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ABSTRACT. We introduce a subclas$t, (), i, A, B) of p-valent analytic functions and derive
certain properties of functions belonging to this class by using the techniques of Briot-Bouquet
differential subordination. Further, the integral preserving properties of Bazilevic functions in a
sector are also considered.
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1. INTRODUCTION

Let A, be the class of functions of the form

(1.1) f2)=2"+ > az" (peN={1,2,3...})

n=p+1

which are analytic in the open unit digk= {z € C : |z| < 1}. We denote4d, = A.
A function f € A, is said to be in the clasS;(«) of p-valently starlike of order, if it
satisfies

2f (2)
(1.2) 9%{ }>a 0<a<pzelk).
) ( )
We write S;;(0) = S;;, the class op-valently starlike functions irk.
A function f € A, is said to be in the clask,(«) of p-valently convex of ordety, if it
satisfies

(1.3) %{1—1—2]{”((5)}>a 0<a<pz€eFE).
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2 J. RATEL

The class op-valently convex functions i is denoted by<C,,. It follows from (1.2) and[(1.3)
that

feKy(a) <= feS(a) (0<a<p).

Furthermore, a functiorf € A, is said to bep-valently Bazilevic of typeu and ordero, if
there exists a functiop € S;, such that

ACHR
9 S B

for somepu(p > 0) anda(0 < a < p). We denote by3,(x, ), the subclass afl,, consisting
of all such functions. In particular, a function B},(1,«) = B,(«) is said to bep-valently
close-to-convex of ordet in E.

For given arbitrary real numbersandB (-1 < B < A < 1), let

. B ' 2f'(2) 14+ Az
(1.5) Sp(A,B)—{fEAp. B —<p1+Bz’ ZGE},
where the symbok stands for subordination. In particular, we note tﬁgt(l — )

Sy (a) is the class of-valently starlike functions of ordex(0 < a < p). From .) we
observe thay € S (4, B), if and only if

z2f' ()  p(l—AB) p(A — B) '
(1.6) ) 1-B ' BT (-1<B<A<L1l;z€kE)
and

w%@} PL-A) o
(1.7) %{ﬂ@ > = (B=—1;z € E).
Let M, (A, i, A, B) denote the class of functions j#, satisfying the condition

f () { o2 a2 f(e) zgmz)} 1+ Az

8 Fomer TN T e TR T e T s

(-1<B<A<1;z€E)

for some reaj:(1 > 0), A(A > 0), andg € S;;. For convenience, we write
2
M, ()\,u, 1— —a, —1)
p
= M,(A, 1, @)

:{fe&,%{

21 (2) )G @] L
f@ﬂﬂﬂ@“+k{1+j%@ ST “g@>}]> }

for somea(0 < a < p) andz € E.

In the present paper, we derive various useful properties and characteristics of the class
M, (A, 1, A, B) by employing techniques involving Briot-Bouquet differential subordination.
The integral preserving properties of Bazilevic functions in a sector are also considered. Rele-
vant connections of the results presented here with those obtained in earlier works are pointed
out.
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ON CERTAIN SUBCLASS OFp-VALENTLY BAZILEVIC FUNCTIONS 3

2. PRELIMINARIES

To establish our main results, we shall require the following lemmas.

Lemma 2.1([6]). Leth be a convex function ik and letw be analytic inE with ®R{w(z)} > 0.
If ¢ is analytic in£ andq(0) = h(0), then

q(z) + w(2) 2¢'(z) < h(z) (2 € E)
implies
q(z) < h(z) (z€E).

Lemma 2.2.If -1 < B < A < 1,6 > 0 and the complex number satisfiesh(y) >
—06(1— A)/(1 — B), then the differential equation

zq() 1+ Az

eFE
q(z) + Ge)+7 1+ Bz (2 € E)
has a univalent solution i’ given by
B+ 1 B B(A-B)/B
Zz (1+ Bz) B 1’ B£0
ﬁfo th+7=1(1 + Bt)f(A-B)/Bjt (3
(2.1) q(z) = 57 exp( A
2P exp([ Az) 7 B0

B [5 P exp(B At)dt
If ¢(2) =1+ c12 + a2 + - - - is analytic in £ and satisfies

24 (2) 1+ Az

(2.2) ¢<Z)+B¢(z)+7 < Tt B> (z € F),
then
6 <) < { o (€ E)

andg(z) is the best dominant df (2.2).
The above lemma is due to Miller and Mocahu [7].

