 + pla, z)a+ P(z),
and leta = h(w), <Dh(w)‘1(ﬁ), %(w)> — ¢, Re <Dh(w)‘1(fy), %(w)> > —t, where
p(w)=1,t>1/2. If we set
(., 8,7, 2) = h(w) + ADh(w)(w),

then we have

Aw = ADh(w)™(7) + ¢(a, 2) Dh(w) ™" (B)

+[p(a, z) — YDh(w) ™ h(w) + Dh(w) ™ ((2)).
Since2 <w,%(w)> = p(w) = 1from Remar, we obtain
ap

213) 2 =24 Dh(w) (1), Fw) ) +20(0.2) { Dhiw)(9). L)

2l 2) = 1) (D) hlw), 520w) )+ 2 Dhw) (). G w) )
By Lemmd 2.4, we have

‘2 <Dh(w)1h(w), %(w)> — 1’ <1

J. Inequal. Pure and Appl. Mat}8(4) (2007), Art. 104, 15 pp. http://jipam.vu.edu.au/
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By Lemmd 2.}, we obtain

Re\ > —2At + 2t Re ¢(a, 2) + Re[p(a, z) — 1]

— |e(a, z) — 1| = 4| DR(0) [l p(2(2))
> (2t = Dile(e, 2) = 1] = Rep(a, 2) — 1]}
(2.14) + (k — 4|Dr(0) " Dp(¥(2)) = 0.

Now we verify thaty(«, 5,7, z) ¢ h(2). Suppose not, then there exists € 2 such that
(e, B,7,2) = h(w;). From the result in[3,]7, 18, 19], we have

—ReX=2Re <Dh(w)_1(h(w) — h(w)), %(w)> > 0,

which contradicts[(2.14), henag(a, 8,v,2) ¢ h(2). By Theoren] 2.10, we obtaifi(z) <

h(z), and the proof is complete. O

Corollary 2.12. Let A > 0,h € H(Q2,C") be biholomorphic convex with(0) = 0, and let
¥(z) € H(Q,C") with ¢(0) = 0. Suppose that > 4| Dh(0)7!||, p(z) is twice differentiable
in Q@ — {0}, andB(z),C(z) € H(Q2,C) satisfy

ReB(z) = A+[C(2) — 1] = Re[C(2) — 1] + kp(¢(2))
for all z € Q, where||Dh(0)7'|| = sup p(DR(0)7*(£)). If f € H(Q,C") with f(0) = 0

o p()<1
satisfies

ADf(2)(2,2) + B(2)Df (2)(2) + C(2) f(2) + (=) < h(z),
thenf(z) < h(z).

Corollary 2.13. Let A > 0,h € H(,C™) be biholomorphic convex. Suppose théat) is
twice differentiable i — {0}, and B(z) € H(Q2,C) withRe B(z) > Aforall z € Q. If
f e H(Q,C") with f(0) = h(0) satisfies

AD*f(2)(z,2) + B(2)Df(2)(2) + f(2) < h(2),
thenf(z) < h(z).

Corollary 2.14. Leth € H(£2,C") be biholomorphic convex with(0) = 0. Suppose thai(z)
is twice differentiable if2 — {0} and ¢ : 2; — C is holomorphic such thake ¢(h(z)) > 0 for
all z € Q. If f € H(Q,C") with f(0) = 0 satisfies

f(2) +o(f(2))Df(2)(2) < h(z),
thenf(z) < h(z).

Remark 2.15. Whenn = 1, we haveD f(z)(z) = zf'(z) andD?f(2)(z,2z) = 22 f"(z). From
Corollary[2.12, we may obtain Theorem 2[in[13], Theorem 3.1a1h [15], Theorem 1 for case 1
in [12] and Theorem 1 iri [14]. From Corollary 2]13, we may obtain Corollary 2.1 ih [13].

Example 2.1.Let 5 > 0 andy € C with 2Re~y > S. The unit ball inC" is denoted by
B ={z¢cC":|z] <1}. If u € C"with ||u]| = 1, thenh(z) = —=— is a biholomorphic

_<Zvu>
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convex mapping o3 (seel[17]). By a simple calculation, we have
2 _ Req|l — (z,u)|* + B[Re(z, u) — {2, u)|*]
@15 Re [ ()] - T— ()P
> 6|1 _ <Z,U,>|2 + 2ﬁ[Re(z,u> B |<Z,U>|2]
B 2|1 - <Za u>|2
_ B [z u))
2[1 = (z,u)|?
forall z € B. If f € H(B,C") with f(0) = 0, then by Corollary 2.14, we have
< = f(z) < ———.
e+ 1= (e TP T
Example 2.2.Let A > 0,8 > 0 andy € Cwith Rey > /2 + A, u € C* with |Ju|| = 1. If
f € H(B,C") with f(0) = 0, then by Theorerh 2.11, Corolldry 2|13 apd (2.15), we have

>0

f(z) +

AD*f(2)(z,2) + {ﬁ% +’Y} Df(2)(z) + f(z) < 1— <ZZ7U> = f(2) < 1— ?Z7u>’
and
ADF(3)(z.2) + B (). + 21D + £2) < T — 1) < Ty

Let p(z) be differentiable if2 — {0}. For M > 0, we define¥ (M) to be the class of maps
1 C" x C" x C™ x Q — C™ that satisfy the following conditions:

(1) p(¥(0,0,0,0)) < M and
(2) p(¥(a,5,7,2)) = M for all pla) = M, 2(8,%(a)) = tM, 2Re (7, 2(a)) >
(t? —t)M, andt > 1.
Theorem 2.16.Lety € U(M). If w € H(Q2, C") with w(0) = 0 satisfies
(2.16) p(h(w(2), Dw(2)(2), D*w(2)(z, 2),2)) < M
forall z € Q — {0}, thenp(w(z)) < M for z € .

