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Abstract

In this paper we study approximation properties for the class of general integral
operators of the form

(Twf)(s) = / Ky (s,t, f(t))dum,(t) s€G, w>0

J Hy
where G is a locally compact Hausdorff topological space, (H,, ).~ is a net of On Global Approximation
S . . . Properties of Abstract Integral
closed subsets of G' with suitable properties and, for every w > 0, pg, 1S @ Operators in Orlicz Spaces and
regular measure on H,,. We give pointwise, uniform and modular convergence Applications

theorems in abstract modular spaces and we apply the results to some kinds of
discrete operators including the sampling type series.
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The aim of this paper is to give a general and unifying treatment of conver-
gence properties in function spaces for families of integral or discrete opera-
tors, including the classical linear or nonlinear integral operators of convolution
type acting on function spaces defined on topological groups, Urysohn type
operators, discrete operators of sampling type, or the classical Bernstein and
Szasz-Mirak’jan operators etc. Our objective is to find a common root for the
convergence properties of all the above operators. -
. . . . - . On Global Approximation
In [4] we have studied approximation properties for families of nonlinear  properties of Abstract Integral

integral operators of the form Operators in Orlicz Spaces and
Applications
(wa) (S) = Kw(3> L, f(t))d#Hw (t), seG, w>0, Carlo Bardaro and llaria Mantellini
HU}
whereG is a locally compact Hausdorff topological spa¢#,,).~o IS a net
of closed subsets @ such thatJ,., 7., = G and, for everyw > 0, up, is Title Page

a regular andr-finite measure or,,. For these operators we have obtained
some local convergence theorems in the general setting of modular spaces. Lo-
cality represents a restriction of applicability of the theory and so in this paper <44« 44
we furnish global approximation results by using a notion of uniform modular p >
integrability for families of functions introduced ith] for Urysohn type opera-

tors and suitably modified according to our general frame. We will work in the Go Back
setting of Orlicz spaces, but using some natural generalization of the uniform

Contents

Close
integrability, some technical tool and an approach similarjoWe can obtain _
corresponding results also in abstract modular spaces. As a consequence we Quit
obtain results in.? spaces, when the generating function of the Orlicz space is Page 3 of 34

given byp(u) = |ulP.
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By specializingG andH,,, we obtain several classes of operators. For ex-
ample, ifG = H,, andu,, = ug, for everyw > 0, ug being a fixedr—finite
and regular measure @n we obtain a class of Urysohn type operators and so,
in turn, all the classical families of linear or nonlinear integral operators of con-
volution type (when= is a topological group and is its Haar measure). Our
main theorems (Theorens4 and 3.6) imply the well-known approximation
results in Orlicz spaces (or, in particular,ii—spaces), se€ ], [24]).

Here we consider, as examples, very interesting families of operators of the
discrete type (see Sectidi), in order to explain the nature of the general con- On Global Approximation

ditions which we used. In particular, we apply these results to linear discrete Properties of Abstract Integral
Operators in Orlicz Spaces and

operators of the form 7], [14], [15], [16], [7], [27] and [5]) Applications
— E Carlo Bardaro and llaria Mantellini
(Swf)(s)—%K(ws n)f<w>, seER, w>0
and
(§wf)(s) = Z Gnw(s)f (t—"> seR, w>0, Title Page
nez w Contents
where(t,).cn is a separate sequence of real numbers|@i.e- t,_,| > ¢ for Py b

a fixedo > 0), (see 1], [17], [3]) and to their nonlinear versions (see e.d, [
[27], [29], [6], [2], [4] and [1]). In these instances, our general convergence . .
theorems imply modular convergence in Orlicz spaces for the generalized sam- Go Back

pling operators (in their linear or nonlinear forms), when the funcfisatisfies

) e . cl
some generalized concepts of bounded variation. As far we know, this is a new ose
result about generalized sampling operators (ald@icase). Finally, we also Quit
discuss another well-known discrete operator, namely the Szasz-Mirak’jan op- Page 4 of 34

