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ABSTRACT. We introduce a subclassMp(λ, µ, A,B) of p-valent analytic functions and derive
certain properties of functions belonging to this class by using the techniques of Briot-Bouquet
differential subordination. Further, the integral preserving properties of Bazilevic functions in a
sector are also considered.
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1. I NTRODUCTION

LetAp be the class of functions of the form

(1.1) f(z) = zp +
∞∑

n=p+1

anz
n (p ∈ N = {1, 2, 3, . . . })

which are analytic in the open unit diskE = {z ∈ C : |z| < 1}. We denoteA1 = A.
A function f ∈ Ap is said to be in the classS∗p(α) of p-valently starlike of orderα, if it

satisfies

(1.2) <
{
zf

′
(z)

f(z)

}
> α (0 ≤ α < p; z ∈ E).

We writeS∗p(0) = S∗p , the class ofp-valently starlike functions inE.
A function f ∈ Ap is said to be in the classKp(α) of p-valently convex of orderα, if it

satisfies

(1.3) <
{

1 +
zf

′′
(z)

f ′(z)

}
> α (0 ≤ α < p; z ∈ E).
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2 J. PATEL

The class ofp-valently convex functions inE is denoted byKp. It follows from (1.2) and (1.3)
that

f ∈ Kp(α) ⇐⇒ f ∈ S∗p(α) (0 ≤ α < p).

Furthermore, a functionf ∈ Ap is said to bep-valently Bazilevic of typeµ and orderα, if
there exists a functiong ∈ S∗p such that

(1.4) <
{

zf
′
(z)

f(z)1−µg(z)µ

}
> α (z ∈ E)

for someµ(µ ≥ 0) andα(0 ≤ α < p). We denote byBp(µ, α), the subclass ofAp consisting
of all such functions. In particular, a function inBp(1, α) = Bp(α) is said to bep-valently
close-to-convex of orderα in E.

For given arbitrary real numbersA andB (−1 ≤ B < A ≤ 1), let

(1.5) S∗p(A,B) =

{
f ∈ Ap :

zf
′
(z)

f(z)
≺ p

1 + Az

1 +Bz
, z ∈ E

}
,

where the symbol≺ stands for subordination. In particular, we note thatS∗p
(
1− 2α

p
,−1

)
=

S∗p(α) is the class ofp-valently starlike functions of orderα(0 ≤ α < p). From (1.5), we
observe thatf ∈ S∗p(A,B), if and only if

(1.6)

∣∣∣∣zf ′
(z)

f(z)
− p(1− AB)

1−B2

∣∣∣∣ < p(A−B)

1−B2
(−1 < B < A ≤ 1; z ∈ E)

and

(1.7) <
{
zf

′
(z)

f(z)

}
>
p(1− A)

2
(B = −1; z ∈ E).

LetMp(λ, µ,A,B) denote the class of functions inAp satisfying the condition

zf
′
(z)

f(z)1−µg(z)µ
+ λ

{
1 +

zf
′′
(z)

f ′(z)
− (1− µ)

zf
′
(z)

f(z)
− µ

zg
′
(z)

g(z)

}
≺ p

1 + Az

1 +Bz
(1.8)

(−1 ≤ B < A ≤ 1; z ∈ E)

for some realµ(µ ≥ 0), λ(λ > 0), andg ∈ S∗p . For convenience, we write

Mp

(
λ, µ, 1− 2α

p
,−1

)
= Mp(λ, µ, α)

=

{
f ∈ Ap : <

[
zf

′
(z)

f(z)1−µg(z)µ
+ λ

{
1 +

zf
′′
(z)

f ′(z)
− (1− µ)

zf
′
(z)

f(z)
− µ

zg
′
(z)

g(z)

}]
> α

}
for someα(0 ≤ α < p) andz ∈ E.

