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This paper generalizes a Tatar’s result of an impulsive nonlinear singular
Gronwall-Bihari inequality with delay [J. Inequal. Appl., 2006(2006), 1-12] to a

new type of inequalities which includesdistinct nonlinear terms.
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1. Introduction

In order to investigate problems of the form

x’ = f(tv :E),
Ax = Ii(x),

t # th,
t:tkv

Samoilenko and Perestyug][first used the following impulsive integral inequality

u(t) <a —i—/ b(s)u(s)ds + Z meu(ty), t>0.

O<tp<t

Then Bainov and Hristova?] studied a similar inequality with constant delay. In
2004, Hristova 8] considered a more general inequality with nonlinear functions in
u. All of these papers treated the functions (kernels) involved in the integrals which
are regular. Recently, Tatar][investigated the following singular inequality

u(t) < a(t) + b(t)/o ki(t, s)u™(s)ds + c(t)/o ko(t, s)u" (s — 7)ds

+d(t) Y meulty), t>0,
0<tp<t

@L.1)  ult) <o), te[-10], 7>0

where the kernels; (¢, s) are defined by; (¢, s) = (t—s)% 157 Fy(s) for ; > 0 and
v > —1,1 =1, 2, the points,, (called "instants of impulse effect") are in increasing
order andlimy_ ., t, = +oo. This inequality was called the impulsive nonlinear
singular version of the Gronwall inequality with delay by Tatdr [n this paper, we
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will consider an inequality

n bi (1)
u(t) < alt) + Z/o (t — 8)Pts" f;(t, s)wi(u(s))ds

mAn - eby(t)
+ Z / (t — )% s f5(t, s)w;(u(s — 7))ds
j=n+170
(1.2) +d(t) > mpu(ty), t>0,
o<tr<t

u(t) < (t), tel[-7,0], 7>0,

wheren, m are positive integerg}, > 0, > —1fori=1,...,n+mandn, >0
and other assumptions are given in SecfiorThis inequality is more general than
(1.7) since (L.2) hasn nonlinear terms.
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2. Main Results

Notation: Following [1] and [5], we sayw; o ws for wy,wy : A C R — R\{0}
if =2 is nondecreasing oA. This concept helps us to compare the monotonicity of
different functions. Now we make the following assumptions:

(H1) all w; (: = 1,...,n 4+ m) are continuous and nondecreasing[0y<) and
positive on(0, o), andw; o« wy X - -+ X wy,

(H2) a(t) andd(t) are continuous and nonnegative [0noo);

(H3) all b, : [0,00) — [0,00) are continuously differentiable and nondecreasing
such thatd < b(t) < tonf0,00), ty < b(t) < tp+7fort € [tp,tr + 7]
andt, +7 < b(t) < tpyfort € [tp + 7,tpa), L = 1,...,n +m and
L =0,1,2,... wherety, = 0. The pointst; are called instants of impulse
effect which are in increasing order, alioh; ., t;, = oo

(H4) all fi(t,s) (I = 1,...,
[0, 00) x [0, 00);

n + m) are continuous and nonnegative functions on

(H5) ¢(t) is nonnegative and continuous;

(H6) u(t) is a piecewise continuous function frdkn— R* = [0, co) with points of
discontinuity of the first kind at the pointg € R. It is also left continuous at
the pointst;,. This space is denoted BYC(R, R™).

Without loss of generality, we will suppose that thesatisfyr < ¢, —t;, < 27,
L=0,1,2,.... Asin Remark 3.2 of ], other cases can be reduced to this one.
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Theorem 2.1. Let the above assumptions hold. Supposedlsstisfies {.2) and is
in PC([~7,00),[0,00)). Thenifg, > —> + 1 andr, > —, it holds that