Proof. Suppose that the conclusion of Theofem P.16 is false. Then there exists apoifit—
{0} such thap(w(zy)) = M andp(w(z)) < M for p(z) < p(zo). Itimplieswy = w(zy) # 0.

Let o
20 8p >
— 2 w , —(w y c C
o€ =2 (0 (o25¢) L)), ¢
Theny(€) is an analytic function in¢| < 1. By Lemmd 2.5, we have

e < [2{uw (5256)  Ltwa)| <o (1w (5256) ) < plutan)

for all |¢] < p(z), and

p(a0) =2 (o), 2 un) ) = plulia)) = mae [6(O)

1€1<p(20)

By a simple calculation, we have

plan)¢ (p(a0) =2 { Dot e, ) )
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o0 (p(z0)) = 2 <D2w<20><20, ), %<wo>> |

Using Lemma A in[[10] (also seé [15, p. 19]), there exists a real numbet such that

ap
2 <Dw(zo)(zo), 8—§(w0)> = tM,
2 a_p 2
2Re <D w(20)(20, 20), a(w0)> > (t°—t)M.
By the definition ofy, we have
p(th(w(z0), Dw(20)(20), D*w(20)(20, 20), 20)) > M,
which contradicts (2.16). Hengéw(z)) < M for z € Q, and the proof is complete. O

Theorem 2.17.Letp(z) be differentiable if2—{0}. Suppose thad(z), B(z),C(z) € H(Q2,C)
with A(z) # 0 for all z € Q satisfy

B . 1L O plel)
@17 Re ) = { b R ae T ae) }
or
O . 1 plel2)
(218) ko 2 A A
e 0B 1 pe@) . BG)
and 1 2\/R A TAE] AR SRR <Y

forall z € Q. If w(z) € H(Q2,C") with w(0) = 0 satisfies
p(A(2)D*w(2)(z, 2) + B(2) Dw(2)(2) + C(2)w(z) + ¢(2)) < 1
forall z € 2, thenp(w(z)) < 1for z € Q2.

Proof. Let

(e, B,7,2) = A(z)y + B(2)B + C(2)a + ¢(2),
wherep(a) = 1, 2<6,%(a)> =t,2Re <’y,%(a)> > (t* —t) andt > 1. From ) and
(2.10), we have

po0.0.2,9) 2 o (vl 207, L (@)
= lateriz (v @y + Base 2 (5. (@)
b C(2)e 2 <a, %(a)> P <<p(z), &(a)>’

> |A(2)| {t“’ +t [Re igg - 1} 1 re 912 plel2) } ,

wheref = arg A(z). Let

Lt)=1+t [Re B(2) — 1} + Re C(2) — p|(g0(z))

A(2)
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fort > 1. Then we have

L'(t) = 2t—|—Re% -1

If Re 22 > —1forz € Q, thenL/(t) > Re 2 + 1 > 0. Hence we obtain

A(z) A(2)
C) _ple(z)) o 1
A=)~ A=)

. iy - re BG)
min L(t) = L(1) = Re ) + Re AC2)

It follows thatp(¢(«, 5,7, 2)) > 1.
ﬁg? < —1for z € Q, then

rg{w(t):L(g (1_3%»

It also follows thatp(v (v, 5,7, z)) > 1.
Hence we have) € ¥(1). From Theorer 2.16, we obtajriw(z)) < 1 for z € Q. O

Remark 2.18. Settingn = 1, ¢(z) =0, A(z) = AandC(z) = 1 — B(z) in Theorenj 2.17, we
get Theorem 4 in [13].

Corollary 2.19. Suppose thaB(z) € H(B,C) and A > 0 satisfyRe B(z) > 0 forall z € B.
If w(z) € H(B,C™) with w(0) = 0 satisfy

|AD*w(2)(z, z) + B(2) Dw(z)(z) + w(z)| < 1
forall z € B, then|jw(z)|| < 1forz € B.

Example 2.3.Let k£ andn, be positive integers and let= (a1, as, . .., a,,) € C™. We define
af = (ak ok, ... ak). Supposed;, Ay, ..., A, € H(B,C) (n; > 2) satisfy

ni

Redi(2) 2 3 | 44(2)

k=2

for z € B, whereB is the unit ball InC". If w(z) = (wi(2), wa(2),...,w,(2)) € H(B,C™)
with w(0) = 0 satisfies

2

3 |% G X T At <1

v=1 |jl=1 j=1 k=1

forall z € B, then} " | |w,(z)]* < 1forall z € B.
In fact, if we let

@Zj(aaﬁv/yaz) = ’y+ﬁ + ZAk(Z)&k

k=1
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for |la| =1, (3,a) = t, Re(y,a) > t* — t andt > 1, then we have

(e 8.7, 2)]) 2 | (v, ) + (8, @) + Auz +2Ak

> Re{(7, ) + (8, ) + Ai(2)} — Z|Ak (ZW“)

7=1

>t2+ReA1 Z’Ak |>1

Hencey € W(1)forp(2) = /3.7, |2]* According to Theorem 2.16, we haye" | [w,(z)|* <

1forall z € B.
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