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Abstract

The aim of the present paper is to establish some new Ostrowski-Grüss-Čebyšev
type inequalities involving functions whose modulus of the derivatives are con-
vex.
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1. Introduction
In 1938, A.M. Ostrowski [5] proved the following classial inequality.

Let f : [a, b] → R be continuous on[a, b] and differentiable on(a, b) whose
derivativef ′ : (a, b) → R is bounded on(a, b) i.e., |f ′ (x)| ≤ M < ∞. Then

(1.1)

∣∣∣∣f (x)− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣ ≤
1

4
+

(
x− a+b

2

b− a

)2
 (b− a) M,

for all x ∈ [a, b] , whereM is a constant.
For two absolutely continuous functionsf, g : [a, b] → R, consider the

functional

(1.2) T (f, g) =
1

b− a

∫ b

a

f (x) g (x) dx

−
(

1

b− a

∫ b

a

f (x) dx

)(
1

b− a

∫ b

a

g (x) dx

)
,

provided the involved integrals exist. In 1882, P.L.Čebyšev [6] proved that, if
f ′, g′ ∈ L∞ [a, b], then

(1.3) |T (f, g)| ≤ 1

12
(b− a)2 ‖f ′‖∞ ‖g

′‖∞ .

In 1934, G. Grüss [6] showed that

(1.4) |T (f, g)| ≤ 1

4
(M −m) (N − n) ,
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providedm,M, n,N are real numbers satisfying the condition−∞ < m ≤
f (x) ≤ M < ∞, −∞ < n ≤ g (x) ≤ N < ∞, for all x ∈ [a, b].

During the past few years many researchers have given considerable atten-
tion to the above inequalities and various generalizations, extensions and vari-
ants of these inequalities have appeared in the literature, see [1] – [10] and the
references cited therein. Motivated by the recent results given in [1] – [3], in
the present paper, we establish some inequalities similar to those given by Os-
trowski, Grüss anďCebyšev, involving functions whose modulus of derivatives
are convex. The analysis used in the proofs is elementary and based on the use
of integral identities proved in [1] and [2].
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2. Statement of Results
Let I be a suitable interval of the real lineR. A function f : I → R is called
convex if

f (λx + (1− λ) y) ≤ λf (x) + (1− λ) f (y) ,

for all x, y ∈ I andλ ∈ [0, 1] . A function f : I → (0,∞) is said to be log-
convex, if

f (tx + (1− t) y) ≤ [f (x)]t [f (y)]1−t ,

for all x, y ∈ I andt ∈ [0, 1] (see [10]). We need the following identities proved
in [1] and [2] respectively:

f (x) =
1

b− a

∫ b

a

f (t) dt +
1

b− a

∫ b

a

(x− t)

[∫ 1

0

f ′ [(1− λ) x + λt] dt

]
dt,

f (x) =
1

b− a

∫ b

a

f (t) dt + (x− a)2 1

b− a

∫ 1

0

λf ′ [(1− λ) a + λx] dλ

− (b− x)2 1

b− a

∫ 1

0

λf ′ [λx + (1− λ) b] dλ,

for x ∈ [a, b] wheref : [a, b] → R is an absolutely continuous function on[a, b]
andλ ∈ [0, 1].

We use the following notation to simplify the details of presentation:

S (f, g) = f (x) g (x)− 1

2 (b− a)

[
g (x)

∫ b

a

f (t) dt + f (x)

∫ b

a

g (t) dt

]
,
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and define‖·‖∞ as the usual Lebesgue norm onL∞ [a, b] i.e.,

‖h‖∞ := ess supt∈[a,b] |h (t)|

for h ∈ L∞ [a, b] .
The following theorems deal with Ostrowski type inequalities involving two

functions.

Theorem 2.1.Letf, g : [a, b] → R be absolutely continuous functions on[a, b].

(a1) If |f ′| , |g′| are convex on[a, b], then

(2.1) |S (f, g)| ≤ 1

4

1

4
+

(
x− a+b

2

b− a

)2
 (b− a)

× {|g (x)| [|f ′ (x)|+ ‖f ′‖∞] + |f (x)| [|g′ (x)|+ ‖g′‖∞]} ,

for x ∈ [a, b].