erator and we obtain, as an application, a convergence result in Orlicz space.
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Let G be a locally compact Hausdorff topological space, provided with its
family of Borel sets3 of G. Let u be aregular and—finite measure defined
on B. We will assume that the topology 6f is uniformizable, i.e. there is a
uniform structurdd{ C G x G which generates the topology 6f (see P¢]).
For everyU € U, we putU; = {t € G : (s,t) € U}. By local compactness,
we will assume that for every € G, the base{U; : U € U} contains
compact sets. We will denote by(G) the space of all real-valued measurable
functionsf : G — R provided with equality a.e., b§/(G) the subspace of all
bounded and continuous functions andbyG) the subspace of all continuous
functions with compact support.

Let us recall that a functioi : G — R is uniformly continuous o if for
everye > 0 thereisU € U suchthatf(t)—f(s)| < e foreverys € G,t € Us.

Let now (H,).~0 be a net of nonempty closed subsets(bf such that
G - Uw>0Hw.

For everyw > 0 we will denote byu, a regular andr-finite measure
on H,, defined on the Boret-algebra generated by the famiyA N H,, :
A open subset ofr }.

Let £ be the class of all the families of globally measurable functions
L = (Ly)wso, Lw : G x H, — R such that for everyy > 0 the sections
L,(-,t) andL,(s,-) belong toL}(G) for everyt € H, and toL'(H,) for
everys € G respectively.

Let ¥ be the class of all functions : R — RJ suchthat) is a continuous
(nondecreasing) function and(0) = 0, ¥ (u) > 0 foru > 0. LetZ= =
(Yw)wso C ¥ be afamily of functions such that the following two assumptions
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hold

1. (Yw)w>o iS €quicontinuous at = 0,

2. for everyu > 0 the net(¢y,(u)).,~0 iS bounded.

We denote byC= the class of all families of functiori§ = (K)o, Where
K, :Gx H, x R — R, such that the following conditions hold

(K.1) foranyw >0, K,(-,-,u) is measurable o& x H,, foreveryu € R and
K,(s,t,0) =0, forevery(s,t) € G x H,.

(K.2) K = (Ky)wso is (L, Z)—Lipschitz i.e. there aré& = (L,),~0 € £ and
a constanD > 0 such that

0 < Bu(s) = / Lo(s.)dun(t) < D

w

foralls e G,w >0 and
|Kw(s7t7 U) - Kw(87t7 U)| S Lw(‘S?t)qu)w(‘u - U|)

foreverys € G, t € H, andu,v € R.

For a givenkK = (K, ).~0 € K= we will take into consideration the follow-

ing family of nonlinear integral operato® = (7),).,~o given by

(Twf)(s) = Ky (s,t, f(t))duy(t) s€ G, w>0

Hy
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wheref € Dom T = N~ DomT,; hereDom T, is the subset of (G) on
which T, f is well defined as as-measurable function of € G.

We will say thatK = (K,),>0 € K= issingular if the following assump-
tions hold

1) There is a net(,).~o Of positive real numbers such that for every>
0 andt € H,, we have

/ Lw(87t)d,uG(S> S Cw S D.
G
2) For everys € G and for everyU € U we have

lim Ly(s,t)dp,(t) = 0.
w——+00 Hu)\Us

3) For everys € G and for everyu € R we have

lim Ky(s,t,u)dp,(t) = u.

w—-+00 H
w

We will say thatK is uniformly singularif conditions 2) and 3) are replaced
by the following ones

2") foreveryU € U we have

lim Ly(s,t)dp,(t) =0

w——+00 Ho\Us

uniformly with respect ta € G,
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3’) we have

uniformly with respect tes € G andu € C, whereC' is any compact
subset ofR \ {0}.

For the above concepts seg.|
We have the following

Theorem 2.1.LetK = (K )ws0 € K=. ThenL>®(G) C Dom T and for every
w >0 T,f € L>*(G), wheneverf € L*(G).

