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ABSTRACT. Inthe present paper, we estimate the rate of pointwise convergence of the Chlodowsky
type Durrmeyer Operatof3,,( f, ) for functions, defined on the interv@, b,,], (b, — c0), ex-

tending infinity, of bounded variation. To prove our main result, we have used some methods
and techniques of probability theory.
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1. INTRODUCTION

Very recently, some authors studied some linear positive operators and obtained the rate of
convergence for functions of bounded variation. For example, Bojanic R. and Vuilleumier
M. [3] estimated the rate of convergence of Fourier Legendre series of functions of bounded
variation on the interval0, 1], Cheng F.[[4] estimated the rate of convergence of Bernstein
polynomials of functions bounded variation on the intefdal |, Zeng and Chen [9] estimated
the rate of convergence of Durrmeyer type operators for functions of bounded variation on the
interval[0, 1].

Durrmeyer operatord/,, introduced by Durrmeyel [1]. Also let us note that these operators
were introduced by Lupas![2]. The polynomidl, f defined by

n 1

M, (f;z)=(n+1)Y_ Py (z) P,y () dt, 0<z<1,
where
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These operators are the integral modification of Bernstein polynomials so as to approximate
Lebesgue integrable functions on the interjeall]. The operatorsV/,, were studied by sev-
eral authors. Also, Guo S./[5] investigated Durrmeyer operatgysand estimated the rate of
convergence of operatofd,, for functions of bounded variation on the intery@l1].

Chlodowsky polynomials are given![6] by

n k n—k
Calfiz) =D f (%b) (’;) (bﬁ) (1 - bﬁ) . 0<a<b,
k=0 n n

where(b,) is a positive increasing sequence with the properlies b,, = oo and lim % =

Works on Chlodowsky operators are fewer, since they are defined on an unbounded interval
[0, 00).

This paper generalizes Chlodowsky polynomials by incorporating Durrmeyer operators, hence
the name Chlodowsky-Durrmeyer operatals; : BV[0,00) — P,

D,(fir) = "IN, <bﬁ) !
n =0 n

bn
f(t)Pn,k (_
whereP := {P : [0,00) — R}, is a polynomial functions setp,,) is a positive increasing

2 ) dt, 0<z<b,
sequence with the properties,

0

lim b, =00 and lim — =0

n—oo n—oo M,

and
n

Poae) = () @1 = 2
is the Bernstein basis.

In this paper, by means of the techniques of probability theory, we shall estimate the rate of
convergence of operators,,, for functions of bounded variation in terms of the Chanturiya’s
modulus of variation. At the points which one sided limit exist, we shall prove that opefators
converge to the limit [f (z+) + f (z—)] on the interval0, b,], (n — oo) extending infinity,
for functions of bounded variation on the interj@loo).

For the sake of brevity, let the auxiliary functign be defined by

f@) = flz+), x<t<by;
g:(t) =< 0, t=ux;
ft) = flz+), 0<t<u.
The main theorem of this paper is as follows.

Theorem 1.1. Let f be a function of bounded variation on every finite subintervdbofo).
Then for every: € (0, 0), andn sufficiently large, we have,

@D [Dfi) = S (o) + flo-)

2 n vk
< Sl SN NS () b [ — fla)Y,
x%(b, — x) /%(1_£)

n2

9 b
whereA, (z) = [M] and\/(g,) is the total variation ofj, onla, b].
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2. AUXILIARY RESULTS

In this section we give certain results, which are necessary to prove our main theorem.

Lemma 2.1. If s € Nands < n, then

(n+ D = (s s!
D, ts; = - bnr
(#%2) n—l—s—l—l' (r)r! (n—r)'(x )
Proof.
1 & bn t
Dn(ts;x) = r + Pnk; (bi) / Pnk; (b ) tsdt:|
k=0 n/ Lo n
n+1— T e t\F t\"F
— P = — 1—— t*dt
SRR
k=0 L
= t
- ZP”k (bﬁ) et ( ) (w)"5(1 —w)"*du, setu= o
k=0 " "
_ ipnk(bf) et “S) L =
n k=0 n (’I’L+8+ )
Thus
I (R D 1O k+s)!
Dult's2) n+s+1'Z nk(n> KL

Fors < n, we have

and from the Leibnitz formula

o 1) (52) -3

Letx +y = b, we have

S () () () 20

Thus the proof is complete.