(a2) If |f ′| , |g′| are log-convex on[a, b], then

(2.2) |S (f, g)| ≤ 1

2 (b− a)

{
|g (x)| |f ′ (x)|

∫ b

a

|x− t|
(

A− 1

log A

)
dt

+ |f (x)| |g′ (x)|
∫ b

a

|x− t|
(

B − 1

log B

)
dt

}
,

for x ∈ [a, b], where

(2.3) A =
|f ′ (t)|
|f ′ (x)|

, B =
|g′ (t)|
|g′ (x)|

.
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Theorem 2.2.Letf, g : [a, b] → R be absolutely continuous functions on[a, b].

(b1) If |f ′| , |g′| are convex on[a, x] and [x, b], then

(2.4) |S (f, g)| ≤ 1

2
{|g (x)|F (x) + |f (x)|G (x)} ,

for x ∈ [a, b], where

(2.5) F (x) =
1

6

[
|f ′ (a)|

(
x− a

b− a

)2

+ |f ′ (b)|
(

b− x

b− a

)2

+

1 + 4

(
x− a+b

2

b− a

)2
 |f ′ (x)|

 (b− a) ,

(2.6) G (x) =
1

6

[
|g′ (a)|

(
x− a

b− a

)2

+ |g′ (b)|
(

b− x

b− a

)2

+

1 + 4

(
x− a+b

2

b− a

)2
 |g′ (x)|

 (b− a) ,

for x ∈ [a, b].

(b2) If |f ′| , |g′| are log-convex on[a, x] and [x, b], then

(2.7) |S (f, g)| ≤ |g (x)|H (x) + |f (x)|L (x) ,
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for x ∈ [a, b], where

(2.8) H (x) =
1

2
(b− a)

[
|f ′ (a)|

(
x− a

b− a

)2
A1 log A1 + 1− A1

(log A1)
2

+ |f ′ (b)|
(

b− x

b− a

)2
B1 log B1 + 1−B1

(log B1)
2

]
,

(2.9) L (x) =
1

2
(b− a)

[
|g′ (a)|

(
x− a

b− a

)2
A2 log A2 + 1− A2

(log A2)
2

+ |g′ (b)|
(

b− x

b− a

)2
B2 log B2 + 1−B2

(log B2)
2

]
,

and

A1 =
|f ′ (x)|
|f ′ (a)|

, B1 =
|f ′ (x)|
|f ′ (b)|

,(2.10)

A2 =
|g′ (x)|
|g′ (a)|

, B2 =
|g′ (x)|
|g′ (b)|

,(2.11)

for x ∈ [a, b].

The Grüss type inequalities are embodied in the following theorems.

Theorem 2.3.Letf, g : [a, b] → R be absolutely continuous functions on[a, b].
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(c1) If |f ′| , |g′| are convex on[a, b], then

(2.12) |T (f, g)| ≤ 1

4 (b− a)2

∫ b

a

[
|g (x)| [|f ′ (x)|+ ‖f ′‖∞]

+ |f (x)| [|g′ (x)|+ ‖g′‖∞]
]
E (x) dx,

where

(2.13) E (x) =
(x− a)2 + (b− x)2

2
,

for x ∈ [a, b].

(c2) If |f ′| , |g′| are log-convex on[a, b], then

(2.14) |T (f, g)|

≤ 1

2 (b− a)2

∫ b

a

[
|g (x)|

∫ b

a

|x− t| |f ′ (x)|
(

A− 1

log A

)
dt

+ |f (x)|
∫ b

a

|x− t| |g′ (x)|
(

B − 1

log B

)
dt

]
dx,

whereA, B are defined by (2.3).

Theorem 2.4.Letf, g : [a, b] → R be absolutely continuous functions on[a, b].
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(d1) If |f ′| , |g′| are convex on[a, b], then