Proof. We obtain easily the measurability &f, (s, -, f(-)) andT, f, with f €
L*>(G). Moreover

(T f)(s)] < / Ly (s, 8)bu (1 () dptn(t) < Yus([[flloe) D < M'D,

w

beingM’ = sup,,~,(¢w (|| f|l«)) @nd so the assertion follows. O
As to the pointwise convergence, if] we have proved the following result

Theorem 2.2.Let f € L®(G) andK = (K,).-0 € K= be singular. Then
T,f — f pointwise at every continuity point ¢gf Moreover ifK is uniformly
singular, then||T,f — fll — 0 asw — +oo, wheneverf € C(G) is

uniformly continuous.
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Let® be the class of all functions : Rj — Rj such that
i) ¢ is continuous and non decreasing,
i) ¢(0) =0, ¢(u) >0foru >0 andlim, ;. p(u) = +oo.

Moreover we denote bﬁ) the subspace ob whose elements are convex
functions.
Fory € ®, we define the functional

o(f) = /G o(1£(5) N dc(s)

foreveryf € X(G).
As it is well known, o, is a modular onX (G) and the subspace
L?(G) ={f € X(Q) : 0&(\f) < 400 for some\ > 0}

is the Orlicz space generatedpy If ¢ € P, thenpy, is a convex modular. The
subspace of.#(G), defined by

E?(G)={f € X(Q) : 0&(\f) < +oc for everyA > 0},

is called the space of finite elementsiof(G). For example, every bounded
function with compact support belongs & (G). For these concepts se&/].
Moreover, given an arbitrany € ®, we will denote byo}, the modular

o (f) = / n(1F(0))dp(2)
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forany f € X(G).

Here byL"(H, ) we denote the space of all functiofiss X (G) such that
the restrictionf|y,, is an element of the Orlicz space generated by the modular
O,

In order to establish a convergence result in Orlicz spaces, we consider the
following notion of convergence (se&4]). We say that a sequen¢é, ).,~o C
L¥(@) is modularly convergent t¢ € L¥¢(G) if there isA > 0 such that

lim of[A(fu — £)] = 0.

w——400

This notion of convergence induces a topology @i, called modular topol-
0gy.

In the following we will need a link between the modulgy, and the family
of functions= = (¢, )w~0 used in the Lipschitz condition ¢f<,,).,~o. Given
a functionn € @, considering the modulasy;, , we will say that the triple
(0%, Yw, 0f;,) is properly directed if the following condition holds: there
exists a netcy)w~o, With ¢, — 0 asw — +oo, for which for every\ €
10, 1 there existg”, €]0, 1] with

(3.1) /H sD(CAww(!f(t)D)duw(t)S/ NALF (O] dps(t) + co

Hy

for every functionf € X (G).
We will need the following definition: given

(Lw ('7 t))teHw 2w>05
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we will say that this family satisfies property), if for every compactC' C
G there exist a compact subgetc G, M > 0 andg > 0 such that

(32) / RACLIZCE “

for everyt € C'N H,, and sufficiently largev > 0.

1. As a first example, le& = H, = R, for everyw > 0, provided with
the Lebesgue measure. Let us consider an approximate identity (3e [
(Kw)wso ONG = R, such that for every > 0

lim wﬂ/ R (s)|ds = M > 0,
w——+00 |t‘>(5

for somes > 0. Then we can prove that the family of kernéls,, ),~o, with
K, :R xR x R — R defined by

Ko(s,t,u) = Ku(s — t)u,

satisfies the singularity assumptions and the familys,t) = |I~(w(s —
t)| satisfies propertyx). For example the above holds for every family

(Kw)wso Of functionsK,, with supports contained in a fixed interval of
the form[—a, a].
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2.LetG = H, = R foreveryw > 0, provided with Lebesgue measure.
Let us consider the family of functions

20 ew(s—i-t)

Lw(s’t) - 7 ) e2ws | e2wt’

for s,t € Randw > 1. Then for everyt € R andr > 0 we have

2
/ Ly(s,t)ds =1+ —(arctane™ ™" — arctan e*").
R\ [t—r,t+7] T

Now it is easy to show thaB(2) holds for everys > 0. This is an example
in non-convolution case (se<]].