By the Lemma 2]1, we get

() (5 -2 () G

) (1) 52

(2.1) D,(1;x) =1
b, — 2
D,(t;x) =z + +2I
4dnb,, — 1 202
Da(t:) = o 4 Anbe —0(n - )a] n

(n+2)(n+3)
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By direct computation, we get

o 2(n—3)(b, — )z 20,
D,((t —x)%x) = (n+2)(n + 3) T (n+2)(n+3)
and hence,
(2.2) Da((t — )% 2) < 2nz (b, — x) + 2?)%_

n2
Lemma 2.2. For all = € (0, 00) , we have

rx i ¢ T u
Al —,— ] = K, |—,—]d
"(bn’bn> / "(bn’bn) !

1 2nx(b, — x) + 202

2.3
2:3) = (z—1t)? n? ’
where
T U n+1w— T U
K, |— — | = P — | P, — .
() = e () e (3)
k=0
Proof.

x t T U
i) = [ ()
t T u z—u\>
S Kn Ty 7 du
0 b, by, r—1

1 9.
= mDn((u — )% 1)

By the (2.2), we have,
) (3 i>< 1 ‘2(n—3)(bn—x)x+ 202
"\b, b)) T (x—1t)?2 (n+2)(n+3) (n+2)(n+3)
1 2nz(b, — x) + 2b2

~ (x—t)? n?
Set
xr - xr ° x
wherea > 1.

Lemma 2.3.Forall z € (0,1) andj = 0,1,2,...,n, we have

2x
JY(x) =T ()] <
‘ n,]( ) n+1,j+1( )’ — nx(l —(L’)
and 5
o
JE(x) = T (2)] £ ——.
’ n,]( ) n+1,]( )l — nx(l—x)
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Proof. The proof of this lemma is given in][9]. O

Fora = 1, replacing the variable with ;= in Lemm@ we get the following lemma:

Lemma 2.4. Forall z € (0,b,) andj =0,1,2,...,n, we have

Jn.j (%) — Jnt1,j41 (%)’ < > (2 )
b

T
1 b’ll

o

bn bn

and

(2.5)

3. PROOF OF THE MAIN RESULT
Now, we can prove the Theorgm[1.1.

Proof. For anyf € BV|0,00), we can decomposg into four parts or0, b,,] for sufficiently
largen,

B £(1) = & (o) + )+ ault) + LT )
F8.(0) | @) = 5 (o) + fla-)
where
1, z=1t
32) 5.(1) = {
0, x#t.

If we applying the operatab,, the both side of equality (3.1), we have

D, (f;z) = 5 (f(z+) + f(z—)) Du(1;7) + Dp(ga; @)

flat) = fla=)
2

N —

+ D, (sgn(t — z); x)

+[£0) = 5 )+ flo-)] Dafosio)
Hence, since (2|1p,,(1; z) = 1, we get,

Dufio) - 5 (Fe) + flo-)

fla+) -
2

< |Dulgei)| + \ / (”“‘)' IDu(sen(t — ):a)

2

For operatorsD,,, using [3.2) we can see tha, (4,; z) = 0.
Hence we have

Dulfia) - L (o) + f(x—))' < |Du(gai )] + \f e~/ "”“)] Du(sgn(t — a); )]

; ‘f(ﬂf) e + f(:v—))‘ D652

2 2
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In order to prove above inequality, we need the estimate®foy,; ©) andD,,(sgn(t—x); x).
We first estimateD,, (g.; z)| as follows:

n+1 <« z\ [ [ t
| n(ga:,l')l bn kz:: k (bn> _\/0 k (b )g () :|
= bn n,k bn x+bn . n,k bn gz
k}io n
n+1 e T == t
< Pl — Pl — ) g.(t)dt
O (e
k=0
LSy [ /anﬁzP L) gyt
bn n,k bn . n,k bn gz
k=0 n
1 bn t
+ n Pn,k £ / Pn,k: — gx(t)dt
by bn ) Sy vae by
k=0 Vo

= [Li(n, )| + [La(n, 2)| + |I3(n, 7))

We shall evaluate (n, z), I2(n,z) and I3(n,x). To do this we first observe thdi(n, z),
Ir(n,z) andI3(n, z) can be written as Lebesque-Stieltjes integral,

T

noal = [* 7 st (An (z?bi))'
B(n,z)| = / f 9u (1) (An (b— bi)>|

vn
bn x t
vl =| [ e (An (—, —)) ' ,
m_;'_bnfm bTL bTL
Vn
where
x t t x U
M= —)=[ K,[=,—)d
”(bn’bn> / "(bn’bn) B
and

vn
T r t
Bl = [ (e gx<x>>dt(xn(b—7b))‘
T n Un
x_i_bnfz
Vv rx t
<[ T - a@ld (0 (5
e b, by
vn
$+b%x 1 " x_,’_b%x
(3.3) < () < —= >V (%)
z— %= n k=2 xfﬁ
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Next, we estimaté; (n, z). Using partial Lebesque-Stieltjes integration, we obtain

€T

Li(n,z) = /Ox_ﬁ 9. (t)d, (An (% é))
=0 (v 7o) n ()
0O (b—o) - Y (— bi) 4 (9:(1)).