Lemma 2.3([12]). Let v be a positive measure df, 1]. Leth be a complex-valued function
defined onE x [0, 1] such thath(-,t) is analytic in E for eacht € [0,1], and h(z, ") is v-
integrable on|0, 1] for all z € E. In addition, suppose thak{A(z, t)} > 0, h( ,t) is real
andR{1/h(z,t)} > 1/h(—r,t) for |z| <r < 1landt € [0,1]. If h(z fo z,t) dl/ ), then

R{1/n(z)} = 1/h(=r).

For real or complex numbers b,c(c # 0,—1,-2,...), the hypergeometric function is
defined by

a-b z ala+1)-bb+1) 22
(23) 2F1<a b C; Z) =1+ T F + C(C+ 1) . 5

We note that the series in (2.3) converges absolutely forE’ and hence represents an analytic
function in E. Each of the identities (asserted by Lenima 2.3 below) is well-known [13].
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Lemma 2.4. For real numbers:, b,c(c # 0,—1,-2,...), we have

L®)(c—10)

1
(2.4) / tb_l(l — t)c_b_l(l —tz)7dt = oF1(a,b;c;2) (¢ >b>0)
0

(2.5) oFi(a, b;c;2) = 2 F1(b, a5 ¢; 2)

(2.6) oFi(a,b;c;2) = (1 —2) %o F (a, c—b;c Ll) .
Z —

Lemma 2.5([10]). Letp(z) = 1 + ¢12 + 22 + --- be analytic inE andp(z) # 0in E. If
there exists a point, € E such that

m s
2.7)  Jargp(2)l < gn (|2 <l=f)  and  Jarg p(z)] = 57 (0 <y < 1),

then we have

(2.8) zop (20)

o) ik,
where
{k; > % (x + %) . whenarg p(z) = 57,
(2.9)
k<—1(z+1), whenarg p(z) = —2m,
and
(2.10) (p(z()))l/?7 = tix (x > 0).

3. MAIN RESULTS
Theorem3.1l.Let—1 < B<A<I1,A>0andu >0.If f € M,(\ pu, A, B), then

2f (2) A
3.1 =< =q(z z e b)),
&1 I < pae ) EER)
where
Uk (B ST s o
(32) Q(Z) _ 0 14+Bz
fol si lexp (R(s —1)Az) ds, B =0,
1 B
q(z) = 55 when A = 5 B #0,
andg(z) is the best dominant df (3.1). FurthermoreAif< —\ B/p with —1 < B < 0, then
(33) Mp(A>M7A7 B) C Bp(:uap)a
where

B B pB-A)p . B B
p_p(vaaAwB)_p{ZFl(l; \B 7)\+17B_1 .

The result is best possible.

Proof. Defining the functiony(z) by

2f (2)
pf(z)rg(2)m

(3.4) ¢(z) = (z € E),
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we note thatp(z) = 1+c12+cp2?+- - - is analytic inE. Taking the logarithmic differentiations
in both sides of{(314), we have

CHCHSYIRE At

B9 5ot )

—(1—p)

2f'(2) Mzg'(Z)}
f(2) 9(2)
B 2¢'(2)  p(1+ Az)
=poz) + 2 o(2) = 1+ Bz
Thus, (=) satisfies the differential subordinatidn (2.2) and hence by using Lgmrha 2.2, we get
1+ Az
0) <4z < e (2

wheregq(z) is given by [2.1) for = p/X andy = 0, and is the best dominant g¢f (8.5). This
proves the assertion (3.1).
Next, we show that

(3.6) inf {%(q(z))} =q(-1).

|z|<1

If we seta = p(B — A)/AB, b= p/\, ¢ = (p/A) + 1, thenc > b > 0. From [3.2), by using
(2-4), (2.5) and[(2]6), we see that fBr=£ 0
r'(b)

@7 QL)=(0+B2)° /1 SN L+ Bsz)™"ds = =~ 21y (1,a;c; b ) .
0

(z€ E).