3. More interesting cases, which involve discrete operators, will be given in
Section4. These examples can be easily modified in order to get condi-
tions for which the assumptiap) holds.

Letn € ® be fixed. For a given constai® > 0 and a net(vy,),~o Of
positive numbers, we denote By, (P, (7, )w>0) the class

THw (Pa (’Vw)w>0)
={f € L"(G) : limsup 0}, (Af) < Pol(Af) for everyA > 0}.
w——400
LetK = (Ky)w=0 € K= be singular and lef¢, ).,~o be the netin assumption
1) of singularity.
In the following we will work with the clas§ y,, (P, (Cw)w>0) and we will
assume thal g, (P, (Cw)w>0) CONtains a nonempty subspa€ec C.(G). For
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a fixed modular functionab, on X(G), we will denote byF, the modular
closure inL"(G) of F. Thusf e F, iff there exists a sequencg,),en C

F such that(f,),en converges modularly t¢g with respect to the modular
o%. We have the following

Theorem 3.1.Lety € &, € &, = = (u)uso C ¥ and letK =
(Kw)wso € K= be singular. Letf € F and letC be the support of. Let
us assume that’¢,, — +oo asw — +oo and 3.1) holds. If the family
(L (-, t))ten, w>0 Satisfies property«), then there exists a constamt> 0, in-
dependent of, such that following properties hold

I) for everye > 0 there is a compact s€¢ C G such that

oG[o(Twf)xe\s] < €
for sufficiently largew > 0,
ii) for every sequenc&sy)ren C B, with By C By andug(By) — 0, we

have

Jim o[ f)xes,] =0,

uniformly with respect taw > 0.

Proof. Let A\ > 0 be fixed and let’, be the constant in3(1). Leta > 0 be a
constant such thatD < C. Using the Jensen inequality and the Fubini-Tonelli
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Theorem, we have for every measurable sulbset ¢

o lo(Tuf)xens] = / (0T () dps(5)

G\B

<5/ [ elaDu 1 OD) Ll )| dic

_ 1 oD (£ ()]) Lu(s, )dua(s) | duw().
D /mec l/G’\B ]

On Global Approximation
Properties of Abstract Integral
Operators in Orlicz Spaces and

By property(x) we can consider a compact subsetC G such that

M Applications
/ Lw(s, t)d,ug(s) < —3 Carlo Bardaro and Ilaria Mantellini
G\B w
for everyt € H,, N C, with 3 > 0. So we obtain
M Title Page
o6[c(Twf)xe\Bl < B p(aDy (| f()]))dprw (t). Contents
Dw Hy
Using condition 8.1), we obtain « dd
< >
o M
oclo(Twf)xa\sl < B NALf O dp(t) + cu Go Back
Dw Hy,
M Mec Close
= — A ()] dp (t =
D |, MOFOdna(®) + B —
M Mc
- ONdu. (t w Page 14 of 34
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Lettingw — 400, we have

Co / DO dpalt)

M
lim sup o0& [T f)xe\s] < limsup Dabe

w——+00 w——+00 ﬁCw
and, taking into account that € YTy (P, (Cw)w=0) and that every function
f € F belongs toE"(G), we have that
lim sup o¢ [ (7o f) xc\5] = 0

w——+00

and so i) follows. Now we can prove ii). LéB; )y C B be a sequence of
measurable sets with, . ; C By andlimy_., ., ug(Bx) = 0. Then, considering
a constanty such thatxD < 1, we obtain

o5 la(Tuf)Xm] = / (T f) () x50 (3))dric(s)

G

< p(Wu(|[flloo)) e (Br).-
Since(v, (|| flls))w>o IS bounded we have easily the assertion. O

