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ABSTRACT. The classical Ostrowski inequality for functions on intervals estimates the value
of the function minus its average in terms of the maximum of its first derivative. This result
is extended to higher order over shells and ball®df, N > 1, with respect to amxtended
complete Tschebyshev systand thegeneralized radial derivatives of Widder typ®/e treat
radial and non-radial functions.
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1. INTRODUCTION

The classical Ostrowski inequality (of 1938, see [12]) is
1 (x _ a+b)2
<[ Z 12X 27 _ !

for f € C1([a,b]), z € [a,b], and it is a sharp inequality. This was extendefktq N > 1, over

balls and shells in |5],16],[4]. Earlier this extension was done over boxes and rectangles, see
[2, p. 507-520], and 3], see also [1]. The produced Ostrowski type inequalities, in the above
mentioned references, were mostly sharp and they involved the first and higher order derivatives
of the engaged functiofi.

Here we derive a set of very general higher order Ostrowski type inequalities over shells
and balls with respect to aaxtended complete Tschebyshev sy¢sem[10])and generalized
derivatives of Widder typgsee[15]). The proofs are based on plodar methodand thegeneral
Taylor-Widder formulgsee [15], 1928). Our results generalize the higher order Ostrowski type
inequalities established in the above mentioned references.
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2. BACKGROUND

The following are taken from[15]. Lef, ug,uy,...,u, € C"([a,b]),n > 0, and the
Wronskians

w() w@) )
R
up) (@) uf'(@) (@)

AssumelV;(z) > 0 over|a, b]. Clearly then

_ _ _ Wi(=) oy Wi@)Wia(x) B
¢0(x) T WO(w) _U'O(J")’ ¢1(x) T (Wo(l'))Q’.”’gbl(x) T (Wi—l(x))2 t= 2’37‘ ) 1
are positive ona, b|.
Fori > 0, the linear differentiable operator of order
sz(-f) — W[uo(x),ul(x),...,ui_l(az),f(x)] i 1, ,n—i—l,

Wi_i(z) ’
L0f<£L'> = f(x)a Ve [a>b]'
Thenfori =1,...,n+ 1 we have

Lif(l’)=¢o(9€)¢1($)---¢i,1(m)d 1 d 1 d d 1 d fx)

%@fl(m)%@ﬂ(l’)% %Qﬁ(iﬁ) dz go(z)

Consider also
B VAT RO IR 1 ()
gi(m,t) — ,
MO0 W0
uo () w(z) - u(x)
i=1,2,...,n; go(x,t) := Z%((f)), Va,t € [a,b].

Note thaty,(x, t) as a function of: is a linear combination ofy(z), u;(z), ..., u;(x) and it

holds

gl t) = ﬁ% /t " 1) /t /t N (i) /t " i dndany . diy

1 z - )
— i [l e =12

Example 2.1([15]). The sets

{1,2,2%,..., 2"}, {1,sinx, —cosx, —sin2z,cos2z,...,(—1)"""sinnz, (—1)" cosnx}
fulfill the above theory.

We mention

Theorem 2.1(Karlin and Studden (1966), see [10, p. 378t ug, uy,...,u, € C"([a,b]),
n > 0. Then{u;}, is an extended complete Tschebyshev systep, ohiff W;(z) > 0 o
la,b],i=0,1,...,n.

We also mention
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Theorem 2.2(D. Widder, [15, p. 138]) Let the functions

f(@),uo(x), ur (), ..., u.(x) € C"([a, b)),

and the Wronskian®/y(z), Wi (z), ..., W,(z) > 0on|a,b], x € [a,b]. Then fort € [a,b] we
have

uo(x)
U/O(t)

fx) = f(t) + Lif ()i (1) + -+ Lo f (D) gn (2, 1) + Bn(2),

where

R, (z) := /tw gn(x, 8) Lypyq f(s)ds.

For example, one could takg(z) = ¢ > 0. If u;(z) = 2%,7 = 0,1, ..., n, defined ora, b,
then 4
L0 =700 and g(r =" el
]

So under the assumptions of Theofenj 2.2, we have

u

§y§ + 3 L) + / gulw )Ly (L, Yy € [a.b]

(21) f(x) = fly)

If up(z) = ¢ > 0, then

=1 Yy
We call L; thegeneralized Widder-type derivative.
We need

Notation 2.1. Let A be aspherical shellC RN, N > 1,ie. A := B(0,Ry) — B(0, Ry),
0< Ry < R,.

