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ABSTRACT. In this paper, we use the terminating case of ¢f@nomial formula, the;-Chu-
Vandermonde formula and the Griiss inequality to drive an inequality glyguAs applications
of the inequality, we discuss the convergence of sgraeries involving; ¢-.
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1. STATEMENT OF MAIN RESULTS

g-series, which are also called basic hypergeometric series, play a very important role in
many fields, such as affine root systems, Lie algebras and groups, number theory, orthogonal
polynomials and physics, etc. Inequalities techniques provide useful tools in the study of spe-
cial functions (see [1,/6, 7, 8] B,/10]). For example, Ito used inequalities techniques to give a
sufficient condition for convergence of a speciaeries called the Jackson integral [6]. In this
paper, we derive the following new inequality abgtgeries involvings¢,.

Theorem 1.1.Letay, as, by, by be some real numbers such tlhatk 1 fori = 1,2. Then for all
positive integers,, we have:

bi/ai,bafas, ¢ (a1,a2;q)n
1.1 . _ L I S e LETALEEN PO VT B
( ) 3¢2 ( bl, bQ y 4, —a1G2q (_1, bl, bg, q)n = lu( 7Q>n7
where
—b —b
(1,307}, = { o] St 50, 8 {2221
— U1 — U2

Applications of this inequality are also given.

The author would like to express deep appreciation to the referee for the helpful suggestions. In particular, the author thanks the referee for
helping to improve the presentation of the paper.
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2. NOTATIONS AND KNOWN RESULTS

We recall some definitions, notations and known results which will be used in the proof.
Throughout this paper, it is supposed that ¢ < 1. Theg-shifted factorials are defined as

(2.1) (@:9)o=1, (a;q)n = 1:[(1 —aq"), (4:9)e = [ J(1 - ad").

We also adopt the following compact notation for multiplehifted factorials:

(22) (ah ag, ..., Qm; Q)n = (al; Q)n<a2; Q>n e (am; Q)m

wheren is an integer orc.
Theg-binomial theorem (seé[2] 3] 4]) is given by

= (9" (a29)w )
23 % Gor ~ Goe AT

Whena = ¢~ ", wheren denotes a nonnegative integer, we have

" (g7 q)n" B
2.4 = (2q¢" " Q)n.
@4 ; (43 O ( )
Heine introduced the, ; ¢, basic hypergeometric series, which is defined by
CL1,CL2,...,CL,«+1 > (al,ag,...,aTJrl;q)nx"
2.5 r1Or 1, T | = .
( ) +1¢ ( b17b27"'7b7“ 1 ) ; (q7b17b27"'7b7“;q)n

The ¢g-Chu-Vandermonde sums (seél[2, 3, 4]) are

a,q " a"(c/a;q)y
(2.6) 201 ( 4 ;97(]) = L
c (¢ @)n
and, reversing the order of summation, we have
a,q " n c/a;q)n
(2.7) 201 ( T g /a) = M
c (¢ @)n

At the end of this section, we recall the Gruss inequality (see [5]):

(2.8) \bialﬁﬂ@m¢Mx—(bfal{ﬂ@MQ(géngﬂ@MQ\

(M —m)(N —n)
4 )

provided thatf, g : [a, ] — R are integrable ofu, b] andm < f(z) < M, n < g(z) < N for
all z € [a, b], wherem, M, n, N are given constants.

By simple calculus, one can prove that the discrete version of the Griss inequality can be
stated as:

ifa <\ < Aandb < pu; < B,i = 1,2,...,n, then for all sequence®;)o<i<, Of
nonnegative real numbers satisfyihg’ , p; = 1, we have

Z Aiflipi — (Z /\ipi> : (Z MiPi)
i=1 i=1 i=1

wherea, A, b, B are some given real constants.

<

< (A—a)(B—0)

(2.9) 1 :
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3. PROOF OF THE THEOREM

In this section, we use the terminating case ofjfenomial formula, the-Chu-Vandermonde
formula and the Griss inequality to proye (1.1). For this purpose, we need the following lemma.

Lemma 3.1. Leta andb be two real numbers such thiatc 1, and let0 < ¢ < 1. Then,

a— bt la — b|
. < .
(3.1) - _max{|a|, 1—b}
Proof. Let
a— bt
= <t<
then
bla—1)
") = —-—% <t<l.
1'(t) a—e 0<t<1
So f(t) is a monotonic function with respect to< ¢ < 1. Sincef(0) = a and f(1) = =2,
(3-7) holds. O

Now, we are in a position to prove the inequallty (1.1).
Proof. Put

(@ 9k(=¢")* B .
©2 s e

It is obvious thap, > 0.
On the other hand, using (2.4), we obtain

. 1 & (s a)u(—g")F
2P T £ o

iz (G

Let
(—al)k(b1/a1;9)k
(3.3) M= (b1; @)k
and
(3.4) 11, = (—612)116(52/612%]%7
(b5 @)
wherek =0,1,...,n.

According to the definitions o/, N, A andy, it is easy to see that
MF<Xand N¥ <pu, 0<k<n.