Using Theorem&.2and3.1, we obtain the following

Theorem 3.2.Letyp € P, ned == W0 CV andK = (Ky)ws0 €
K= be singular. Let us assume that(, — +oo asw — +oo and (3.1)
holds. If the family(L,,(-,?)):cn, w0 Satisfies propertysx), then there exists
a constanty > 0 such that

lim of[a(T,f — f)] =0,

w——+00

for everyf € F.
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Proof. Let A > 0 be fixed and letx > 0 be such thataD < C,. From
Theorem?2.2, T,,f converges pointwise t¢g so by continuity ofy we have
thaty(a|T,f — f|) tends to zero pointwise too. Moreover by Theorérhthe
integrals

[ AT ~ Sl

are equiabsolutely continuous. Thus the assertion follows from the Vitali con-

vergence theorem. O
o On Global Approximation
i i [ ti f Abstract Int |
In order to give a modular_converg_enpe theorem for functfoes}" o0 (G)N O;‘;Fr’gtfo'zsir? Omzzfg‘; Bl
Dom T, we prove the following continuity result for the famil{{/’,, )., ~o- Applications
Theorem 3.3.Letp € &, n € ® and E = (¢Y)ws0 C ¥ be such that Carlo Bardaro and laria Mantellini
the triple (¢}, , ¥w, 0f;,) is properly directed. LeK = (Ky)uws0 € K= be
singular. If f,g € X(G) N Dom T, suchthatf — g € Ty, (P, (Cw)ws0) then, _
given) > 0, there existsy > 0 such that Title Page
p Contents
3 ® _ < 1 _
lim sup ogla(Tuf = Tug)l < 506Af = 9)l. « b
| >

Proof. Let A > 0 be fixed and letv be a positive constant such thab <
C,, with C, being the constant in3(1). By using the Jensen inequality and Go Back

the Fubini-Tonelli theorem, we have
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<[+ (a [ Ll atlro) —g(t)l)duw(t)) dhs(s)
[ eCnlls - o)) ( / Lw<s,t>duc<s>) A1)
<% [ elChnl17(0) = 90 D)dial®)

<5 [ a1 = a0ty + 5
Cuw Cw(w

DQHw[ (f —9)]+ D

Passing to the limsup, taking into account tiiat ¢ € Ty, (P, (Cw)ws0), We
obtain

o] lav

lim sup eclo(Twf = Twg)] < 50G(A(f = 9))

and so the assertion follows. O

Now we are ready to prove the main theorem of this section.

Theorem 3.4.Letp € &, 5 € ® andZ = (¢)ws0 C ¥ be such that
the triple (of; ,v¥w, 07, ) is properly directed. LeK = (K, ).~0 € Kz be
singular. Let us assume that’(, — +oco asw — +oo, and the fam-
ily (Lu(+,1))ten, w>o Satisfies propertyx). Then, for everyf € DomT N

Foio, SUchthatf — F C Yy, (P, (Cuw)wso), for someP > 0, there exists a
constanty > 0 such that

lim og[(Twf = f)] =

w—+00
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Proof. Let f € F,+, N Dom T, such thatf — F C Ty, (P, (Cw)ws0). Then
there is a constant’ €]0, 1| and a sequendg,,).cy C F such that for every
e > 0 there exist$i € N with

o "IN (fu = fll <e

for everyn > m. Let us fix nown and a constant > 0 such thaBa < X', for
which Theorems.2 and3.3 are satisfied witB«. Then we have

Qé[a(wa_f)] S Qé[ga(wa_waﬁ)]+Q<é[3a(waﬁ_fﬁ)}+Qé[3a( ﬁ_f)]'
By Theorem3.2we have
oG BTy fa = fa)] =0

and by Theoren3.3we have

o&N(f = fx))-

o]l

lim sup 0% [3a(To f — T fr) <

w——+00

Without loss of generality we can assume tRdtD > 1 and so we can write

limsup o£[a(Tuf — £)] < eV = fall + BeEN(f = ) <=3

The assertion follows since is arbitrary. O]
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[5] in connection with Urysohn type operators. However we have to introduce

a “local” boundedness condition on the family of measuies)..~,. Using

the previous notations, we will say that the family,, (-, t))icn,, w>0 Satisfies
property(xx) if for every compactC' C G and for everye > 0 there exists a
compact subse® C GG such that

/ Lu(s, Odpc(s) < =,
G\B

for everyt € H,, N C and sufficiently largev > 0.