Here the ballB(0, R) := {z € RN : |z| < R}, R > 0, where| - | is the Euclidean norm,
alsoSV~! := {z € R : |z| = 1} is the unit sphere ilRY with surface areay := I?(”TN//;) For
r € RY — {0} one can write uniquely = rw, wherer > 0,w € SN

Let f € C""1(A),n > 0. If fisradial,i.e..f(z) = g(r), wherer = |z|, Ry <1 < Ry, then
g c Cn+1([R1, RQ])

For radialf define

(2.3) 0;f(x) = Lig(r), all i=1,....n+1, VzecA
Here 5 f(x)
Wy = @) 1

(2.4) /AF(x)dx = /SN_1 </RR F(rw)rN_ldr> dw.

We notice that

N R
(2.5) S / SN lds =1,
Rév - R{V Rq
and v v
Vol(4) = “¥Uf ~ )
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3. RESULTS ON THE SHELL

Remark 3.1. Here, letug, uy, . .. ,u, € C"([Ry, Ry]), andWy, Wy, ..., W, > 0 on[R;, Ry),
0< R <Ry,n>0 in_teger, Withug(r) = ¢ > 0.
Letalsof € C""!(A). We assume first that is radial, i.e. there existg such thatf(z) =

g(r),r = |z|, Ry <7 < Ry. Clearlyg € C""([Ry, Ry]).
Letz € A. Then by using the polar methqd (2.4) we obtain
d
Bw) = |0 - LT
N [on- <f1§12 f(sw)sN_chs) dw
S = @)= wy (R — RY)
N [ons ng(s)sN_lds dw
82) = o) = —= wgvaéV ~RY) )
Ry
(3.3) = |g(r) — (ﬁ) /R g(s)sVds
N e -1 e 1
. () (], o= o)
N f2
35) ~ (7 )| [ o) = st as| = 0

Lets,r € [Ry, Ry}, then by generalized Taylor's formula (R.2) we get

) o5) — 9r) = 3 Liglrgls,7) + Falr,5),
=1
where
(3.7) R, (r,s) = /8 Gn(8,t) Ly1g(t)dt.
But it holds
38) Rl < | [l 01 | Erglloin
By calling
(3.9 Ny (r,s) = /s lgn(s,t)|dt|, ¥ s,r € ][Ry, Ry,
we get
(3.10) |R,(r,8)| < No(r,8)|[[ Lng19loo i re)s V8,7 € [Ry, Rl

J. Inequal. Pure and Appl. Mat}8(4) (2007), Art. 106, 13 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

OSTROWSKITYPE INEQUALITIES VIA A TAYLOR-WIDDER FORMULA 5

Therefore by[(35)] (3]6), we have

(3.11) ()= (WNR{V) / - [Zn: Lig(r)gi(s,r) + Rn(r, s)] sV lds

LE ]
N R N
< (—Ré\’ — R{V> —I—/Rl |R, (1, s)|s 1ds]

n

Ro
> / Lig(r)gi(s,r)s™ " 'ds
=1

R1

by 310) /N . Rz
< (ﬁ) Z|Lz’9(7") gi(s,7)s™ " 1ds
i=1 1
Ro
(3.12) HlEsiglimm) [ 8l 5)5 ).
Ry

We have established the following result.

Theorem 3.2. Let Uy, Uty ..., Uy € Cn+1([R1,R2]) Wo, Wh, ..., W, > 0 on [Rl,RQ] 0 <
Ry < Ry, n > 0 integer, withug(r) = ¢ > 0. Letf € C""1(A ) be radial, i.e. there existg
such thatf(z) = g(r),r = |z|, Ry <7 < Ry, x € A.

Then
B Ja fy)dy
E(x) = ’f(x) - VT(A)‘

’ N fi2 N—-1
~ o)~ (g ) [ ot s
RY —RY ) Jr,
N n
< (m) ;Mig(r)
R2

(3.13) W oigloomim) | Nl s)sN-lds]

) [

R>

o) [ Nnuxr,s)sN-lds].