Using the lemma, one can get for alK k£ < n,

a1 — b1 a1 — big a; — big*! k
3.5 AL = —_— ... — | <M<
( ) ’ k‘ 1—61 1_b1q 1_b1qk—1 — -
and

ay — by as — bag as — bag" ! k
3.6 — : 2 < NR <y
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Substitution of[(3.2)[(313)[ (3.4), (3.5) arid (B3.6) irfto {2.9), gives

n

(3.7) Z (67" (=" . (—a1)*(b1/as; @) (—a 2)*(ba/az; @i

— (¢ )r(=1;@)n (015 @) (b2; @)
e @ k(=g (man) (b fars @)
,; (¢ )e(=10)n (b1; @)n
)k (—@2)k<b2/a2QQ)k
: Z Dn T Gmaw |
Using (2.5) and[(2]7), we get
(g k(=" (ma)*(bi/ai; @) (—a2)*(ba/az; @)
59 2 G T G Bo: )
1 — (¢7",b1/ay, by/ag; q)i o™
R L (ar00")
1 bl/al,bg/ag,q*”‘ n
= (_1;q)n3¢2 ( by, by y 4, —a1G2q ) )
(T e(=g") (—a) (br/a s (a1;)n
(59) 2 Ga—Tde  Gude (Lbsan
and
(g k(=g (—a2) (ba/az; @)k (az;q)n
(519 ,; (@3 k(=15 0)n (b (=102q)n
Substituting[(3.8),(3]9) and (3.]L0) info (B.7), we obt&in](1.1). O

Takinga, = 1 in (1.1)), we get the following corollary.
Corollary 3.2. We have

(3.11)

by/ai,q" "
21 ( 1/ bl g —ag )‘ < AM=1;¢)n.
1

4. SOME APPLICATIONS OF THE INEQUALITY

Convergence of-series is an important problem which is at times very difficult. As appli-
cations of the inequality derived in this paper, we obtain some results about the convergence of
the g-series involving¢,. In this section, we mainly discuss the convergence of the following
g-series:

> bi/ai,ba/as, g " .
(41) ch3¢2 ( 1/ ! b 22 24 ; 4, —a1G29 ) .
n—0 1, Y2

Theorem 4.1. Supposda;| < 1 andb; < “T“ fori = 1,2. Let {¢,} be a real sequence

satisfying

Cn+1
Cn

Then the serie$ (4.1) is absolutely convergent.

lim

n—oo

=p< 1l
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Proof. It is obvious thab; < 1 for i = 1,2. Combining the following inequality

bi/ay,by/az, " (a1,a2;q)n
4.2 L, —arasg” || — | —o 22 D
( ) 3¢2 ( bl, bg y 4, —a1a2q (_1’ bl, bg, Q)n
- ’3¢2 (b1/a1,bbz/ba2,q_”;q’ _a1a2qn> = (Clbl},CLZ(;)(].);)
1,Y2 —4H V1L, V2,4)n

with (2.3), shows that

bi/ai,ba/as, g~ " n a1, 02;q)n
(4.3) 3(152( 1/ 1b12§)22 1 14, —a102q ) < ’% + (=15 @)n-
Since |

la;| < 1, bi<“i;r . =12,
which is equivalent to
R R )
then
(4.4) A=p=L
Substituting[(4.4) intg (4]3), we obtain
bi/ai,ba/as, g7 " n a1,02;q)p
(4.5) 3¢2( 1/ 1;2; 1 ;q, —a1a2q ) < '% + (=1;¢)n-
Multiplication of the two sides of (4]5) bl | gives
bi/ay,byfaz,q " cnla1, az; @)n

4.6 " i q, — B S e n(—15q)nl -
48)  Jewsn (M1 s )| < [ 10

The ratio test shows that both

= Cn(a17a2;q)n =
— === and cn(=1;¢)n
; (=L.b1,b2; ) ; —r
are absolutely convergent. From (4.6), we get thai (4.1) is absolutely convergent. O
Theorem 4.2. Supposéa;| > 1 0ora; < 2b; — 1,b; < 1, |ag| < 1 andby < 225, Let{c,} be
a real sequence satisfying

. Cn+1 1
1 =p< —
e ey P<3p
whereM = max { a4, ‘“f:bl’l” } Then the serie.l) is absolutely convergent.
Proof. First we point out that; < 2b; — 1 implies
a1 — by
— > 1.
1—0b

So, under the conditions of the theorem, we know
A=M" and p=1.
Multiplying both sides of{(4.]3) byc,|, one gets

bi/ai,by/as, g™ "
Cn3®2 ( 1/ lbfé; 1 q, —a1a2q )‘ <

Cn<a17a2;q>n

4.7
( ) (_17b17b2;q)n

+ ‘CnMn(_l; Q>n‘ :
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The ratio test shows that both

— Cn(a17a2;Q)n -

——————  and cnM™ (=15 q),

2 b byg)y, ¢ 2 o)

are absolutely convergent. From (4.7), we get thai (4.1) is absolutely convergent. O
Similarly, we have

Theorem 4.3. Supposéa;| > 1 ora; < 2b; —1,b; < 1 withi = 1,2. Let{c,} be a real
sequence satisfying

Cna1 1

Cn MN’

where M = max{|a1|, %} and N = maX{|a2|, %} Then the serie.l) is abso-
lutely convergent.

lim

n—oo
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