(2.15) |T (f, g)| ≤ 1

2

∫ b

a

[(
x− a

b− a

)2 [
|g (x)|

{
1

6
|f ′ (a)|+ 1

3
|f ′ (x)|

}
+ |f (x)|

{
1

6
|g′ (a)|+ 1

3
|g′ (x)|

}]
+

(
b− x

b− a

)2 [
|g (x)|

{
1

3
|f ′ (x)|+ 1

6
|f ′ (b)|

}
+ |f (x)|

{
1

3
|g′ (x)|+ 1

6
|g′ (b)|

}]]
dx,

(d2) If |f ′| , |g′| are log-convex on[a, x] and[x, b], then

(2.16) |T (f, g)|

≤ 1

2

∫ b

a

[(
x− a

b− a

)2

{|g (x)| |f ′ (a)| A1 log A1 + 1− A1

(log A1)
2

+ |f (x)| |g′ (a)| A2 log A2 + 1− A2

(log A2)
2

}
+

(
b− x

b− a

)2{
|g (x)| |f ′ (b)| B1 log B1 + 1−B1

(log B1)
2

+ |f (x)| |g′ (b)| B2 log B2 + 1−B2

(log B2)
2

}]
dx,

whereA1, B1 andA2, B2 are defined by (2.10) and (2.11).
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The next theorem containšCebyšev type inequalities.

Theorem 2.5.Letf, g : [a, b] → R be absolutely continuous functions on[a, b].

(e1) If |f ′| , |g′| are convex on[a, b], then

(2.17) |T (f, g)|

≤ 1

4 (b− a)3

∫ b

a

[|f ′ (x)|+ ‖f ′‖∞] [|g′ (x)|+ ‖g′‖∞] E2 (x) dx,

whereE(x) is given by (2.13).

(e2) If |f ′| , |g′| are log-convex on[a, b], then

(2.18) |T (f, g)| ≤ 1

(b− a)3

∫ b

a

[{∫ b

a

|x− t| |f ′ (x)|
(

A− 1

log A

)
dt

}
×
{∫ b

a

|x− t| |g′ (x)|
(

B − 1

log B

)
dt

}]
dx,

whereA, B are defined by (2.3).

http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/


On Ostrowski-Grüss- Čebyšev
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3. Proofs of Theorems2.1and 2.2
Proof of Theorem2.1. From the hypotheses of Theorem2.1, the following iden-
tities hold:

(3.1) f (x) =
1

b− a

∫ b

a

f (t) dt

+
1

b− a

∫ b

a

(x− t)

[∫ 1

0

f ′ [(1− λ) x + λt]dλ

]
dt,

(3.2) g (x) =
1

b− a

∫ b

a

g (t) dt

+
1

b− a

∫ b

a

(x− t)

[∫ 1

0

g′ [(1− λ) x + λt]dλ

]
dt,

for x ∈ [a, b] . Multiplying both sides of (3.1) and (3.2) by g(x) andf(x) re-
spectively, adding the resulting identities and rewriting we have

(3.3) S (f, g) =
1

2 (b− a)

{
g (x)

∫ b

a

(x− t)

[∫ 1

0

f ′ [(1− λ) x + λt]dλ

]
dt

+f (x)

∫ b

a

(x− t)

[∫ 1

0

g′ [(1− λ) x + λt]dλ

]
dt

}
.

(a1) Since|f ′| , |g′| are convex on[a, b] , from (3.3) we observe that

|S (f, g)|

≤ 1

2 (b− a)

{
|g (x)|

∫ b

a

|x− t|
[∫ 1

0

|f ′ [(1− λ) x + λt]| dλ

]
dt

http://jipam.vu.edu.au/
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+ |f (x)|
∫ b

a

|x− t|
[∫ 1

0

|g′ [(1− λ) x + λt]| dλ

]
dt

}
≤ 1

2 (b− a)

{
|g (x)|

∫ b

a

|x− t|
[∫ 1

0

{(1− λ) |f ′ (x)|+ λ |f ′ (t)|} dλ

]
dt

+ |f (x)|
∫ b

a

|x− t|
[∫ 1

0

{(1− λ) |g′ (x)|+ λ |g′ (t)|} dλ

]
dt

}
=

1

2 (b− a)

{
|g (x)|

∫ b

a

|x− t|
[
|f ′ (x)|

∫ 1

0

(1− λ) dλ + |f ′ (t)|
∫ 1

0

λdλ

]
dt

+ |f (x)|
∫ b

a

|x− t|
[
|g′ (x)|

∫ 1

0

(1− λ) dλ + |g′ (t)|
∫ 1

0

λdλ

]
dt

}
=

1

2 (b− a)

