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Abstract

In this short note our aim is to establish some Griinbaum-type inequalities for
the complementary error function, the incomplete gamma function and for Mills’
ratio of the standard normal distribution, and of the gamma distribution, respec-
tively.
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The Bessel function of the first kind of orderdenoted usually by, is defined
as a particular solution of the following second-order differential equafién [
p. 38]
'y () + xy/(2) + (2* — p*)y(x) = 0.
In 1973 F.A. Grinbaum![] established the following interesting inequality
for the functionJy, i.e.

Grunbaum-type Inequalities for

1+JO(2) > J0<x) +J0(y)7 Special Functions
Arpéd Baricz
wherez,y > 0 andz? = 2% + 42. In fact this result on the Bessel functiol
arose first in the context of a problem involving the Boltzmann equation, see
[10, 11]. In this case one needs an inequality for the Legendre polynomials, Title Page
which was proved inq]. The Bessel case is proved inZ] by using the well Contents
known fact, seell/], that the spherical functions on a sphere (i.e. the Leg-
endre polynomials) approach the spherical functions on the plane (the Bessel 44 dd
functions) as the radius approaches infinity. < >

In the same year R. Askey][extended the above Griinbaum inequality for

) Go Back
the function
Tu(z) =2 (p+ 1)z~ J, () Close
by showing that Quit
14+ Ju(2) > Tu(x) + Tuly), Page 3 of 18

wherez, y, u > 0 andz? = 22 +y2. Itis worth mentioning here thatin 1975 and

1977 A. Mcd. Mercer [4], [15] deduced and extended too the above inequality * "2 o0 TEn 7oA 52008
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using a different approach. In 2005 A. Baricz and E. Neunmiustiowed that
the Grinbaum-type inequality

1+ Io(2) > Io(z) + Io(y),

and the Askey-type inequality

(1.1) 1+ Iu<z) > Iu@) + IM(?/)
also holds for all, y, u > 0 andz? = 22 + 42, wherel,, is the modified Bessel G'””ba;‘r’)‘;';y;leF'J‘negﬂfes o5
function of the first kind of order:, and
Arpéd Baricz
T,(¢) = 2'T(u + D)o "1,(a).
Recently, in 2005 H. Alzerd] asked “whether there exist other special functions Title Page
which satisfy inequalities of Griinbaum-type” and proved thatfar, ~ positive Contents
real numbers such that + y? = 29, andn = 1,2, ... « NS
n+1
Anlw) = ) () <2
’ Go Back
we have the following Griinbaum-type inequality Close
14+ An(z) > An(z) + An(y) Quit
Page 4 of 18

if and only if¢ € (0, 1]. Moreover H. Alzer showed that the reverse of the above
inequality is true if and only iy < 0 org > n+ 1. Herewy denotes the digamma oo ————
function, i.e. the logarithmic derivative of the Euler gamma function. ' ﬁﬁp;//jipam‘fsq,edq,au -
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In this paper our aim is to continue studies i} &nd [2] by showing that
in fact every normalized power series with positive coefficients satisfies the
Grinbaum-type inequality. Moreover we deduce some other Griinbaum-type
inequalities for functions which frequently occur in mathematical statistics: for
the complementary error function, for the gamma distribution function and fi-
nally for Mills’ ratio of the standard normal distribution.
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Our first main result reads as follows.

Lemma 2.1. Let us consider the functiofi: (a,0) — R, wherea > 0. If the
functiong, defined by
fla) -1

X

is increasing on(a, oo), then for the functiorh, defined byh(z) = f(2?), we
have the following Grinbaum-type inequality

g(r) =

(2.1) L+ h(z) = h(z) + h(y),

wherezr,y > a andz? = 22 +42. If the functiong is decreasing, then inequality
(2.2) is reversed.

Proof. Let us consider the functiam : (a,00) — R, defined byo(z) = f(z) —
1. Then from the hypothesis we have for ally > a the following inequality

alz +y) =

alr+y)+
x+y( v) Tty

=zg(r +y) +yg(r +y)
>zg(r) +yg(y) = a(r) + a(y),

alr +vy)

i.e. the functionn is super-additive offa, o). From this we immediately get
that

L+ flz+y) > f(x) + fy)
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holds. Thus changing with > andy with y? the inequality 2.1) is proved.
Similarly, wheng is decreasing, the functiom is sub-additive, which implies
the converse of inequality?2(1). With this the proof is complete. O

Theorem 2.2. Let us consider the power seri¢gr) = > - a,z™, which has
a radius of convergence € [0, oo] and suppose that, € [0, 1] anda,, > 0 for
all n > 1. Then for allz, y, z € [0, p) such that:? = 22 + 3 the power series

h(z) = f(2°) =Y aa™

n>0
satisfies the inequality2(1).

Proof. Let us consider the functiojpdefined as in Lemma.1 Then it is easy
to see that
22g () =1—ao+ Z(n — Dapz"™ >0,
n>1
i.e. the functiory is increasing on0, p|]. Thus applying Lemma&.1 the result
follows. O

The next result shows that the Askey-type inequalityl)is valid for 1 €
(—1,0) too.