We will say that the family of measurés,, ).,~o is locally boundedf for
every compact C G, (u,(C N Hy))wso IS @ bounded net, i.e. there exists
a constant? = Rs > 0 such thatu,,(C N H,) < R, for sufficiently large
w > 0.

As before, letF be a subspace 6f.(G) suchthatF C Yy, (P, (Cw)w=0) for
some constanP > 0. We have the following

Theorem 35.Lety € &, E = (Yu)uso C ¥ and letK = (Ku)us0 €
K= be singular. Letf € F and letC be the support off. If the family
(L (-, t))ten, w>0 Satisfies propertysx) and the family of measurés,,).~o is
locally bounded, then there exists a constant 0, independent of, such that

following properties hold
i) for everye > 0 there is a compact s€¢ C G such that
o&le(Twf)xe\s] < e

for sufficiently largew > 0,
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ii) for every sequenc@sy)ren C B, with By C By andug(By) — 0, we
have

: @ _
kl—lgloo QG[OZ<T’wf)XBk} - 07

uniformly with respect ta > 0.

Proof. Leto > 0 be such thatvD < 1. Lete > 0 be fixed and leB be the
compact set corresponding to the supporof f in the definition of property
(x+). Using the same arguments as in Theorgm) we have, for sufficiently
largew,

ool < 35 [ p@Du N [ [ Lus 0duc(s)| duutt

Hy,NC

€ eR ,

<= [ @l FONdu(t) < Se(M),
HyNC

where M’ = sup,-?w(||fllec) @nd so i) follows. The proof of ii) is exactly

the same as before. O]

We remark that Theorerf.5 still holds for every bounded function with
compact support.

As a consequence we obtain a modular convergence result as in TH&@rem
Finally, using Theoren3.3 Theorem3.5and the Vitali convergence Theorem,
we obtain the restatement of Theorém

Theorem 3.6. Let p € P, n € ® and= = (Yy)ws0 C ¥ be such that
the triple (of; ,vVw, 03,) is properly directed. LeK = (K, ).>0 € K= be
singular. Let us assume that the famil¥,,(-,?)):cn, >0 Satisfies property
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(*x) and the family of measurég., ).~o is locally bounded. Then, for every
f € DomT N F,.,, suchthatf —F C YTy, (P, ((w)wso), fOr someP >
0, there exists a constant > 0 such that

lim ogla(Twf — f)] = 0.

w——+00
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Let us consider now the particular case in whigh= R andH, = %Z for
everyw > 0. We provideG with the Lebesgue measure and for every-
0 we puty,, = %Mc, wherey, is the counting measure. Note that the family
(tw)w=o is locally bounded. Indeed €t = [—M, M| be a closed interval in
R andM € N. Then the seC N H,, contains at mos2[Mw]| + 1 elements.
Sou,(C' N Hy,) <2M + 1, forw > 1 and hence the assertion follows.
LetnowI' : R — R be a summable function and such that the following
assumptions hold

(L.1) Y= T(u—k) = 1foreveryu € R.
(L.2) mo(T) := supuer doree o IT(u — k)| < +oo.
Note that from the summability df we deduce the following property

(L.3) For every= > 0 there exists\/ > 0 such that

/ IT(s)|ds < e.
|s|>M

Now, for everyw > 0, we define

k k
Fw(s,—> :wF<w(s——>) =wl(ws — k), seR, kel
w w

We prove that the family of kernels,, : G x H,, x R — R, defined by

k
K, (5, —,u) = wl'(ws — k)u,
w
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is singular withL,, (s, £) = w|[(ws — k)|.