{
|g (x)|

∫ b

a

|x− t| 1
2

[|f ′ (x)|+ |f ′ (t)|] dt

+ |f (x)|
∫ b

a

|x− t| 1
2

[|g′ (x)|+ |g′ (t)|] dt

}
≤ 1

4 (b− a)

{
|g (x)| ess. sup

t ∈ [a, b]
[|f ′ (x)|+ |f ′ (t)|]

∫ b

a

|x− t| dt

+ |f (x)| ess. sup
t ∈ [a, b]

[|g′ (x)|+ |g′ (t)|]
∫ b

a

|x− t| dt

}
=

1

4 (b− a)
{|g (x)| [|f ′ (x)|+ ‖f ′‖∞]

+ |f (x)|
[
|g′ (x)|+ ‖g′‖

∞

]} ∫ b

a

|x− t| dt
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=
1

4

[
(x− a)2 + (b− x)2

2 (b− a)

]
× {|g (x)| [|f ′ (x)|+ ‖f ′‖∞] + |f (x)|

[
|g′ (x)|+ ‖g′‖

∞

]}
=

1

4

1

4
+

(
x− a+b

2

b− a

)2


× (b− a) {|g (x)| [|f ′ (x)|+ ‖f ′‖∞] + |f (x)|
[
|g′ (x)|+ ‖g′‖

∞

]}
.

This is the required inequality in (2.1).

(a2) Since|f ′| , |g′| are log-convex on[a, b] , from (3.3) we observe that

|S (f, g)| ≤ 1

2 (b− a)

{
|g (x)|

∫ b

a

|x− t|
[∫ 1

0

|f ′ [(1− λ) x + λt]| dλ

]
dt

+ |f (x)|
∫ b

a

|x− t|
[∫ 1

0

|g′ [(1− λ) x + λt]| dλ

]
dt

}
≤ 1

2 (b− a)

{
|g (x)|

∫ b

a

|x− t|
[∫ 1

0

[|f ′ (x)|]1−λ
[|f ′ (t)|]λdλ

]
dt

+ |f (x)|
∫ b

a

|x− t|
[∫ 1

0

[|g′ (x)|]1−λ
[|g′ (t)|]λdλ

]
dt

}
=

1

2 (b− a)

{
|g (x)|

∫ b

a

|x− t|

[
|f ′ (x)|

∫ 1

0

[
|f ′ (t)|
|f ′ (x)|

]λ

dλ

]
dt

+ |f (x)|
∫ b

a

|x− t|

[
|g′ (x)|

∫ 1

0

[
|g′ (t)|
|g′ (x)|

]λ

dλ

]
dt

}
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=
1

2 (b− a)

{
|g (x)| |f ′ (x)|

∫ b

a

|x− t|
(

A− 1

logA

)
dt

+ |f (x)| |g′ (x)|
∫ b

a

|x− t|
(

B − 1

log B

)
dt

}
.

This completes the proof of the inequality (2.2).

Proof of Theorem2.2. From the hypotheses of Theorem2.2, the following iden-
tities hold:

(3.4) f (x) =
1

b− a

∫ b

a

f (t) dt

+ (x− a)2 1

b− a

∫ 1

0

λf ′ [(1− λ) a + λx] dλ

− (b− x)2 1

b− a

∫ 1

0

λf ′ [λx + (1− λ) b] dλ,

(3.5) g (x) =
1

b− a

∫ b

a

g (t) dt

+ (x− a)2 1

b− a

∫ 1

0

λg′ [(1− λ) a + λx] dλ

− (b− x)2 1

b− a

∫ 1

0

λg′ [λx + (1− λ) b] dλ.
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Multiplying both sides of (3.4) and (3.5) by g(x) andf(x) respectively, adding
the resulting identities and rewriting we have

(3.6) S (f, g) =
1

2

{
g (x)

[
(x− a)2 1

b− a

∫ 1

0

λf ′ [(1− λ) a + λx] dλ

− (b− x)2 1

b− a

∫ 1

0

λf ′ [λx + (1− λ) b] dλ

]
+ f (x)

[
(x− a)2 1

b− a

∫ 1

0

λg′ [(1− λ) a + λx] dλ

− (b− x)2 1

b− a

∫ 1

0

λg′ [λx + (1− λ) b] dλ

]}
.