In the present paper, we derive various useful properties and characteristics of the class
Mp(λ, µ,A,B) by employing techniques involving Briot-Bouquet differential subordination.
The integral preserving properties of Bazilevic functions in a sector are also considered. Rele-
vant connections of the results presented here with those obtained in earlier works are pointed
out.
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ON CERTAIN SUBCLASS OFp-VALENTLY BAZILEVIC FUNCTIONS 3

2. PRELIMINARIES

To establish our main results, we shall require the following lemmas.

Lemma 2.1([6]). Leth be a convex function inE and letω be analytic inE with<{ω(z)} ≥ 0.
If q is analytic inE andq(0) = h(0), then

q(z) + ω(z) zq
′
(z) ≺ h(z) (z ∈ E)

implies

q(z) ≺ h(z) (z ∈ E).

Lemma 2.2. If −1 ≤ B < A ≤ 1, β > 0 and the complex numberγ satisfies<(γ) ≥
−β(1− A)/(1−B), then the differential equation

q(z) +
zq

′
(z)

β q(z) + γ
=

1 + Az

1 +Bz
(z ∈ E)

has a univalent solution inE given by

(2.1) q(z) =


zβ+γ(1 +Bz)β(A−B)/B

β
∫ z

0
tβ+γ−1(1 +Bt)β(A−B)/Bdt

− γ

β
, B 6= 0

zβ+γ exp(β Az)

β
∫ z

0
tβ+γ−1 exp(β At)dt

− γ

β
, B = 0.

If φ(z) = 1 + c1z + c2z
2 + · · · is analytic inE and satisfies

(2.2) φ(z) +
z φ

′
(z)

βφ(z) + γ
≺ 1 + Az

1 +Bz
(z ∈ E),

then

φ(z) ≺ q(z) ≺ 1 + Az

1 +Bz
(z ∈ E)

andq(z) is the best dominant of (2.2).

The above lemma is due to Miller and Mocanu [7].

Lemma 2.3([12]). Let ν be a positive measure on[0, 1]. Leth be a complex-valued function
defined onE × [0, 1] such thath(·, t) is analytic inE for eacht ∈ [0, 1], andh(z, ·) is ν-
integrable on[0, 1] for all z ∈ E. In addition, suppose that<{h(z, t)} > 0, h(−r, t) is real
and<{1/h(z, t)} ≥ 1/h(−r, t) for |z| ≤ r < 1 andt ∈ [0, 1]. If h(z) =

∫ 1

0
h(z, t) dν(t), then

<{1/h(z)} ≥ 1/h(−r).

For real or complex numbersa, b, c (c 6= 0,−1,−2, . . . ), the hypergeometric function is
defined by

(2.3) 2F1(a, b; c; z) = 1 +
a · b
c
· z
1!

+
a(a+ 1) · b(b+ 1)

c(c+ 1)
· z

2

2!
+ · · · .

We note that the series in (2.3) converges absolutely forz ∈ E and hence represents an analytic
function inE. Each of the identities (asserted by Lemma 2.3 below) is well-known [13].
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4 J. PATEL

Lemma 2.4. For real numbersa, b, c (c 6= 0,−1,−2, . . . ), we have∫ 1

0

tb−1(1− t)c−b−1(1− tz)−a dt =
Γ(b)Γ(c− b)

Γ(c)
2F1(a, b; c; z) (c > b > 0)(2.4)

2F1(a, b; c; z) = 2F1(b, a; c; z)(2.5)

2F1(a, b; c; z) = (1− z)−a
2F1

(
a, c− b; c;

z

z − 1

)
.(2.6)

Lemma 2.5 ([10]). Let p(z) = 1 + c1z + c2z
2 + · · · be analytic inE andp(z) 6= 0 in E. If

there exists a pointz0 ∈ E such that

(2.7) | arg p(z)| < π

2
η (|z| < |z0|) and | arg p(z0)| =

π

2
η (0 < η ≤ 1),

then we have

(2.8)
z0p

′
(z0)

p(z0)
= ikη,

where

(2.9)

k ≥
1
2

(
x+ 1

x

)
, when arg p(z0) = π

2
η,

k ≤ −1
2

(
x+ 1

x

)
, when arg p(z0) = −π

2
η,

and

(2.10)
(
p(z0)

)1/η
= ±ix (x > 0).