(

UL70(t), (tL,tL+T]
ur(t), t€ (tr + 7 trl,
u(t) < U]@()(t), (t tr + 7'] if t,+7 < T,
Gronwall-Bihari Inequality
Uk,1 (t), (t —+ T, T] if tk +7< T, Shengfu Deng and Carl Prather
\ Uk’O (t)7 (tk, T] If tk + > T7 vol. 9, iss. 2, art. 34, 2008
<
wheret, < T < ty,1 and Title Page
1
1 bn(t) a—1 g/ 7q ! Contents
urp(t) = |W, " | Walyoin(t)) + (n+m+ L+ 1)Tc(t)fLt, s)ds ,
tr+iT <« »
< >
TLi(t) = Wj__ll {Wj_l(’n’l’j_l(t)) Page 6 of 20
bj—1(t) N
+ / (n+m+ L+ 1) (), s)ds] i o0 Ak
totr Full Screen
Close

n tr+IT 5
Yoaa(t) = (n+m+ L+1)71 a%(t) + Z/o cl(t) fi(t, s)wi(p(s))ds

=1
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U,L’O(t)7 te(tL,tL—l—T],tG(tk,tk—f-T] iftk—i—TST,
o(t) = andt € (t, 7] iftp+7>T,

upa(t), te (tp+7,tp]andt € (b +7,7] ifty+7<T,

e(t), tel-70],

upo(t), t€ (tp,tp+7)t € (tp,tp+7] iftp+7<T,
andt € (ty,T) iftpy+7>T,

ura(t), te€ (tp+7,tpp]andt € (b +7,7) ifty+7<T,

a(t) = Orggécta(x), fal(t,s) = ongla?%{t fa(z,s), d(t) = Orggéctd(x),

“od
WZ(U):/ —Ulﬂ u>0, u; >0,

wl(vh)

Lt (DO A4 p(Ba — )T+ pro)\ 7
ca(t) = 43 HBat ( e ] ) |

forL=0,1,....k—1,a=1,2,....n+m,l =0,1,andi,j = 1,...,n where
% + % = 1forp > 0andqg > 1, andT is the largest number such that

b;(t) . - © s
(21) WJ(WLJJ(t))+[L+ZT(n+m+L+1>q C]<t>fj (t,S)dS S /u W,

forall t € (t,tp + 7], alt € (tg,tr, + 7] iftpy +7 < T and allt € (¢t,,T) if
ty+7>Tasl=0,orallte[t,+7,t,1]andallt € [ty +7,T)ift, +7 < T as
l=1wherej=1,...,n,l=0,1andL =0,1...,k— 1.
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Before the proof, we introduce a lemma which will play a very important role.
Lemma 2.2 ([1]). Suppose that

1. all w; (i =1,...,n) are continuous and nondecreasing [0hoo) and positive
on (0,00), andw; o wy X -+ X Wy,

2. a(t) is continuously differentiable ihand nonnegative ofto, ¢, ),

3. all b, are continuously differentiable and nondecreasing suchifiat < ¢ for
t S [t07 tl)

wheret,, t; are constants and, < t¢;. If u(¢) is a continuous and nonnegative
function on[ty, t;) satisfying

n bi(t)
u(t) < a(t) + Z/ fi(t, s)wi(u(s))ds, to <t <ty,
i=1 * bi(to)
then
. . bu(t)
u(t) < W1 [Wn(”yn(t)) —i—/ fn(t,s)ds] . to <t <T,
bn(tO)
where
. . bi-1(t) _
fyl(t) = I/I/z:ll Wz—l(’%—l(t)) + / fi—l(tu S)dS ) 1= 27 37 , 1,
bi—1(to)
(t) = alty) + /t d'(s)|ds, W;(u) = /u dz ;>0
71 - 0 o ) 7 — u wz(z)a U; )

T, < t; andT; is the largest number such that

ey + [ Rmsds< [ -2
Wi (v (T} —I—/ fiT,stS/ — 1=1,...,n.
' b;(to) ' u wl(z>

i
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Proof of Theoren?.1. Sincef, > —- + 1andr, > —= for a=1,....,n+m,by
Hdélder’s inequality we obtain

n

u(t)ga(t)JrE(/ot(t PECE 1)Spnd8> (/ f9(t, sul(us ))d)é
3 (/ sy d) ( / " e, sl <sT>>ds>; SN