“Joc (v- %)~ o] < V (@)

T
(o) <\ (92)

x 95—\/1,7 =7 xz t ’
)‘n PR ATL 7 7 d - x .
) [ G ( W))
= m

From [2.3), itis clear that

r— L _ 2
A, ﬁ) i\ < 1 2nx(b, — )+ 2b; .
b, bn (L)Q n?
vn

Since

it follows that

It follows that

! 1)2{2nx(bn—x)+2bi}

(L, o)l <\ (9a)
x—% <\/_ﬁ

*/Om_jﬁ (:E—lt)Q {Qna:(bn ;2x)+2bi}dt (_\?(gx))

- _(\/Llﬁ)Z }/z(gx) + 2 \0/(993) + Ox_ﬁ (iL‘ E t)?’ \t/(g:c)dt

Puttingt = = — \/ia in the last integral, we get

/Dxﬁ (l’ 3 t)3 \/(.%ﬂ)dt = %/;L \/ (gx>du = % \/ (gx)

I—ﬁ x_\/E

J. Inequal. Pure and Appl. Math6(4) Art. 106, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

8 ERTAN IBIKLI AND HARUN KARSLI

Consequently,

|I1(n,x)| < \/ An(x)

_Z 2
+ Az { E V (g2) \/ 9:) + 22\/(91)}
TL - 0 k=1 x—%
1 xT 1 n x
0 k=1 x—%
An x bn, n T
(3.4) = AD I £V @)
z 0 k=1 z— %
Using the similar method for estimating;(n, z)| ,we get
( $+bn—l‘ )
Az o = v
sn. )] < % V) +> V @)
\ T k=1 T )
(
An(z)
. < —
\ /

Hence from[(3.8)[(314) and (3.5), it follows that

| Dn(gas )| < [I(n, )] + [La(n, 2)| + 13(n, 2)]

<A22”{v"<gx>+ V G }

0 =1z— %
.Z’+bn T Z,_;'_bnffﬂ
An(x) vk 1 n vn
+ e \/<gx>+z (9:) ¢+ —— \V ().
(bn — ) 0 k=1 z—=2 n k=2 z—-Z
k vk
Obviously,
1 1 b?

for ;= € [0, 1] and

- x_,’_b%z
V)< V @
x—% x—%
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Hence,
z_,'_bnfac
Ay(z)  Anlz) " n
putasal = (P54 ) (Ve + XV )
k
T SRAVATS
k=2 xf%
( I+bn x ) 2?+bn x
Ap(z) b2 |\ t 1 &\
T r—— \/(%)Jr \/T (92) R \/T (92)
L 0 k=1 x*ﬁ J k=2 xfﬁ
( x+bn71 ) x+bn71
Ap(x) b2 |\ SN 1 <\
T \/(ga:)+ (9z) T \/ (92)-
0 k=1 z—-%L k=2 p—-Z
( k J vk
On the other hand, note that
x_i_bnfz
bn n vk
V(g.) < (92)
0 k=1 z—-%
k
By (2.3), we have
x_’_bnfz x_’_bnfz
2 A,(z)b2 a v R v
Dulosn) < s 4V ot V()
n k=1 a—2 k=2 z-%
Note that1+ < xf&fﬁi@ forn > 1, £ € [0,1]. Consequently
CC+bn7z
3A,(2) 02 =\
(3.6) ’Dn(gxsl’)‘ﬁm Z \/ (92)
k=1 z—-%
N

Now secondly, we can estimafe, (sgn(t — x); z). If we apply operatorD,, to the signum
function, we get

n+1«— z bn t * t
n+1«— z bn t r t
() L[ P () -2 [ (5) o

using [2.1), we have
(3.7) D, (sgn(t —z);2) =1 — 2”; 1 ZPn,k <b£> / P <bi> dt.
om0 n 0 n

n

Now, we differentiate both side of the following equality

n+1
T xT
Jn+1,k+1 (E) = 5 Pn+1,j (E) .