3. M AIN RESULTS

Theorem 3.1.Let−1 ≤ B < A ≤ 1, λ > 0 andµ ≥ 0. If f ∈Mp(λ, µ,A,B), then

(3.1)
zf

′
(z)

p f(z)1−µg(z)µ
≺ λ

pQ(z)
= q(z) (z ∈ E),

where

(3.2) Q(z) =


∫ 1

0
s

p
λ
−1
(

1+Bsz
1+Bz

) p(A−B)
λB ds, B 6= 0,∫ 1

0
s

p
λ
−1 exp

(
p
λ
(s− 1)Az

)
ds, B = 0,

q(z) =
1

1 +Bz
when A = −λB

p
, B 6= 0,

andq(z) is the best dominant of (3.1). Furthermore, ifA ≤ −λB/p with−1 ≤ B < 0, then

(3.3) Mp(λ, µ,A,B) ⊂ Bp(µ, ρ),

where

ρ = ρ(p, λ, A,B) = p

{
2F1

(
1,
p(B − A)

λB
;
p

λ
+ 1;

B

B − 1

)}−1

.

The result is best possible.

Proof. Defining the functionφ(z) by

(3.4) φ(z) =
zf

′
(z)

p f(z)1−µg(z)µ
(z ∈ E),
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ON CERTAIN SUBCLASS OFp-VALENTLY BAZILEVIC FUNCTIONS 5

we note thatφ(z) = 1+c1z+c2z
2+ · · · is analytic inE. Taking the logarithmic differentiations

in both sides of (3.4), we have

(3.5)
zf

′
(z)

f(z)1−µg(z)µ
+ λ

{
1 +

zf
′′
(z)

f ′(z)
− (1− µ)

zf
′
(z)

f(z)
− µ

zg
′
(z)

g(z)

}
= p φ(z) + λ

zφ
′
(z)

φ(z)
≺ p(1 + Az)

1 +Bz
(z ∈ E).

Thus,φ(z) satisfies the differential subordination (2.2) and hence by using Lemma 2.2, we get

φ(z) ≺ q(z) ≺ 1 + Az

1 +Bz
(z ∈ E),

whereq(z) is given by (2.1) forβ = p/λ andγ = 0, and is the best dominant of (3.5). This
proves the assertion (3.1).

Next, we show that

(3.6) inf
|z|<1

{
<(q(z))

}
= q(−1).

If we seta = p(B − A)/λB, b = p/λ, c = (p/λ) + 1, thenc > b > 0. From (3.2), by using
(2.4), (2.5) and (2.6), we see that forB 6= 0

(3.7) Q(z) = (1 +Bz)a

∫ 1

0

sb−1(1 +Bsz)−a ds =
Γ(b)

Γ(c)
2F1

(
1, a; c;

Bz

Bz + 1

)
.

To prove (3.6), we need to show that<{1/Q(z)} ≥ 1/Q(−1), z ∈ E. SinceA < −λB/p
impliesc > a > 0, by using (2.4), (3.7) yields

Q(z) =

∫ 1

0

h(z, s) dν(s),

where

h(z, s) =
1 +Bz

1 + (1− s)Bz
(0 ≤ s ≤ 1) and dν(s) =

Γ(b)

Γ(a)Γ(c− a)
sa−1(1− s)c−a−1 ds

which is a positive measure on[0, 1]. For−1 ≤ B < 0, it may be noted that<{h(z, s)} >
0, h(−r, s) is real for0 ≤ r < 1, 0 ∈ [0, 1] and

<
{

1

h(z, s)

}
= <

{
1 + (1− s)Bz

1 +Bz

}
≥ 1− (1− s)Br

1−Br
=

1

h(−r, s)
for |z| ≤ r < 1 ands ∈ [0, 1]. Therefore, by using Lemma 2.3, we have

<
{

1

Q(z)