(b1) Since|f ′| , |g′| are convex on[a, x] and[x, b], from (3.6) we observe that

(3.7) |S (f, g)| ≤ 1

2
{|g (x)|M (x) + |f (x)|N (x)} ,

where

(3.8) M (x) = (x− a)2 1

b− a

∫ 1

0

λ |f ′ [(1− λ) a + λx]| dλ

+ (b− x)2 1

b− a

∫ 1

0

λ |f ′ [λx + (1− λ) b]| dλ,

(3.9) N (x) =
(x− a)2

b− a

∫ 1

0

λ |g′ [(1− λ) a + λx]| dλ
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+
(b− x)2

b− a

∫ 1

0

λ |g′ [λx + (1− λ) b]| dλ.

Next, we observe that∫ 1

0

λ |f ′ [(1− λ) a + λx]| dλ(3.10)

≤ |f ′ (a)|
∫ 1

0

λ (1− λ) dλ + |f ′ (x)|
∫ 1

0

λ2dλ

=
1

6
|f ′ (a)|+ 1

3
|f ′ (x)|

and ∫ 1

0

λ |f ′ [λx + (1− λ) b]| dλ(3.11)

≤ |f ′ (x)|
∫ 1

0

λ2dλ + |f ′ (b)|
∫ 1

0

λ (1− λ) dλ

=
1

3
|f ′ (x)|+ 1

6
|f ′ (b)| .

Similarly we have

(3.12)
∫ 1

0

λ |g′ [(1− λ) a + λx]| dλ ≤ 1

6
|g′ (a)|+ 1

3
|g′ (x)| ,

(3.13)
∫ 1

0

λ |g′ [λx + (1− λ) b]| dλ ≤ 1

3
|g′ (x)|+ 1

6
|g′ (b)| .
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From (3.8), (3.10) and (3.11) we observe that

M (x) =

[(
x− a

b− a

)2 ∫ 1

0

λ |f ′ [(1− λ) a + λx]| dλ(3.14)

+

(
b− x

b− a

)2 ∫ 1

0

λ |f ′ [λx + (1− λ) b]| dλ

]
(b− a)

≤

[(
x− a

b− a

)2{
1

6
|f ′ (a)|+ 1

3
|f ′ (x)|

}

+

(
b− x

b− a

)2{
1

3
|f ′ (x)|+ 1

6
|f ′ (b)|

}]
(b− a)

=
1

6

[(
x− a

b− a

)2

|f ′ (a)|+
(

b− x

b− a

)2

|f ′ (b)|

]
(b− a)

+
1

3

[(
x− a

b− a

)2

+

(
b− x

b− a

)2
]
|f ′ (x)| (b− a)

=
1

6

[(
x− a

b− a

)2

|f ′ (a)|+
(

b− x

b− a

)2

|f ′ (b)|

+ 2

[(
x− a

b− a

)2

+

(
b− x

b− a

)2
]
|f ′ (x)|

]
(b− a) .
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It is easy to observe that

2

[(
x− a

b− a

)2

+

(
b− x

b− a

)2
]

=
4

b− a

[
(x− a)2 + (b− x)2

2 (b− a)

]
(3.15)

=
4

b− a

1

4
+

(
x− a+b

2

b− a

)2
 (b− a)

=

1 + 4

(
x− a+b

2

b− a

)2
 .

Using (3.15) in (3.14) we get

(3.16) M (x) ≤ F (x) .

Similarly, from (3.9), (3.12), (3.13) we get

(3.17) N (x) ≤ G (x) .

Using (3.16), (3.17) in (3.7) we get the required inequality in (2.4).

(b2) Since|f ′| , |g′| are log-convex on[a, x] and [x, b] , from (3.6) we observe
that

|S (f, g)|(3.18)

≤ 1

2
(b− a)

{
|g (x)|

[(
x− a

b− a

)2 ∫ 1

0

λ |f ′ [(1− λ) a + λx]|dλ

http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/


On Ostrowski-Grüss- Čebyšev
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+

(
b− x

b− a

)2 ∫ 1

0

λ |f ′ [λx + (1− λ) b]|dλ

]

+ |f (x)|

[(
x− a

b− a

)2 ∫ 1

0

λ |g′ [(1− λ) a + λx]|dλ

+

(
b− x

b− a

)2 ∫ 1

0

λ |g′ [λx + (1− λ) b]|dλ

]}

≤ 1

2
(b− a)