Ry
gi(s,m)s"N ds
Ry

gl lal)sVds

Ry

Corollary 3.3. Let the conditions of Theore@.z hold. Assume further thatr,) = 0,

i=1,...,n,forafixedr, € [R;, Ry]. Forall zyp = row € A, w € S¥~1, we have
_ ~ Jalwdy ( )dy

N e N—-1
— S (P —1q
st (Rgv ) [, o

N iz N-—1
< Ln oo 1,42 N ) _d
< (qrgm ) Orslwsmen) ([ Nt )5 1as)

N e
(314 (g ) Wwsafll) ([ alhal ) s

Ry

Interesting cases also arise whgn= R; or R.
We continue Remark 3.1 with
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Remark 3.4.Nowletf € C"*'(A),n > 0,7 € A, v = rw,r > 0. Clearly for fixedw € SV,
since the functiorf (rw), r € [Ry, Ry] is radial, it also belongs t6™ ! ([ Ry, Rs)).
By applying the internal inequality (3.]L3) we get

N fi2
(3.15) ‘f(rw) - (RN—) f(sw)sVtds

N
- Rl R1

< N
“ B Ry

For non-radialf we define again
(3.16) 0;f () = 0;f(rw) := (Lif(w))(r), al i=1,....,n+1,VrcA
Here the involved

R>
/ gi(s,r)sN_lds

R

S ILif ()0

Ro
+ ([ Lngr f (@) lloo, (R, R2]) N, (r, s)leds} .

Ry

O'f(rw) _ 9 f(x)
ort ort
are the radial derivatives. In a sertsés a generalized radial derivative of Widder-type.

i=1,...,n+1,

Hence
N n
(3.17) R.H.5.(3.15) < <ﬁ> > 10:f(rw)|
Ry — R i=1
R2 RQ
[ ats ) 10l [ Mol )5 ]
R1 7 Ry
Therefore, by[(3.15) and (3.]L7) we have

;T(NE/2 /SNI flrw)ds = Voll(A) /Af W)y

) [22 S L o)

=1
We have established the following.
Theorem 3.5. Letug, uy, ..., u, € C"M([Ry, Ro]); Wo, Wi,..., W, > 00n[Ry, Ry, 0 <

Ry < Ry, n > 0 an integer, withug(r) = ¢ > 0. Letf € C""(A), z € 4; =z = rw,
re [Rl,Rg],w € SN_I.

(3.18)

R>
/ gi(s, 'r)sN’lds

R

o

sl Nn<|x\,s>sN-1ds].
Ry

Then
(3.19) E(z) = ‘f(x) _ %‘ - ‘f(x) ) f;;;/f(m)dw
+ () | {Z ([, wstias) | [ atsnsas }
HOni1fllooa I:z Nn(\x|,5)sN1ds} , VzeA
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Corollary 3.6. Let the conditions of Theorgm 8.5 hold. Assume that
0;f(row) =0, i =1,...,n, forafixedry € [Ry, Ry], Vwe SV

also consider alky = row € A foranyw € SN-1. Then

d
N
< | f(ao) - LB Sr0) )
Ry
(3.20) + (ﬁ) H9n+1f‘|oog ( : Nn(’$0|,S)SN1ds> '

Whenr, = R; or R, is of special interest.

4, RESULTS ON THE SPHERE

Notation 4.1. Let N > 1, B(0, R) := {z € RY : |z| < R} be the ball inR" centered at the

origin and of radius? > 0. Note thatV/ ol(B(0, R)) = “xE~

Let f from B(0, R) into R and considerf to be radial, i.e.f(z) = g(r), wherer = |x

0 <r < R. We assumeg € C""1([0, R]), n > 0. Clearly thenf € C(B(0, R)).

For I’ € C(B(0, R)) we have

(4.1) /B o F(z)dx = /S . ( /0 RF(mu)rN_ldr> dw.

We notice that

N R
RN J,
The operato¥; in the radial case, is as defined|in (2.3), ndwe B(0, R). In the non-radial

case, forf € C"t1(B(0, R)), 0; is defined as i 6Y, = € B(0, R) — {0}.
We make the following remark.

(4.2) sV lds = 1.

Remark 4.1. Here, letug,uy,...,u, € C""([0, R]) and Wy, Wy,..., W, > 0 on [0, R],
R > 0,n > 0 an integer, withuy(r) = ¢ > 0.