}
≥ 1

Q(−r)
, |z| ≤ r < 1

and by lettingr → 1−, we obtain<
{
1/Q(z)

}
≥ 1/Q(−1). Further, by takingA→ (−λB/p)+

for the caseA = (−λB/p), and using (3.1), we get (3.3).
The result is best possible as the functionq(z) is the best dominant of (3.1). This completes

the proof of Theorem 3.1. �

Settingµ = 1, A = 1− (2α/p)
(
(p− λ)/2 ≤ α < p

)
andB = −1 in Theorem 3.1, we have

Corollary 3.2. If f ∈ Ap satisfies

<
{
zf

′
(z)

g(z)
+ λ

(
1 +

zf
′′
(z)

f ′(z)
− zg

′
(z)

g(z)

)}
> α (λ > 0, z ∈ E)
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6 J. PATEL

for someg ∈ S∗p , thenf ∈ Bp(κ(p, λ, α)), where

(3.8) κ(p, λ, α) = p

{
2F1

(
1,

2(p− α)

λ
;
p

λ
+ 1;

1

2

)}−1

.

The result is best possible.

Takingµ = 0, A = 1− (2α/p)
(
(p− λ)/2 ≤ α < p

)
andB = −1 in Theorem 3.1, we get

Corollary 3.3. If f ∈ Ap satisfies

<
{

(1− λ)
zf

′
(z)

f(z)
+ λ

(
1 +

zf
′′
(z)

f ′(z)

)}
> α (λ > 0, z ∈ E)

thenf ∈ S∗p(κ(p, λ, α)), whereκ(p, λ, α) is given by (3.8). The result is best possible.

Puttingλ = 1 in Corollary 3.3, we get

Corollary 3.4. For (p− 1)/2 ≤ α < p, we have

Kp(α) ⊂ S∗p(κ(p, α)),

whereκ(p, α) = p {2F1(1, 2(p− α); p+ 1; 1/2)}−1. The result is best possible.

Remark 3.5.

(1) Noting that{
2F1

(
1, 2(1− α); 2;

1

2

)}−1

=


1−2α

22(1−α)(1−22α−1)
, α 6= 1

2

1
2 ln 2

, α = 1
2
,

Corollary 3.4 yields the corresponding result due to MacGregor [5] (see also [12]) for
p = 1.

(2) It is proved [9] that ifp ≥ 2 andf ∈ Kp, thenf is p-valently starlike inE but is not
necessarilyp-valently starlike of order larger than zero inE. However, our Corollary
3.4 shows that iff is p-valently convex of order at least(p− 1)/2, thenf is p-valently
starlike of order larger than zero inE.

Theorem 3.6. If f ∈ Bp(µ, α) for someµ (µ > 0), α (0 ≤ α < p), thenf ∈ Mp(λ, µ, α) for
|z| < R(p, λ, α), whereλ > 0 and

(3.9) R(p, λ, α) =


(p+λ−α)−

√
(p+λ−α)2−p(p−2α)

p−2α
, α 6= p

2
;

p
p+2λ

, α = p
2
.

The boundR(p, λ, α) is best possible.

Proof. From (1.4), we get

(3.10)
zf

′
(z)

f(z)1−µg(z)µ
= α+ (p− α)u(z) (z ∈ E),
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whereu(z) = 1 + u1z+ u2z
2 + · · · is analytic and has a positive real part inE. Differentiating

(3.10) logarithmically, we deduce that

<
{

zf
′
(z)

f(z)1−µg(z)µ
+ λ

(
1 +

zf
′′
(z)

f ′(z)
− (1− µ)

zf
′
(z)

f(z)
− µ

zg
′
(z)

g(z)

)}
− α

= (p− α)<
{
u(z) +

λ z u
′
(z)

α+ (p− α)u(z)

}
≥ (p− α)<

{
u(z)− λ |z u′(z)|

|α+ (p− α)u(z)|

}
.(3.11)