j=k+1
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Fork =0,1,2,...,n we get,

d n+1
%Jnﬂ,kﬂ (—n) da: Z Pn+1] (:)

Jj=k+1

d x d x d x
= %PnJrl,kJrl <E> + %PnJrl,kJrQ (E) +ot %Pn+1,n+1 (E)

i )

-l () - ()
+[fm<b>ayn<a>

525 [ () - ()]

j=k+1

(n+1) x
— P (=
b, " \b,

andJ,;1+1(0) = 0. Taking the integral from zero te, we have

n+1 v t x
( bn ) /g Pn,k (E) dt = Jn+1,k+1 (E)

+

and therefore fronj (2]4)
x n+1 T
Jn+1,k+1 (E) = Z Pn+1,j <E)
j=k+1
n+1
= an-l—lj ( ) an—i—lj ( )
T
- 1 _an—i-l,j <E) .
7=0
Hence

k
n+1 z t T
() e (5)

From [3.T), we get

D, (sgn(t — x);z _1—22Pnk< )
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Set

Also note that

n k n n
S S
k=0 j=0 =0 k=j
n+1
2 X i xT
Yo, (E) = Jni1y (E> and  Jy i1 (bn) =0,

we have

| =

3
v

Eal
VN
| =
N———

n+1 n+1
=035 s (2) (1) -0 (2)

By the mean value theorem, we have
(2) i i X
Qn—i—l,j (b_> = J3+1,j <b_) - Jg+1,j+1 (b_>
T T
“2re (i) (i)

o141 (%) < Yn,j (%) < Jnt1, (%) .
Hence it follows from[(2.p) that
n+1
s (1) (1) ()

n+1
T T X
- b b br
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T T T
o (i) = o () ()

T T T T
In.;j (E) — Tnj (E) + Tn; (E) — Jnt1,41 (E)

since,,; (ﬁl) — Jnt1j41 (g%) > 0,then we have

bn
X X
o () = )|

Y

Hence
n+1 x T T
|Dn(sgn(t — l’), .T)’ S 22 PnJrLj (b—) Jn,j (b—) — Jn+1,j+1 (b—> ’
n+1 X 2
S2ZPn+1’j (E) z(]_ =z
Jj=0 nbn( bn)
4
(3.8) R —
g (1= 50)

Combining(3.6)) and(3.8)) we get(1.1)). Thus, the proof of the theorem is completed. [

REFERENCES

[1] J.L. DURRMEYER, Une formule d'inversion de la ransformee de Laplace: Applicationsa la theorie
de moments , these de 3e cycle, Faculte des sciences de 1'universite de Paris,1971.

[2] A. LUPAS, Die Folge Der Betaoperatoren, Dissertation, Stuttgart Universitat, 1972.

[3] R. BOJANICAND M. VUILLEUMIER, On the rate of convergence of Fourier Legendre series of
functions of bounded variatiod, Approx. Theory31(1981), 67—79.

[4] F. CHENG, On the rate of convergence of Bernstein polynomials of functions of bounded variation,
J. Approx. Theory39(1983), 259-274.

[5] S. GUO, On the rate of convergence of Durrmeyer operator for functions of bounded varation,
Approx. Theory51(1987), 183-197.

[6] 1. CHLODOWSKY, Sur le @veloppment des fonction€fines dans un interval infinie@ses de
polyndmes de S.N. Bernstei@ompositio Math 4 (1937), 380-392.

[7] XIAO-MING ZENG, Bounds for Bernstein basis functions and Meyer-Konig-Zeller basis func-
tions,J. Math. Anal. Appl 219(1998), 364-376.

[8] XIAO-MING ZENG AND A. PIRIOU, On the rate of convergence of two Bernstein-Bezier type
operators for bounded variation functiodsApprox. Theory95 (1998), 369—-387.

[9] XIAO-MING ZENG AND W. CHEN, On the rate of convergence of the generalized Durrmeyer
type operators for functions of bounded variatidnApprox. Theory102(2000), 1-12.

[10] A.N. SHIRYAYEYV, Probability, Springer-Verlag, New York, 1984.
[11] G.G. LORENTZ,Bernstein PolynomialdJniv. of Toronto Press, Toronto, 1953.

[12] Z.A. CHANTURIYA, Modulus of variation of function and its application in the theory of Fourier
seriesPokl. Akad. Nauk. SSSR14(1974), 63—-66.

J. Inequal. Pure and Appl. Math6(4) Art. 106, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

	1. Introduction
	2. Auxiliary Results 
	3. Proof Of The Main Result
	References