We again first assume thgitis radial onB(0, R), i.e. there existg such thatf(x) = g(r),
r = |z|,0 <r < R. Assume further thag € C"™'([0, R]). Letx € B(0, R). Then by using

the polar method (4}1) we obtain

Bor JW)d Nf N-1 fORg(S)SnfldS dw
(4.3) E(z):= ‘f@p% gy = 28 (wRN )
N[ by ) NV

g(s)s" ds =: (x).

- o || o) = g(es™as

Lets,r € [0, R], then by the generalized Taylor’s formua (2.2) we get

(4.4) = '9(7“)

(4.5) g(s) = g(r) =Y Lig(r)gi(s,7) + Ra(r, s),

=1
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where
(4.6) R,(r,s) ::/ Gn(8,t) Lpy1g(t)dt.

But it holds that

@4.7) Rl < | [ |gn<s,t>|dt\ IZargloofon:

By calling

(4.8) N,(r,s) := (s,t)|dt|, Vs,re€]|0,R],
we get

4.9) Bl )| < Nalr,8) | Lrglooom, ¥ 5,7 € [0, B

Therefore by[(4]4) and (4.5), we have

N | R .
(*) = ﬁ /0 Zng(r)gz(Sﬂﬂ) + Rn(ra 3)] SN lds
L i=1
N n R R
(4.10) <o || Lot |+ / R, )| ds
i=1 0 0
by n
(4.11) +(||Ln+1g|]007[0731)/ N, (r, s)leds].
0

We have established the next result.

Theorem 4.2.Letug, uy, . ..,u, € C"([0, R]), Wy, Wy, ..., W, >00n[0,R],R > 0,n >0
an integer, withug(r) = ¢ > 0. Let f from B(0, R) into R be radial, i.e. there existg such that
f(x)=g(r),r =|z|,0 <r < R,Vz € B(0, R); further assume thag € C""'([0, R]).

Then

f(y)dy N
Blz) = ‘f(x) B % = ‘9(7’) TR, g(s)s"tds
= % Z|ng “/ gi(s,7)s" 7 ds| + (| Lns19lloo,jo,) / N, (r,5)s™~ 1d5]
N N-1
RN 2_1: 10 f (x) gi(s, |z])s™ 'ds
L 1= .
(4.12) +<”0n+1f‘|oo’B(0’R))/o Nn(|l’|,8)SN_1d3} ,

The following corollary holds.

Corollary 4.3. Let the conditions of Theoren 4.2 hold. Assume further thatr,) = 0,
i=1,...,n, forafixedry € [0, R]; consider allzy = row € B(0, R) and anyw € S¥-1.
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Then

Js0.m f(W)dy
~ Vol(B(0,R))

N R
RN J,

R
(I Lnsrgllooors) ( / Nn<m,s>sN-1ds)
0

N f _
@13 — 10 fllzm) ([ Ml 95 1ds).

Interesting cases especially arise whgn-= 0 or R.
We continue Remark4.1 with

E(x) == ‘f(l’o)

g(s)s" tds

= ’9(7“0)

N
= RN

Remark 4.4. Let f be non-radial. Here assume thate C™™'(B(0, R)). Considerz €

B(0, R) — {0}, which is written uniquely as = rw, r € (0, R}, w € SN~1. Then by using
again the polar methofl (4.1) we obtain

N
o |ttt Moo ()
| ([ ([ )
_wN];N ( /S . ( /0 f(sw)sN_lds) dw)
(4.16) = wN]\];N /S . ( /0 R(f(m) - f(Sw))SN_lds> dw| =: (%).

Clearly heref (-w) € C™*1((0, R]).
Letp € (0, R], then by [(2.R) we get

n

(4.17) Flpw) = f(rw) = 3 ((Li(F()))(7)gi(p,7) + Ba(r, p),
where .

(4.18) Ri0) = [ oulp DL (T ()01

That is

(@19) o)~ ) = 3650 (p.1) + Bl )
with .

(4.20) Raro) = [ onlp. 0 f (0t
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We further assume that

(4.21) 0 := Hgn-i-lfHoo,B(O,R)f{O} < F00.