Using the well-known estimates [5]

|z u′(z)| ≤ 2r

1− r2
<{u(z)} and <{u(z)} ≥ 1− r

1 + r
(|z| = r < 1)

in (3.11), we get

<
{

zf
′
(z)

f(z)1−µg(z)µ
+ λ

(
1 +

zf
′′
(z)

f ′(z)
− (1− µ)

zf
′
(z)

f(z)
− µ

zg
′
(z)

g(z)

)}
− α

≥ (p− α)<{u(z)}
{

1− 2λ r

α(1− r2) + (p− α)(1− r)2

}
,

which is certainly positive ifr < R(p, λ, α), whereR(p, λ, α) is given by (3.9).
To show that the boundR(p, λ, α) is best possible, we consider the functionf ∈ Ap defined

by

zf
′
(z)

f(z)1−µg(z)µ
= α+ (p− α)

1− z

1 + z
(0 ≤ α < p, z ∈ E)

for someg ∈ S∗p . Noting that

<
{

zf
′
(z)

f(z)1−µg(z)µ
+ λ

(
1 +

zf
′′
(z)

f ′(z)
− (1− µ)

zf
′
(z)

f(z)
− µ

zg
′
(z)

g(z)

)}
− α

= (p− α)

[
1− z

1 + z
+

2λ z

α(1− z2) + (p− α)(1 + z)2

]
= 0

for z = −R(p, λ, α), we conclude that the bound is best possible. This proves Theorem 3.6.�

Forµ = 0 andλ = 1, Theorem 3.6 yields:

Corollary 3.7. If f ∈ S∗p(α) (0 ≤ α < p), thenf ∈ Kp(α) in |z| < ξ(p, α), where

ξ(p, α) =


(p+1−α)−

√
α2+2(p−α)+1

p−2α
, α 6= p

2
;

p
p+2

, α = p
2
.

The boundξ(p, α) is best possible.

Theorem 3.8. If f ∈ Ap satisfies

<
{
f(z)

zp

}
> 0 and

∣∣∣∣ zf
′
(z)

f(z)1−µg(z)µ
− p

∣∣∣∣ < p (0 ≤ µ, z ∈ E)
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for g ∈ S∗p , thenf is p-valently convex(univalent) in|z| < R̃(p, µ), where

R̃(p, µ) =
3 + 2µ(p− 1)−

√
(3 + 2µ(p− 1))2 − 4p(2µp− p− 1)

2(2µp− p− 1)
.

The boundR̃(p, µ) is best possible.

Proof. Letting

h(z) =
zf

′
(z)

p f(z)1−µg(z)µ
− 1 (z ∈ E),

we note thath(z) is analytic inE, h(0) = 0 and |h(z)| < 1 for z ∈ E. Thus, by applying
Schwarz’s Lemma we get

h(z) = z ψ(z),

whereψ(z) is analytic inE and|ψ(z)| ≤ 1 for z ∈ E. Therefore,

(3.12) zf
′
(z) = pf(z)1−µg(z)µ(1 + zψ(z)).

Making use of logarithmic differentiation in (3.12), we obtain

(3.13) 1 +
zf

′′
(z)

f ′(z)
= (1− µ)

zf
′
(z)

f(z)
+ µ

zg
′
(z)

g(z)
+
z(ψ(z) + zψ

′
(z))

1 + zψ(z)
.

Settingφ(z) = f(z)/zp = 1 + c1z + c2z
2 + · · · ,<{φ(z)} > 0 for z ∈ E, we get

zf
′
(z)

f(z)
= p+

zφ
′
(z)

φ(z)

so that by (3.13),

(3.14) 1 +
zf

′′
(z)

f ′(z)
= (1− µ)p+ (1− µ)

zφ
′
(z)

φ(z)
+ µ

zg
′
(z)

g(z)
+
z(ψ(z) + zψ

′
(z))

1 + zψ(z)
.