€ E),

[(c) Bz +1
To prove [3.6), we need to show tHR{1/Q(z)} > 1/Q(—1), z € E. SinceA < —AB/p
impliesc > a > 0, by using[(2.4),[(3]7) yields

mazﬁh@$W@,

where

1+ Bz B ['(b)
TF(1_s)B: VSt and du(s) = rsm =

which is a positive measure df, 1]. For—1 < B < 0, it may be noted thak{i(z,s)} >
0,h(—r,s)isreal for0 <r < 1,0 € [0,1] and

§R{h(zl,s)} =R { : +1(1+_B?Bz} = _1(1—_Bi«)BT - h(—lr, s)

for |z| <r < 1ands € [0, 1]. Therefore, by using Lemnja 2.3, we have

g%{sz)} = Q(l_r)’ 2] <r <1

and by letting: — 1-, we obtainR{1/Q(z)} > 1/Q(—1). Further, by takingd — (—\ B/p)*

for the cased = (—\ B/p), and using[(3]1), we g€t (3.3).
The result is best possible as the functign) is the best dominant of (3.1). This completes
the proof of Theorer 3] 1. O

Settingu =1,A =1— (2a/p) ((p — A)/2 < @ < p) andB = —1 in Theoren} 3]1, we have
Corollary 3.2. If f € A, satisfies

(LG (D s

h(z,s) =

Sa—l(l . S)C—a—l ds
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for someyg € S, thenf € B,(k(p, A, «)), where
2p — a 1\
(3.8) K(p, A, a) =p {2F1 (1,%;§+1;§)} .
The result is best possible.
Takingy =0, A =1 — (2a/p) ((p — A)/2 < a < p) andB = —1 in Theoren} 3]1, we get

Corollary 3.3. If f € A, satisfies

%{(1—A)%+A(l+%>}>a (A>0,z€ E)

thenf € S;(k(p, A, a)), wherer(p, A, ) is given by). The result is best possible.
Putting\ = 1 in Corollary[3.3, we get
Corollary 3.4. For (p —1)/2 < o < p, we have
Ky(a) C S} (x(p, ),
wheres(p, o) = p{2Fi(1,2(p — a);p + 1;1/2)}*. The result is best possible.
Remark 3.5.

(1) Noting that

1—2« 1
N\ | EeaEy @73

Fi{1,2(1 —a);2; = =
(ori (120 -y )} {

1 1
21In2? 27
Corollary[3.4 yields the corresponding result due to MacGregor [5] (seelalso [12]) for
p=1.
(2) Itis proved[[9] that ifp > 2 and f € IC,, then f is p-valently starlike inE but is not
necessarily-valently starlike of order larger than zero ;1 However, our Corollary

shows that iff is p-valently convex of order at leagt — 1)/2, thenf is p-valently
starlike of order larger than zero it

Theorem 3.6.1f f € B,(u, «) for someu (1 > 0),a (0 < a < p), thenf € M, (A, i, @) for
|z| < R(p, A\, ), whereX > 0 and

(p+A—a)—y/(p+1—a)2—p(p—2a)

= , aF G
(3.9) R(p, A, a) = e i
P a=2.,
p+2X° 2
The boundR(p, A, «) is best possible.
Proof. From (1.4), we get
(3.10) ) =a+(p—au(z) (z€Eb),

f(2)rg(z)m
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whereu(z) = 1 +uyz +uz2 + - - - is analytic and has a positive real partin Differentiating
(3.10Q) logarithmically, we deduce that

21 (2) ORI L B (C U
%{f@wwaaM+A<“*f%a =m0 “g@>)}
(o 2 Az (2)
= m{<)+a+m—amwﬁ
ol ARG
1)y =0 )%{(> ra+@—amwﬂ}'
Using the well-known estimates|[5]
()] € o)) and R{u()} 2 1 (=7 <1
in (3.11), we get
21 (2) ORI (O B (C
%{f@wwaaﬂ+A<“*f%a =m0 “g@>)}
21
> - 1o B

which is certainly positive if- < R(p, A, &), whereR(p, X, «) is given by [(3.9).
To show that the boun&(p, A, «) is best possible, we consider the functipr A, defined
by
2f'(2) 11—z
————— =a+(p—«
IERZ O

for someg € S;. Noting that

2f'(2) zf”(z)_ B zf/(z)_ 29 (2) W
%{fuwwmw~+A<“*f%@ S “g@>)}

:(p_a){1_z+ 2\ 2 }
=0

0<a<pz€eE)

I+2z a(l—=22)+(p—a)(l+2)?

for 2 = —R(p, A, @), we conclude that the bound is best possible. This proves Th¢orgm(3.6.
Foru = 0 andX = 1, Theorem 3.6 yields:
Corollary 3.7. If f € S;(a) (0 < a < p), thenf € K,(a) in [z] < {(p, o), where