Corollary 2.3. Forall z,y > 0, 22 = 2> +y? andy > —1 we have the following
inequality
14+ 7,(2) 2 Tu(w) + Z(y).
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Proof. Since the modified Bessel function of the first kind for- —1 and for
all z € R is defined by the formulal[s, p. 77]

Tu(w) = Z n!T(p i n+1) (g)%w’

n>0

by definition we easily obtain

I T'(p+1)
I, (x) = 222 where a, = ———"— .
u() Zaaz ’ ¢ 22T (p+n+1)
n>0
Thus using Theorer.2the asserted result follows. O
Fora,b,c € Candc # 0,—1,—2, ..., the Gaussian hypergeometric series

(function) is defined by

2F1(aabv C, ZIZ') = ZM:C_7 |ZL’| < 17

= (c), n!

where(a), = 1 and(a),, = a(a+1)--- (a+n—1) is the Pochhammer symbol.
Applying Theoren?.2we have the following result for this function, which we
state without proof.

Corollary 2.4. If a,b,c > 0 andz, y, z € [0,1) such thatz*> = 22 + 2, then
1 + 2F1(a7 b7 C, 22) Z 2F1(aa bv ¢, 1,2) + 2F1(a7 ba C, y2)

In particular the complete elliptic integral of the first kind, defined by

/2 do 11
K(r) :—/ = zF (—,—,1,7"2)
0o \1—r2sin?2f 2 22
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satisfies the following Grinbaum-type inequality

L+ 2K() > 2K() + 2K()
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Let

xT 2 x
(3.1) O(z) = L e /2 dt, erf(z) == —/ e dt
0

V2T J VT
and
(3.2) erfe(x) 2 /Oo et dt Griinb Inequalities f
. = — rinbaum-type Inequalities for
ﬁ T Spec?/e?l Func?tions
denote, as usual, the distribution function 6.2.2, p. 931] of the standard Arpad Baricz
normal law, the error functionif 7.1.1, p. 297] and the complementary error
function [I, 7.1.2, p. 297]. The tail functio® : R — (0,1) of the standard Title Page
normal law is defined by the relatioh(z) = 1 — ®(z). Now the ratio
Contents
) 1-® 2 [
(3.3 r(z) = (z) = p (z) = e” /2/ e /2 dt, 44 44
pr)  P'(z) z
< >
e L~/ denotes the density functi = B
= —e " enotes the density function
#l) s Y 0 Close
is known in the literature as Mills’ ratiol]s, Sect. 2.26], while its reciprocal, Quit

1/r(z) = o(z)/®(z) is the so-called failure rate for the standard normal law.
The Mills ratio is frequently used in mathematical statistics and in difraction
theory. Various lower and upper bounds are known for this ratip$ect. 2.26]

Page 10 of 18
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and functions of the form3(3) have been defined for some other distributions.
For example let us consider the incomplete gamma funciip.5.2, p. 260]

v(p,x) = / P let dt,
0

wherep > 0 andz > 0. This function plays also an important role in math-
ematical statistics, i.e. the function,[6.5.1, p. 260]F(z) = ~v(p,z)/T'(p)

is the so-called gamma distribution function. The Mills ratio for the gamma
distribution is defined as follows

Grunbaum-type Inequalities for

R(ZL’) — 1 —/F(:E) _ emxl_pl_‘(p, I), Special Functions
F (:E) Arpad Baricz
where -
(p.a) = () (o) = [ 0l Tite Page
and - Contents
I'(p,0) = / t-letdt = T(p). « >
0
In the following theorem our aim is to deduce some Griinbaum-type inequal- < >
ities for the complementary error function, for the incomplete gamma function,
. . Go Back
and finally for the functions and R.
Theorem 3.1.Let us suppose that = 2% + y2. Then the following assertions Close
are true: Quit
a. For the complementary error function for all y > 0 we have the follow- Page 11 of 18

ing inequality

J. Ineq. Pure and Appl. Math. 7(5) Art. 175, 2006

(3.4) 1+ erfc(zQ) > erfc(xQ) + erfc(yz). http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bariczocsi@yahoo.com
http://jipam.vu.edu.au/

b. The Mills’ ratio of the standard normal distribution satisfies the next in-
equality

(3.5) L +7(2%) > r(@?) +r(y?)

for all z,y > 1. Moreover whene,y € [0, 1], the inequality 8.5) is re-
versed.

c. Forafixedp > 0, the functionf(z) := I'(p, z) /I'(p) satisfies the Grunbaum-
type inequality