Firstly, note that the family K, ).~o Satisfies a strong Lipschitz condition

with v, (u) = u, for everyu > 0 andw > 0. Thus assumptior3(1) is satisfied
with n = ¢ andc,, = 0, for everyw > 0. Moreover

/w\F(ws —k)|ds = / IT'(w)|du = ||T']|; < +o0.
R R

For afixeds € R ando > 0, letus putU; = [s — 0, s + d]. Then

k
Ly s,— | duy, =
/Hw\US < w) Z

|ws—k|>0w

ID(ws — k).

By Lemma 1 in 6], assumption (L.2) implies

lim ) [T(u—k)| =0,

R—+o00
|lu—k|>R
uniformly with respect ta: € R and so for a fixed > 0 there isR. > 0 such

that
> M-k <e,

|lu—k|>R.

uniformly with respect, € R. Letw > 0 such thatwd > R. for everyw >
w. Then forw > w,

Y Mws—k)< )]

|ws—k|>dw |ws—k|>R.

ID(ws — k)| <,
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and so the second condition of singularity in satisfied. The third condition im-
mediately follows from(L.1). Finally we show that propertfx=) is satisfied

for the family (L., (-, £)). LetC = [-4,6] be a fixed interval irR and let

e > 0 be fixed. Let)/ be the constantifL.3) and let us choos#/ > 0 such
that)M — & > M. Since£ € [-4,4], we only considek € [—dw, fw]. Sowe
have, withw > 1,

—Muw—k +o0
/|| M’LU‘F(U)S - k)’ds - / ‘F(u)‘du + /~ ]F(u)]du On Global Approximation
s|> -

o0 Mw—k Properties of Abstract Integral

Operators in Orlicz Spaces and

< / B |T(u) |du Applications
|u|>(M—8)w

Carlo Bardaro and llaria Mantellini
< / ID()|du < e.
|u|>M

So the assertion follows taking = [— M, M]. Title Page
Hence for the family of discrete operators defined by Contents
oo L <« 33
Suhe) = 3 Tlws— 07 (1) <]
k=—oc0
Go Back
we can apply all the previous theory. E—
Taking(,, = ||T'||; for everyw > 0 and assuming for the sake of simplicity
Quit
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that||T||; = 1, the classCy,, (P, ((w)w>0) NOW takes the form

T, (P, (Cw)w>0)
_ {f € L*(R) 13Ur3igop$k§:w¢ <>\'f (S)D < P/Rgo(/\|f(s)\)ds}.

In particular if f € BV (R)NE¥(R), thengo \|f| is also of bounded variation,
sincey is locally Lipschitz. Thus, using the results in], we have

Jin g 3 e (3 (5)]) = [eorsnas

see also{] and [1(]. Now, if f € BV(R) N E¥(R), takingF = C°(R), we
havef — F Cc BV(R) N E¥(R) and sinceF, = L?(R), (see [, [7]), we
obtain the following

Corollary 4.1. Let f € BV(R) N E¥(R). Then there exists > 0 such that
lim pgla(Suf — f)] =0,

w——400

If we takep(u) = |ulP, we obtain a convergence resultii—spaces.

Thus we obtain a non local modular approximation theorem in Orlicz spaces

for the generalized sampling series of a functipand this improves corre-
sponding results given inTand [2 7] for kernels with compact support.

The above results can be extended also to the nonlinear discrete operators of

the form

o= 3 i (wo ks (1),

k=—o00
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where the corresponding functiohg satisfy the previous conditions (se&T,
[24], [6] and [1]).

As a second example, let us consider [0, +oo| with Lebesgue measure
and for everyn € N we takeH,, = 1Ny = {£, k=0,1,...} endowed with

the measurénuc. Let us consider the class of the Szasz-Mirak’jan operators

given by
+00 /{
$06) =21 (£ onate). 520
k=0
where .
Okn(s) =e " (n;') , s>0.