Now, by using the well-known estimates [1]

<
{
zφ

′
(z)

φ(z)

}
≥ − 2r

1− r2
, <
{
zg

′
(z)

g(z)

}
≥ −p(1− r)

1 + r
and

<
{
ψ(z) + zψ

′
(z)

1 + zψ(z)

}
≥ − 1

1− r

for |z| = r < 1 in (3.14), we deduce that

<
{

1 +
zf

′′
(z)

f ′(z)

}
≥ (2µp− p− 1)r2 − {3 + 2µ(p− 1)}r + p

1− r2

which is certainly positive ifr < R̃(p, µ). �

It is easily seen that the bound̃R(p, µ) is sharp for the functionsf, g ∈ Ap defined inE by

zf
′
(z)

p f(z)1−µg(z)µ
=

1

1 + z
, g(z) =

zp

(1 + z)2
(0 ≤ µ, z ∈ E).

Choosingµ = 0 in Theorem 3.8, we have
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Corollary 3.9. If f ∈ Ap satisfies

<
{
f(z)

zp

}
> 0 and

∣∣∣∣zf ′
(z)

f(z)
− p

∣∣∣∣ < p (z ∈ E)

then f is p-valently convex in|z| <
{√

9 + 4p(p+ 1)− 3
}/

2(p + 1). The result is best

possible.

For a functionf ∈ Ap, we define the integral operatorFµ,δ as follows:

(3.15) Fµ,δ(f) = Fµ,δ(f)(z) =

(
δ + pµ

zδ

∫ z

0

tδ−1f(t)µdt

) 1
µ

(z ∈ E),

whereµ andδ are real numbers withµ > 0, δ > −pµ.
The following lemma will be required for the proof of Theorem 3.13 below.

Lemma 3.10.Letg ∈ S∗p(A,B),µ andδ are real numbers withµ > 0, δ > max
{
−pµ,−pµ(1−A)

(1−B)

}
.

ThenFµ,δ(g) ∈ S∗p(A,B).

The proof of the above lemma follows by using Lemma 2.2 followed by a simple calculation.

Theorem 3.11.Let µ andδ be real numbers withµ > 0, δ > max
{
−pµ,−pµ(1−A)

(1−B)

}
(−1 ≤

B < A ≤ 1) and letf ∈ f ∈ Ap. If∣∣∣∣arg

(
zf

′
(z)

f(z)1−µg(z)µ
− α

)∣∣∣∣ < π

2
β (0 ≤ α < p; 0 < β ≤ 1)

for someg ∈ S∗p(A,B), then∣∣∣∣arg

(
z(Fµ,δ)

′
(f)

Fµ,δ(f)1−µFµ,δ(g)µ
− α

)∣∣∣∣ < π

2
η,

whereFµ,δ(f) is the operator given by (3.15) andη (0 < η ≤ 1) is the solution of the equation

(3.16) β =

η + 2
π

tan−1

(
(1+B)η sin

(
π(1−t(A,B,δ,µ,p))/2

)
(1+B)δ+µp(1+A)+(1+B)η cos

(
π(1−t(A,B,δ,µ,p))/2

)) , B 6= −1;

η, B = −1,

and

(3.17) t(A,B, δ, µ, p) =
2

π
sin−1

(
µp(A−B)

δ(1−B2) + µp(1− AB)

)
.

Proof. Let us put

q(z) =
1

p− α

(
z(Fµ,δ)

′
(f)

Fµ,δ(f)1−µFµ,δ(g)µ
− β

)
=

Φ(z)

Ψ(z)
,

where

Φ(z) =
1

p− α

{
zδf(z)µ − δ

∫ z

0

tδ−1f(t)µdt− µα

∫ z

0

tδ−1g(t)µdt

}
and

Ψ(z) = µ

∫ z

0

tδ−1g(t)µdt.
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Thenq(z) is analytic inE andq(0) = 1. By a simple calculation, we get

Φ
′
(z)

Ψ′(z)
= q(z)

(
1 +

S(z)

zS ′(z)

zq
′
(z)

q(z)

)
=

1

p− β

(
zf

′
(z)

f(z)1−µg(z)µ
− α

)
.