Therefore we obtain

4.22) ) < | [l 01t}
By calling
P

(4.29 Notrp)i= | [ oo 0ldt| . ¥ pore0.RL
we get
(4.24) | By (r, p)| < Nu(r, p)0.
Hence by|(4.199) we obtain

[f(pw) = F(rw)| < Y16 f(r)llgi(p, )| + [Ru(r, p)|

=1

(4.25) <> 10: £ rw)llgi(p, )| + Nau(r, p)0.

i=1

By the continuity off andg;, « = 1,...,n,and by taking the limit ap — 0 in the external
inequality [4.25), we obtain

(4.26) 1£(0) = f(rw)] <Y 160 f (rw)|lgi(0, )] + No(r, 0)6.

=1

Notice here thay,, (p, t) is jointly continuous in(p, t) € [0, R]?, henceN,,(r, p) is continuous
inp e [0,R].
Thatis,V s € [0, R] we get

(4.27) If(sw) — flrw)| < Z 0; f (rw)||gi(s, )| + Nyu(r, $)6.

=1

Consequently by (4.16) and (4]27) we find

@29 < [ ([ - s as)

wNRN SN—1

n

>([.(] : Bl s s ) )

i=1

+6 /SN1 (/OR N, (r, s)sN_lds) dw]

5 (o (107l )l ds) o)
Vol(B(0, R))
ON (fOR N, (r, s)sN*1d8>
RN

(4.29) <

(4.30) +
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N
=1

Vol(B(0, R))

( s 03 0)1d0) (5.l Nlds))

ON (fOR N, (r, s)sN_lds>

(4.31) + o
That is
— fSN—l f(rw)dw fB(OR y)dy
o wN Vol(B(0, R))
fSN 1|9f7'w |dw <f |g187' N_1d3>
) Z Vol(V (0, B))
ON ( [N, (r,s)sN"1ds
(4.32) + (fo (r, ) )

RN
The following theorem holds.

Theorem 4.5.Letug, ui, . .., u, € C"*([0, R]), Wo, W1,...,W,, > 00n[0,R], R > 0,n >0
an integer, withuy(r) = ¢ > O Letf € C"*'(B(0, R)). Assume that

(4.33) 0= |0n+1 /oo B0 R 10} < T0°-

Letx € B(0, R) — {0}, which is written uniquely as = rw, r € (0, R], w € S¥~1,
Then

fB(O,R) f(y)dy
~ Vol(B(0,R))

< 'f(af) o T

_1_2 |:(fsN L6 f (rw')dw’) <f0 lgi(s,7)|s Nlds)]

Vol(B(0,R))

ON (fo (r,s)s N_lds)
(4.34) + 7N :
We finally give the following corollary.
Corollary 4.6. Let the conditions of Theore. 5 hold. Assume further @hgrow’) = 0,

v wN-1, for somer, € (0, R], foralli = 1,...,n. Consider allzy = row € B(0, R) — {0},
and anyw € SN,

J. Inequal. Pure and Appl. Mat}8(4) (2007), Art. 106, 13 pp. http://jipam.vu.edu.au/
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Then
: fB(O,T) f(y)dy
E(xg) = 'f(:vo) - W
< ‘f(ﬂ)) — FQ(;Y\[/;) /SN1 f(\xo\w/)dw’
ON RNn Zol|, S SN—ldS
(4.35) N (i Nl ) )

RN
An interesting case is whey = R.

5. ADDENDUM

We give
Proposition 5.1. Let f € C*(B(0, R)) such thatf is radial, i.e. f(z) = g(r), r = ||,
0<r<R,VzeB(0,R). Then
() 3¢' € C((0, R)),
(i) 34'(0) =0.
Proof. (i) is obvious.
(ii) Let u be a unit vectorh > 0, then

g(h) —g(0) _ f(hu) = f(0)

h h
(by first order multivariate Taylor’s formulay VF(0)- ];l“ +o(h)
V() -hu o(h) o(h)
=+ - =V ut —
(o) by O 0
The last is true for any unit vectar. ThusV f(0) = 0, proving the claim. O

By Propositior] 5.]1, we see that, it may well be thais discontinuous at zero, if only €
CY(B(0, R)).
Therefore the assumption that C"+1([0, R]) in Theoren} 4.2 seems to be the best.
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