These operators are generated by the family of functions defined by

k k
L, (s, —) =nlL (ns,n—) =nL(ns, k),
n n

sk

H.
As shown in 1], the family of kernelsk,, : G x H,, x R — R defined by

k k
K, <3, —,u) =L, (s, —> U
n n

satisfies all the singularity assumptions apd= 1 for everyn € N. Now
we show that the familyL,,),cn satisfieqx, ). Firstly note that without loss

where
L(s k) =¢e"?
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of generality we can také€' = [0,0], with § > 1 a positive integer. Let

B = [0, M] with M > 1 andj=5 > 0. We have

k +00 k
/ L, <s, —) ds = / ne’"sﬂds = I[n, k],
G\B n M k"

wherek € [0,n0]. By using elementary calculus and a recursion method, we
have

Properties of Abstract Integral
Operators in Orlicz Spaces and
Applications

k .
[[n k] _ e—nM Z (nM>J On Global Approximation
) - .
7!
J=0

and so
Carlo Bardaro and llaria Mantellini

nd ;

M)

In, k] < e_”MZ M
=

Title Page
nd ,—nM T j
< M™e (nd)’ Contents
- ) : !
S = . <« >
M sy _ LM y >
) 5 \eM—s
Go Back
SinceM? < eM=% (x,x) follows.
. . . Close
Note that the family of function$L, ).y also satisfies propertx) for _
every > 0. Quit
Finally we obtain the following convergence theorem for the Szasz-Mirak’jan Page 27 of 34
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Corollary 4.2. Let f € BV(R{) N E¥(R]). Then there exists > 0 such that

Jim pge[a(Snf = f)] =
Remark 1. Note that, using the characterization in4], Corollaries 4.1 and
4.2 are still true under the weaker assumption that the funcfioifor the func-
tion poA|f|), is locally Riemann integrable and of bounded “coarse” variation
onR;. This notion was introduced inlf] in connection with “simply inte-
grable functions” and it is meaningful if the domain f6fis unbounded, since
for bounded domains it is equivalent just to boundedness of the funfction

More generally, let us consider a (increasing) sequéngg.-, of real num-
bers such thaft, — ¢,_1| > r, for everyn € Z and an absolute positive
constantr. Let7 = {t, : n € Z}. Letus putG =R andH, = 17. We
provide againG with the Lebesgue measure and we pyt= %,uc. Let now
I':Rx7 — R be afunction such that € L!(R) with respect ta: € R and

(r.1) 3,2 T,
(.2) my(T) := sup,ep
(I".3) For everye > 0 there exists\/ > 0 such that

/ IT(s,t,)|ds < ¢,
|s|>M

t,) =1 for everyu € R.

IT(u, ) [{1 + i — |} < +o0.

n=—oo

for everyt, € 7.
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Now, for everyw > 0 we define the family of functiong,, : R x H, —
R on putting

tn
Ly (s, —) = wl'(ws, t,).
w

As before, we can see that the family of kernkls : R x H,, x R — R defined
by

tn
K, (s, —, u) = wl(ws, t,)u
w

satisfies a Lipschitz condition with,, (u) = v andL,, (s, ) = w|['(ws, t,)| for
everyu > 0, and itis singular.

Note that the propertyx, %) is a consequence ¢f.3) by using the same
arguments as the first example.

Thus the previous theory can be applied to Kramer type operators of the form

tn tn
(wa)(s) = %Fw (‘97 E) f (E)
and their nonlinear versions of the form
tn tn
10 =30 (5500 ()

Finally, some multidimensional versions of discrete operators are included in
our general approach. For example let us consider the multivariate generalized
sampling operator defined by (see])

0o = X £ (£) Tlws ),

kezm
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wheres = (s1,...,8,) € R", w = (wy,...,w,) € R}, k = (k1,...,k,) €
7", 5 = (kifwy, ..k fwy), ws = (w1S1,...,w,s,) @andf : R" — R. Here
the kernell" is given, for example, by a “box” kernel

n

L(s) =] T(s5),

Jj=1

wherel’; is a one-dimensional kernel satisfying the above assumptions.
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