SinceFµ,δ(g) ∈ S∗p(A,B), by (1.6) and (1.7), we have

(3.18)
zS

′
(z)

S(z)
= δ + µ

z(Fµ,δ)
′
(g)

Fµ,δ(g)
= ρeiπθ/2,

where δ + µp(1−A)
1−B

< ρ < δ + µp(1+A)
1+B

−t(A,B, δ, µ, p) < θ < t(A,B, δ, µ, p) for B 6= −1

whent(A,B, δ, µ, p) is given by (3.17), andδ + µp(1−A)
2

< ρ <∞

−1 < θ < 1 for B = −1.

Further, takingω(z) = S(z)/zS
′
(z) in Lemma 2.1, we note thatq(z) 6= 0 in E. If there exists

a pointz0 ∈ E such that the condition (2.7) is satisfied, then (by Lemma 2.5) we obtain (2.8)
under the restrictions (2.9) and (2.10).

At first, suppose thatq(z0)
1
η = ix (x > 0). For the caseB 6= −1, by (3.18), we obtain

arg

(
z0f

′
(z0)

f(z0)1−µg(z0)µ
− α

)

= arg
(
q(z0)

)
+ arg

1 +
1

δ + µ
z0(Fµ,δ(g))

′
(z0)

Fµ,δ(g)(z0)

· z0q
′
(z0)

q(z0)


=
π

2
η + arg

(
1 +

(
ρeiπθ/2

)−1
iηk
)

=
π

2
η + tan−1

(
ηk sin(π(1− θ)/2)

ρ+ cos(π(1− θ)/2)

)
≥ π

2
η + tan−1

(
η sin

(
π(1− t(A,B, δ, µ, p))/2

)
δ + µp(1+A)

1+B
+ η cos

(
π(1− t(A,B, δ, µ, p))/2

))
=
π

2
β,

whereβ andt(A,B, δ, µ, p) are given by (3.16) and (3.17), respectively. Similarly, for the case
B = −1, we have

arg

(
zf

′
(z)

f(z)1−µg(z)µ
− α

)
≥ π

2
η.

This is a contradiction to the assumption of our theorem.
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Next, suppose thatq(z0)
1
η = −ix (x > 0). For the caseB 6= −1, applying the same method

as above,we have

arg

(
z0f

′
(z0)

f(z0)1−µg(z0)µ
− α

)

≤ −π
2
η − tan−1

 η sin
(
π(1− t(A,B, δ, µ, p))/2

)
δ +

µp(1 + A)

1 +B
+ η cos

(
π(1− t(A,B, δ, µ, p))/2

)


= −π
2
β,

whereβ andt(A,B, δ, µ, p) are given by (3.16) and (3.17), respectively and for the caseB =
−1, we have

arg

(
zf

′
(z)

f(z)1−µg(z)µ
− α

)
≤ −π

2
η,

which contradicts the assumption. Thus, we complete the proof of the theorem. �

Lettingµ = 1, B → A andg(z) = zp in Theorem 3.11, we have

Corollary 3.12. Let δ > −p andf ∈ Ap. If∣∣∣∣arg

(
f
′
(z)

zp−1
− α

)∣∣∣∣ < π

2
β (0 ≤ α < p; 0 < β ≤ 1),

then ∣∣∣∣∣arg

(
F

′

1,δ(f)

zp−1
− α

)∣∣∣∣∣ < π

2
η,

whereF1,δ(f) is the integral operator given by (3.15) forµ = 1 and η (0 < η ≤ 1) is the
solution of the equation

β = η +
2

π
tan−1

(
η

δ + p

)
.