Jj=n+1 Shengfu Deng and Carl Prather
+ Z d(t)npu(ty) vol. 9, iss. 2, art. 34, 2008
0<tp<t
n bi(t) % Title Page
a(t)+ Y cl(t 1(t, s)wl(u(s))ds
<a)+ e | [ ) m——
metn by(6) . “ >
=3 a0 [ nesutut =) + ¥ doma) —
j=n-+1 0<tr<t
where we usé, () <t and the definition of (). Now we use the following resuld: Page 9 of 20
If A;,..., A, are nonnegative fat € N, then forg > 1, Go Back
(Av+ -+ AT <™ (A] 4 -+ AD).
Sincet, <t < T < t3.1, we have Full Screen
i (1) Close
0 (e B L)+ )l 0 [ e spttaas R
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man by(0) k in pure and applied
th i
P 3 / Fot syust(u(s —7)ds + 3 dU(pntuc(es) | mathemafics
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We note thati(t) > a(t), d(t) > d(t) andf.(t, s) > fa(t, s) and they are continuous

and nondecreasing in The above inequality becomes

)+ X (Z / Fa(t, syt (u(s))ds

w(t) < (I+n+m+k)T

M»

()
(2.2) + cj-(t)/ 1t s)wi(u(s —7) ) tOnful(ty ] .

In the following, we apply mathematical |nduct|on W|th respeckto
(1) k = 0. We note that, = 0 and we have for any fixetlc [0, ¢,]

(t)

+Z / 9(F, s)w! (u(s))ds

(2.3) ui(t) < (n+m+ 1)1

fort € [0, 1] sincec,(t) are nondecreasing. )
Now we considet € [0,7] C [0,#] andt € [0,¢]. Note thatd < b;(t) < t so
—7 <b,(t) —7 <0fort e [0,t]. Sinceu(t) < p(t) fort € [—7,0], we have

ul(t) < zp0(t), te]o,i],
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b))
(2.4) z00(t) = (n+m+ 1)1 |a1(d) + 3 (D) /0 FUE s)w? (u(s))ds
min. o ebi(d)
LY | f;(t,sm;(w(s—ﬂ)ds]
j=n+1 0
It implies that
(2.5) u(t) < zo00(t)"9, t€[0,4].
Thus, ¢.4) becomes
~ n bt .
@) z00t) < (n-tm+ 7 @)+ YD) [ Tl s)ds
i=1 0
mtn b))
At 9t \w?(o(s — 7))ds
+3 10 [ i selels =) ]

By LemmaZ2.2, (2.6) and @.1), we have

b (1) o
200(t) < W, ! [Wn(%,o,n(t)) + /O (n+m+ 1)q16n(t)f3(t78)dé’] ,

Yo0,0,5(t) = VVj_—ll {I/Vj—l(%,o,jq(t))

bj_1(t) -~ ~
+ / (n +m + 1)q_1cj_1(t)f;-171(t, S)dS] ) j 7é 17
0
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5/07071@) = (n +m + 1>q71

. bt

a’(t) + Z / i) f1(t, s)wi (i (s — T))dS]
, 0

sincey(t) = ¢(t) fort € [—,0].

Since @.5) is true for anyt € [0, 7] and¥y;(£) = v0,0,;(f), we have

U(Z?) S 2070(1?)1/(1 S Ugvo(l?)‘

We know thatt € [0, 7] is arbitrary so we replaceby ¢ and get
(2.7) u(t) <wugo(t), forte[0,7].