(3.6) L+ f(2%) > f(2®) + f(¥?),

Grunbaum-type Inequalities for
Special Functions

Arpéd Baricz
wherez,y > 0Oandp < lorxz,y > p—1 > 0. Whenp > 1 and
x,y € [0,p — 1] the inequality 8.6) is reversed. Title Page
d. For a fixedp > 0, the Mills’ ratio of the gamma distribution satisfies the FES———
following inequality
) ) ) <44 >
(3.7) 1+ R(2°) = R(z%) + R(y”), ) R
wherep < 1andz,y € [p, 1]. Moreover ifp > 1, then for allz, y € [1, p] )
the inequality 8.7) is reversed. Go Bac
. . Close
Proof. a. In view of Lemma2.1 clearly it is enough to show that
Quit
1 —erfe(z) erf(x)
€T — = Page 12 of 18
T T
is decreasing offf), o), which was proved recently by the authdi.[ For the O P A Ve ) s i A

reader’'s convenience we reproduce the proof here. Due to M. Gromaqx | http://jipam.vu.edu.au
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42] we know that iff;, fo : R — [0, 00) are integrable functions and the ratio

f1/ f= is decreasing, then the function

xH/Oxfl(t)dt//Ofo(t)dt

is decreasing too. For alle R let us consider; (t) = 2¢* /\/m andf,(t) = 1,
then clearlyf,/ f, = f1 is decreasing oft, oo) and consequently

/:%e—tz dt//oxldt Y

is decreasing too ifp, o).

b. Let us consider the functiof : (0, 00) — R, defined by

r(x)—l'

gi(z) = T
Using the relation’(x) = xr(z) — 1, it is easy to verify that

[EQ

z+1

(o) = (o= 1) [rta) = ]

z+1

On the other hand it is known that due to R.D. Gorddjfér all x > 0 we have

(3.8) r(z) >
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and this lower bound was improved by Z.W. Birnbauihdnd Y. Komatu [.J]
by showing that for all: > 0, we have

2
> .
vrl+id+w

If x > 1, then using inequality3.8) we easily get

(3.9) r(z)

hio) 2 0= |55 - ] 20

2411 r4+1

i.e. the functiory, is increasing orjl, oo). Now suppose that € (0, 1]. From
(3.9 it follows thatg, is decreasing of0, 1], since

1 2 1
— > — >
r+1 7 Val4d4+2 z+1

Finally using Lemm&.1 again, the proof of this part is complete.

0.

r(z)

c. Sincey(p, z) + I'(p,x) = I'(p), it is enough to prove that the function

1—fx) _ Fx)  19(p2)

T = == -

x r oz I(p)

is decreasing of), o) whenp < 1 and is decreasing dp— 1, co) whenp > 1.
Let us consider the functiong(t) = t*~'e~/T'(p) and fo(t) = 1 for all t € R.
Since

tfi(t) = (p—1—1)f1(t),
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it follows that f,/ fo = f1 is decreasing ofb), co) for p < 1 and on[p — 1, )
for p > 1. Consequently using again the result of M. Gromaoyg. 42], the

function e o1t . .
oo [ [ Lol
o I'(p) 0 z T(p)

is decreasing on the mentioned intervals. For the reversed inequality from
Lemma2.1it is enough to show that the function

F(x) _ 15(p,z)
x x T'(p)

X —

is increasing on0, p — 1] whenp > 1. Easy computation yields

oz |z T'(p) C(p
Now consider the functiorfs : [0,00) — R, defined byf;(z) = zPe™* —
v(p,z). Since forz € [0,p — 1] we havefi(z) = (p — 1 — z)e "zP~1 > 0, it
follows that f3(x) > f3(0) = 0, thus the required result follows.

) [a:pe_x — (p, 93)} .

d. Let us consider the functiog : (0, 00) — R, defined by

oolz) = R(:):i— 1 _ 1— FQU(;)/(;)F/(J:)

From simple computations we have

2’ [F'(2)]g5(x) = (1 = 2)[F'(@)]” + [F(2) = 1][F'(z) + 2F"(2)].
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First observe that sincE is the gamma distribution function, for all > 0 we
haveF'(z) € [0, 1],i.e. F(z) — 1 < 0. On the other hand

L(p)[F'(z) + 2F"(2)] = (p — x)e "2,

thus if we suppose that < p < = < 1, then we have that the functiop
is increasing orlp, 1]. Moreover if1 < = < p, then clearly the function, is
decreasing offl, p]. Using again Lemma.1the inequality 8.7) and its reverse
follows. O

Remark 1. Observe that the inequality (6) is equivalent to the inequality

L(p,2*) _ T(p,2*) T(p,y?)
T T T T

wherez? = 22 + y? andz, y, p are as in partc of the above theorem. Using the
relation [1, 6.5.17, p. 262]

r (%,3,3) =T (%) erfc(z) = v/merfe(x),
we immediately get the following inequality:

1 + erfe(y/2? + y?) > erfe(x) + erfe(y),

wherez, y > 0. But this inequality is weaker tha® (), becaused.4) is equiv-
alent to the inequality + erfc(z + y) > erfc(z) + erfe(y), and the complemen-
tary error function is decreasing of), ), i.e. for all z,y > 0 we have that

erfc(z +y) < erfc (\/IQ + y2> :
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