Theorem 3.13.Letλ > 0. If f ∈ A satisfies the condition

(3.19) γ

{
zf

′
(z)

f 1−µ(z)gµ(z)

}
+ λ

{
1 +

zf
′′
(z)

f ′(z)
− (1− µ)

zf
′
(z)

f(z)
− µ

zg
′
(z)

g(z)

}
6= it (z ∈ E)

for someµ(µ ≥ 0), γ(γ > 0) andg ∈ S∗p , wheret is a real number with|t| ≥
√
λ(λ+ 2pγ),

then

<
{

zf
′
(z)

f 1−µ(z)gµ(z)

}
> 0 (z ∈ E).

Proof. Let

φ(z) =
zf

′
(z)

p f 1−µ(z)gµ(z)
(z ∈ E),

whereφ(0) = 1. From (3.19), we easily haveφ(z) 6= 0 in E. In fact, if φ has a zero of orderm
at z = z1 ∈ E, thenφ can be written as

φ(z) = (z − z1)
m q(z) (m ∈ N),
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whereq(z) is analytic inE andq(z1) 6= 0. Hence, we have

γ

{
zf

′
(z)

f 1−µ(z)gµ(z)

}
+ λ

{
1 +

zf
′′
(z)

f ′(z)
− (1− µ)

zf
′
(z)

f(z)
− µ

zg
′
(z)

g(z)

}
= p γφ(z) + λ

zφ
′
(z)

φ(z)

= p γ(z − z1)
m q(z) + λ

mz

z − z1

+ λ
zq

′
(z)

q(z)
.(3.20)

But the imaginary part of (3.20) can take any infinite values whenz → z1 in a suitable direction.
This contradicts (3.19). Thus, if there exists a pointz0 ∈ E such that

<{p(z)} > 0 for |z| < |z0|, <{p(z0)} > 0 andp(z0) = i` (` 6= 0),

then we havep(z0) 6= 0. From Lemma 2.5 and (3.20), we get

p γφ(z0) + λ
z0φ

′
(z0)

φ(z0)
= i(p γ`+ λ k),

p γ`+ λ k ≥ 1

2

(
λ

`
+ (λ+ 2p γ)`

)
≥
√
λ(λ+ 2p γ) when` > 0,

and

p γ`+ λ k ≤ −1

2

(
λ

|`|
+ (λ+ 2p γ)|`|

)
≤ −

√
λ(λ+ 2p γ) when` < 0,

which contradicts (3.19). Therefore, we have<{φ(z)} > 0 in E. This completes the proof of
the theorem. �

Takingg(z) = zp andµ = 1 in Theorem 3.13, we have

Corollary 3.14. Letλ > 0. If f ∈ Ap satisfies the condition

γ
f
′
(z)

zp−1
+ λ

{
1 +

zf
′′
(z)

f ′(z)
− p

}
6= it (z ∈ E)

for someγ (γ > 0), wheret is a real number with|t| ≥
√
λ(λ+ 2pγ), then

<
{
f
′
(z)

zp−1

}
> 0 (z ∈ E).

Corollary 3.15. Letλ > 0. If f ∈ Ap satisfies the condition∣∣∣∣γ{f ′
(z)

zp−1
− p

}
+ λ

{
1 +

zf
′′
(z)

f ′(z)
− p

}∣∣∣∣ < λ+ γp (z ∈ E)

for someγ (γ > 0), then

<
{
f
′
(z)

zp−1

}
> 0 (z ∈ E).

Remark 3.16. From a result of Nunokawa [9] and Saitoh and Nunokawa [11], it follows that,
if f ∈ Ap satisfies the hypothesis of Corollary 3.14 or Corollary 3.15, thenf is p-valent inE
andp-valently convex in the disc|z| < (

√
p+ 1− 1)/p.

Lettingγ = 1, µ = 0 in Theorem 3.13, we get the following result due to Dinggong [4] which
in turn yields the work of Cho and Kim [3] forp = 1.
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Corollary 3.17. Letλ > 0. If f ∈ Ap satisfies the condition

(1− λ)
zf

′
(z)

f(z)
+ λ

{
1 +

zf
′′
(z)

f ′(z)

}
6= it (z ∈ E),

wheret is a real number with|t| ≥
√
λ(λ+ 2p), thenf ∈ S∗p .
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