This implies that the theorem is true foe [0, 7] andk = 0.
Fort € [r,t] andt € [r,t1], use the assumption (H3) and then we know that
bo(T) = Tandr < b,(t) <t fort € [r,t;] anda = 1,...,n + m. Thus,

0<b,(t)—T<t;—7<7

sincer < t; — tp = t; < 27. Using this fact, £.3) and @.7), we get
+Zc / FUE, s)w!(u(s))ds

)
FI(E s)wi (u(s))ds

wi(t) < (n+m+1

+z/

byt

m-+n

+ fq t,s) (s —7))ds

20 )

+ i« f]q(t s)wj(u(s — T))ds]
PEUA
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< (n+m+1) +ZC / FUE. )8 (oo 5))ds
bi(t)
-3 / FAE sy (uls))ds
m+n
/ fqts (¥(s —7))ds
Jj= n+1
m+n )
* qu(t’ s)wi(uo(s — T))ds]
Za0f
<(n+m+1) al(t) + ch(g) /OT ﬂq(ﬂ S)w?(d(s))ds
by (t)
+ Z FAGE, s)w! (u(s))ds
m—+n f) o
t Z / [t s)wi(¥(s — T))ds]
Jj=n+1
= z0,4(t),

where we use the definitions ofand«. Thus,

(2.8) u(t) < z/0(t), telrnil.
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Therefore,

2071 S (n +m + 1)q—1

@)+ 3o ct(0) | FiG (o)

oo .
LS [ s e)as

=1

jasg i) _
<> am | ff(tas)w?(w(S—T))ds].

j=n+1 0

Using Lemma2.2, (2.1) andb,(7) = 7, we obtain fort € [r, ]

b (£) R
200(t) < W, [Wn(%,l,n(t)) +/ (n+m+ 1) el (@) f(E, S)dS] ,

Yo,,5(t) = Wj_—ll [%—1(%,14-1(75))

bj—1(t) -
+ / (n +m + 1)q_1031'_1(t) j_l(ta S)dS] ’ .] 7é 1,

n

0+ / L0 I syl (H(s))ds

=1

;}V/O,Ll(t) = (TL +m + 1>q71
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Since ¢.9) is true for anyt € [r,t;] and¥y 11 (f) = 70.1.1(%), we have
u(f) < 241(F) < uoa ().

We know thatt € [r, ] is arbitrary so we replaceby ¢ and get

(29) u(t) S UJ(]’l(t), te [T, tl]

This implies that the theorem is valid for |7, ¢,] andL = 0.

(2) L = 1. First we considet € (t,,], wheret € (t,,t, + 7] is arbitrary. Note that
T <ty—1t] <27, (H3) giveSbOl(tl) =1 andt1 < ba<t) <ti+T7 fort e (tl, t1 +T]
S0ty — 7 < bo(t) — 7 < ty fort € (t1,t; + 7|. By (2.7) and @.9), (2.2) can be
written as

() < (n+m+2)" [ —i—Zc (/OT—f—/:l)ff(f,s)wf(u(s))ds

) .
+ Z / FUE, s)wi(u(s))ds

(/ o) m

FIE sywi(u(s —7))ds + Jq(f)n?uq(tl)]

G / I s)ul(6(s))ds

+ Z / FUE, s)wi(u(s))ds

(u(s —7))ds

<(n+m+2)t [dq(f) +
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m—+n

b)) _ o
£ 3 ) [ Rt — s+ At )

j=n+1
5:2,’1’0(75)7
where we use the definitions gfand so
(2.10) ult) < 20 (t), te (i),

Thus,
10(0) < (n+m+ 277! [a%f) =300 [ sl ols)as
n bi(t) _ .
£ [ )

1

By Lemma2.2, (2.1) andb,(t,) = t;, we obtain fort € (¢,, 1]

t1

b (t) o
z0(t) < W, [Wn(%,o,n(t)) + / (n+m+2)7 el () (L, s)ds] :

Fr04(t) = W, [Wj—l(%,o,j—l(t))

bj—1(t) -
+ / (n+m+ 2)’1_103-71(0 1, s)ds] NE N

t1

bi(®) -
£ 30 a0 [ st - s + dq<t>nfug,1<t1>] .

Gronwall-Bihari Inequality
Shengfu Deng and Carl Prather

vol. 9, iss. 2, art. 34, 2008

Title Page
Contents
44 44
< >
Page 16 of 20
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

Since @.10) is true for anyt € (t1,%] and¥, 01 (t) = v1,0.1(f), we have
u(®) < 258@) < uiod).
We know thatt € (¢,,t, + 7] is arbitrary so we replaceby ¢ and get

(2.11) u(t) < uiot), t e (ty,ty + 7.