{
|g (x)|

[(
x− a

b− a

)2 ∫ 1

0

λ [|f ′ (a)|]1−λ
[|f ′ (x)|]λ dλ

+

(
b− x

b− a

)2 ∫ 1

0

λ [|f ′ (x)|]λ [|f ′ (b)|]1−λ

]

+ |f (x)|

[(
x− a

b− a

)2 ∫ 1

0

λ [|g′ (a)|]1−λ
[|g′ (x)|]λdλ

+

(
b− x

b− a

)2 ∫ 1

0

λ [|g′ (x)|]λ [|g′ (b)|]1−λ
dλ

]}

=
1

2
(b− a)

{
|g (x)|

[(
x− a

b− a

)2

|f ′ (a)|
∫ 1

0

λAλ
1dλ

+

(
b− x

b− a

)2

|f ′ (b)|
∫ 1

0

λBλ
1 dλ

]
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+ |f (x)|

[(
x− a

b− a

)2

|g′ (a)|
∫ 1

0

λAλ
2dλ

+

(
b− x

b− a

)2

|g′ (b)|
∫ 1

0

λBλ
2 dλ

]}
.

A simple calculation shows that for anyC > 0 we have (see [2])

(3.19)
∫ 1

0

λCλdλ =
C log C + 1− C

(log C)2 .

Using this fact in (3.18) we get the required inequality in (2.7).
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4. Proofs of Theorems2.3and 2.4
Proof of Theorem2.3. From the hypotheses of Theorem2.3 the identities (3.1)
– (3.3) hold. Integrating both sides of (3.3) with respect tox from a to b and
rewriting we have

(4.1) T (f, g)

=
1

2 (b− a)2

∫ b

a

[
g (x)

∫ b

a

(x− t)

[∫ 1

0

f ′ [(1− λ) x + λt] dλ

]
dt

+f (x)

∫ b

a

(x− t)

[∫ 1

0

g′ [(1− λ) x + λt] dλ

]
dt

]
dx.

(c1) Since|f ′| , |g′| are convex on[a, b], from (4.1) we observe that

|T (f, g)|

≤ 1

2 (b− a)2

∫ b

a

[
|g (x)|

∫ b

a

|x− t|
[∫ 1

0

[(1− λ) |f ′ (x)|+ λ |f ′ (t)|] dλ

]
dt

+ |f (x)|
∫ b

a

|x− t|
[∫ 1

0

[(1− λ) |g′ (x)|+ λ |g′ (t)|] dλ

]
dt

]
dx

=
1

2 (b− a)2

∫ b

a

[
|g (x)|

∫ b

a

|x− t|
[
|f ′ (x)|+ |f ′ (t)|

2

]
dt

+ |f (x)|
∫ b

a

|x− t|
[
|g′ (x)|+ |g′ (t)|

2

]
dt

]
dx
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≤ 1

2 (b− a)2

∫ b

a

[
|g (x)|

∫ b

a

|x− t| ess sup
t ∈ [a, b]

[
|f ′ (x)|+ |f ′ (t)|

2

]
dt

+ |f (x)|
∫ b

a

|x− t| ess sup
t ∈ [a, b]

[
|g′ (x)|+ |g′ (t)|

2

]
dt

]
dx

=
1

4 (b− a)2

∫ b

a

[|g (x)| [|f ′ (x)|+ ‖f ′‖∞]dt

+ |f (x)| [|g′ (x)|+ ‖g′‖∞]]

{∫ b

a

|x− t|dt

}
dx

=
1

4 (b− a)2

∫ b

a

[|g (x)| [|f ′ (x)|+ ‖f ′‖∞]dt

+ |f (x)| [|g′ (x)|+ ‖g′‖∞]] E (x) dx.

This completes the proof of the inequality (2.14).

(c2) Since|f ′| , |g′| are log-convex on[a, b] from (4.1) we observe that

|T (f, g)| ≤ 1

2 (b− a)2

∫ b

a

[
|g (x)|

∫ b

a

|x− t|
[∫ 1

0

[|f ′ (x)|]1−λ
[|f ′ (t)|]λ dλ

]
dt

+ |f (x)|
∫ b

a

|x− t|
[∫ 1

0

[|g′ (x)|]1−λ
[|g′ (t)|]λ dλ

]
dt

]
dx

=
1

2 (b− a)2

∫ b

a

[
|g (x)|

∫ b

a

|x− t|

[
|f ′ (x)|

∫ 1

0

[
|f ′ (t)|
|f ′ (x)|

]λ

dλ

]
dt
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+ |f (x)|
∫ b

a

|x− t|

[
|g′ (x)|

∫ 1

0

[
|g′ (t)|
|g′ (x)|

]λ

dλ

]
dt

]
dx

=
1

2 (b− a)2

∫ b

a

[
|g (x)|

∫ b

a

|x− t| |f ′ (x)|
(

A− 1

log A

)
dt

+ |f (x)|
∫ b

a

|x− t| |g′ (x)|
(

B − 1

log B

)
dt

]
dx,

whereA, B are defined by (2.3). This is the required inequality in (2.14).

Proof of Theorem2.4. From the hypotheses of Theorem2.4 the identities (3.4)
– (3.6) hold. Integrating both sides of (3.6) with respect tox from a to b and
rewriting we have

(4.2) T (f, g) =
1

2

∫ b

a

[(
x− a

b− a

)2 [
g (x)

∫ 1

0

λf ′ [(1− λ) a + λx] dλ

+f (x)

∫ 1

0

λg′ [(1− λ) a + λx]dλ

]
−
(

b− x

b− a

)2 [
g (x)

∫ 1

0

λf ′ [λx + (1− λ) b] dλ

+ f (x)

∫ 1

0

λg′ [λx + (1− λ) b]dλ

]]
dx.
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(d1) Since|f ′| , |g′| are convex on[a, x] and[x, b] from (4.2) we observe that

|T (f, g)| ≤ 1

2

∫ b

a

[(
x− a

b− a

)2 [
|g (x)|

∫ 1

0

λ |f ′ [(1− λ) a + λx]| dλ

+ |f (x)|
∫ 1

0

λ |g′ [(1− λ) a + λx]|dλ

]
+

(
b− x

b− a

)2 [
|g (x)|

∫ 1

0

λ |f ′ [λx + (1− λ) b]| dλ

+ |f (x)|
∫ 1

0

λ |g′ [λx + (1− λ) b]|dλ

]]
dx

≤ 1

2

∫ b

a

[(
x− a

b− a

)2 [
|g (x)|

∫ 1

0

λ {(1− λ) |f ′ (a)|+ λ |f ′ (x)|} dλ

+ |f (x)|
∫ 1

0

λ {(1− λ) |g′ (a)|+ λ |g′ (x)|}dλ

]
+

(
b− x

b− a

)2 [
|g (x)|

∫ 1

0

λ {λ |f ′ (x)|+ (1− λ) |f ′ (b)|} dλ

+ |f (x)|
∫ 1

0

λ {λ |g′ (x)|+ (1− λ) |g′ (b)|}dλ

]]
dx

=
1

2

∫ b

a

[(
x− a

b− a

)2 [
|g (x)|

{
1

6
|f ′ (a)|+ 1

3
|f ′ (x)|

}
+ |f (x)|

{
1

6
|g′ (a)|+ 1

3
|g′ (x)|

}]
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+

(
b− x

b− a

)2 [
|g (x)|

{
1

3
|f ′ (x)|+ 1

6
|f ′ (b)|

}
+ |f (x)|

{
1

3
|g′ (x)|+ 1

6
|g′ (b)|

}]]
dx.

This proves the inequality in (2.15).

(d2) Since|f ′| , |g′| are log-convex on[a, x] and [x, b], from (4.2) and the fact
(3.19) we observe that

|T (f, g)|

≤ 1

2

∫ b

a

[(
x− a

b− a

)2 [
|g (x)|

∫ 1

0

λ [|f ′ (a)|]1−λ
[|f ′ (x)|]λ dλ

+ |f (x)|
∫ 1

0

λ [|g′ (a)|]1−λ
[|g′ (x)|]λ dλ

]
+

(
b− x

b− a

)2 [
|g (x)|

∫ 1

0

λ [|f ′ (x)|]λ [|f ′ (b)|]1−λ
dλ

+ |f (x)|
∫ 1

0

λ [|g′ (x)|]λ [|g′ (b)|]1−λ
dλ

]]
dx

=
1

2

∫ b

a

[(
x− a

b− a

)2 [
|g (x)| |f ′ (a)|

∫ 1

0

λAλ
1dλ + |f (x)| |g′ (a)|

∫ 1

0

λBλ
1 dλ

]