This implies that the theorem is valid foe (¢;,t; + 7] andL = 1.

We now considet € [t; + 7,t], wheret € [t, + 7,t,] is arbitrary. Again, by
(H3) we havet; + 7 < b,(t) < ty fort € [t; + 7,t2] andb,(t; + 7) = t; + 7 SO
t1 < b(X(t) —T7<ty—7<thi+71 sincer < to —t1 < 27. ObViOUSly, by 27), (29)
and ¢.17), (2.2) becomes

wl(t) < (n+m+2)"
t)
—l—Z /t+ U, s)wl(u(s))ds

m+n ti+7

+2.4 / F(E s)wi(u(s —7))ds

Jj=n+1
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that is,

(2.12)

Thus,

(s — 7))ds + d*(D)nfuf , (1)
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Using Lemma2.2, (2.1) andb,(t; + 7) = t, + 7, we obtain fort € (¢,,1]

b (t) o
za(t) < W, [Wn(%,l,n(t>)+ /t (n+m+2>q‘1c%(t>f3<t,s>ds] :

1+7
F1,05(8) = Wi [Wsa G ()

bj—1(t) -~ -
. m+m+m“¢4wﬁﬁwmrj¢a
t

1+7

n

Fraa(t) = (n+m+2)7" [al(E) + )

LA”@@ﬁ@$Mw@MS

n+m b; (@) ~ ~i:~1 o
+ Z / ci(t) fi(t, s)wi((s — 7))ds + dq(t)nfugvl(tl)] )
j=n+1"0

Since @.12) is true for anyt € (t1,t] and¥;11(t) = 71.1.1(t), we have
u(®) < 7)) < wia D).
We know thatt € [t; + 7, ,] is arbitrary so we replaceby ¢ and get
u(t) < wupq(t), t ety +7,t.
This implies that the theorem is valid fok [t; + 7, t,] andL = 1.

(3) Finally, suppose that the theorem is valid fothen fork + 1 we redefine) and
¥ by replacingk with £ + 1. In a similar manner as in steps (1) and (2), we can see
that the theorem holds fore (ty41, 7] C (tks1, trrz)-

The proof is now completed. O]

Gronwall-Bihari Inequality
Shengfu Deng and Carl Prather
vol. 9, iss. 2, art. 34, 2008

Title Page
Contents
44 44
< >
Page 19 of 20
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

References

[1] R.P. AGARWAL, S. DENGAND W. ZHANG, Generalization of a retarded
Gronwall-like inequality and its application&ppl. Math. Comput.165(2005),
599-612.

[2] D.D. BAINOV AND S.G. HRISTOVA, Impulsive integral inequalities with a
deviation of the argumenilath. Nachr, 171(1995), 19-27.

[3] S.G. HRISTOVA, Nonlinear delay integral inequalities for piecewise continuous
functions and applicationd, Inequal. Pure Appl. Math5(4) (2004), Art. 88.
[ONLINE: http://jipam.vu.edu.au/article.php?sid=441 ]

[4] M. MEDVED, A new approach to an analysis of Henry type integral inequalities
and their Bihari type versiond, Math. Anal. Appl.214(1997), 349—-366.

[5] M. PINTO, Integral inequalities of Bihari-type and applicatioRsinkcial. Ek-
vac, 33(1990), 387-403.

[6] A.M. SAMOILENKO AND N.A. PERESTJUK, Stability of the solutions of
differential equations with impulsive actioBjfferential Equations13 (1977),
1981-1992 (Russian).

[7] N.E. TATAR, An impulsive nonlinear singular version of the Gronwall-Bihari
inequality,J. Inequal. Appl.2006(2006), 1-12.

Gronwall-Bihari Inequality
Shengfu Deng and Carl Prather
vol. 9, iss. 2, art. 34, 2008

Title Page
Contents
44 44
< >
Page 20 of 20
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au
http://jipam.vu.edu.au/article.php?sid=441

	Introduction
	Main Results