+

(
b− x

b− a

)2 [
|g (x)| |f ′ (b)|

∫ 1

0

λAλ
2dλ+ |f (x)| |g′ (b)|

∫ 1

0

λBλ
2 dλ

]]
dx
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=
1

2

∫ b

a

[(
x− a

b− a

)2 [
|g (x)| |f ′ (a)| A1 log A1 + 1− A1

(log A1)
2

+ |f (x)| |g′ (a)| B1 log B1 + 1−B1

(log B1)
2

]
+

(
b− x

b− a

)2 [
|g (x)| |f ′ (b)|A2 log A2 + 1− A2

(log A2)
2

+ |f (x)| |g′ (b)| B2 log B2 + 1−B2

(log B2)
2

]]
dx.

This is the desired inequality in (2.16).
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5. Proof of Theorem2.5
From the hypotheses, the identities (3.1) and (3.2) hold. From (3.1) and (3.2)
we observe that{

f (x)− 1

b− a

∫ b

a

f (t) dt

}{
g (x)− 1

b− a

∫ b

a

g (t) dt

}
=

{
1

b− a

∫ b

a

(x− t)

[∫ 1

0

f ′ [(1− λ) x + λt] dλ

]
dt

}
×
{

1

b− a

∫ b

a

(x− t)

[∫ 1

0

g′ [(1− λ) x + λt] dλ

]
dt

}
that is,

(5.1) f (x) g (x)− f (x)

(
1

b− a

∫ b

a

g (t) dt

)
− g (x)

(
1

b− a

∫ b

a

f (t) dt

)
+

(
1

b− a

∫ b

a

f (t) dt

)(
1

b− a

∫ b

a

g (t) dt

)
=

{
1

b− a

∫ b

a

(x− t)

[∫ 1

0

f ′ [(1− λ) x + λt] dλ

]
dt

}
×
{

1

b− a

∫ b

a

(x− t)

[∫ 1

0

g′ [(1− λ) x + λt] dλ

]
dt

}
.

Integrating both sides of (5.1) with respect tox from a to b and rewriting we
have
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(5.2) T (f, g)

=
1

b− a

∫ b

a

{
1

b− a

∫ b

a

(x− t)

[∫ 1

0

f ′ [(1− λ) x + λt] dλ

]
dt

}
×
{

1

b− a

∫ b

a

(x− t)

[∫ 1

0

g′ [(1− λ) x + λt] dλ

]
dt

}
dx.

(e1) Since|f ′| , |g′| are convex on[a, b] , from (5.2) we observe that

|T (f, g)| ≤ 1

b− a

∫ b

a

{
1

b− a

∫ b

a

|x− t|
[∫ 1

0

|f ′ [(1− λ) x + λt]| dλ

]
dt

}
×
{

1

b− a

∫ b

a

|x− t|
[∫ 1

0

|g′ [(1− λ) x + λt]| dλ

]
dt

}
dx

≤ 1

(b− a)3

∫ b

a

{∫ b

a

|x− t|
[∫ 1

0

[(1− λ) |f ′ (x)|+ λ |f ′ (t)|] dλ

]
dt

}
×
{∫ b

a

|x− t|
[∫ 1

0

[(1− λ) |g′ (x)|+ λ |g′ (t)|] dλ

]
dt

}
dx

=
1

(b− a)3

∫ b

a

{∫ b

a

|x− t|
[
|f ′ (x)|+ |f ′ (t)|

2

]
dt

}
×
{∫ b

a

|x− t|
[
|g′ (x)|+ |g′ (t)|

2

]
dt

}
dx.

The rest of the proof of inequality (2.17) can be completed by closely looking
at the proof of Theorem2.3, part(c1).

(e2) The proof follows by closely looking at the proof of(e1) given above and
the proof of Theorem2.3, part(c2) . We omit the details.

http://jipam.vu.edu.au/
mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/


On Ostrowski-Grüss- Čebyšev
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