0T

—2a ’ # 27
E(p, ) = e ’
=5 a="1L.
The bound(p, o) is best possible.
Theorem 3.8.If f € A, satisfies
f(2) f ()
— < E
ER{ o >0 and T g () pl<p (0<pu,z€ekE)
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for g € S;, thenf is p-valently convex(univalent) ip| < ﬁ(p, 1), where

~ 34 2ulp—1) — B+ 2ulp —1))2 —4pQup —p— 1)

Rl m) = 22up —p—1) '
The boundR(p, ;1) is best possible.
Proof. Letting
h(z) = S (z € B),

- pf()t g
we note that:(z) is analytic inE, h(0) = 0 and|h(z)| < 1 for z € E. Thus, by applying
Schwarz’s Lemma we get

hz) = z¢(2),
wherey(z) is analytic inE and|y(z)| < 1 for z € E. Therefore,
(3.12) 2f'(2) = pf (2)' #g(2)" (1 + 20(2)).
Making use of logarithmic differentiation if (3./12), we obtain
2f () 2 (R) | zg(2) | 2((2) + 2 (2))
e 5 T BT P R e R

Settingp(z) = f(2)/2P =14+ 12+ 22 + -+, ®{p(2)} > 0 for z € E, we get
2f (2) 29 (2)

O
so that by[(3.183),
2f'(2) o 20(2) | zg(2) | 2((2) + 2 (2))
(3.14) 1+—f,(z) =(1—pwp+(1—p) o) +'ug(z) + e

Now, by using the well-known estimates [1]
29 (2) 2r 29 (2) p(l—r)
> — >
o) e ) an

for |z| = r < 1in (3.14), we deduce that

2f (2)\ o @up—p—1r* —{3+2ulp—1)}r+p

which is certainly positive i < E(p, i). OJ

It is easily seen that the bourié(p, ) is sharp for the functiong, g € A, defined inE' by
Zf,(Z) B 1 (Z) B P
pIGE gy~ 1wz T T ey
Choosing = 0 in Theorenj 3.8, we have

0<pu,z€ek).
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!

Corollary 3.9. If f € A, satisfies
2f (2)

ER{%}>O and B

then f is p-valently convex inz| < {\/9 +4p(p+1) — 3}/2(p + 1). The result is best
possible.

—p‘<p (z € E)

For a functionf € A,, we define the integral operatéy, ; as follows:

19 Fulh =Rl = (T [epera)” e )

20

whereyu, andé are real numbers with > 0, 6 > —ppu.
The following lemma will be required for the proof of Theorem 3.13 below.

Lemma3.10.Letg € S;(A, B), pandd are real numbers withy > 0, 0 > max {—p,u, —”‘(‘ﬁg)‘) }
ThenF, s(g) € S;(A, B).

The proof of the above lemma follows by using Lenma 2.2 followed by a simple calculation.

Theorem 3.11.Let  andé be real numbers withy > 0, § > max {—p,u, —%} (-1 <
B<A<1l)andletf e f e A, If

z2f' (2) T

— - < : <1

e iy 2)| <37 @=a<mo<asy
for someg € S, (A, B), then

Z(FM,(S)/(f) >' ™
ar —a )| < =n,

© <Fu,5(f)1#Fu,5<g)“ 2"

whereF,, 5(f) is the operator given by (3.115) and(0 < 1 < 1) is the solution of the equation

p+ 2 tan-! ( (14B)ysin (r(1—t(A,B.3,u.p))/2) ) B4 1.
(3.16) (= 4 (14-B)3-+p(1+A)+(14+B)n cos (r(1-t(A,B5.up))/2) ) ’
. B=-1,
and
2 . pp(A — B)
3.17 t(A, B,d = — ! :
Proof. Let us put
1 2(Fs)'(f) ) ®(z)
z) = _ = =
)= (mreenar ) =90
where
1 z z
O(2) = {z5f(z)“ - (5/ 7L f(t)Hdt — ua/ té_lg(t)“dt}
p—a 0 0
and

U(z) = ,u/oz g (t) dt.
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Theng(z) is analytic inE andq(0) = 1. By a simple calculation, we get

¥() (L SE) ()
= 4(2) <1 TS0 6 )

T - 5 (f<z§f—'5?<z>u B O‘> |

SinceF, 5(g) € S;(A, B), by (1.6) and[(1]7), we have

2S'(2) B z(Fu,(;)/(g) — L eim0/2
(3.18) 5 TR

where

1A) (14-A)
{6+‘“’ <p <O+

—t(A, B, 6, j1,p) < 0 < t(A, B, 6, p,p) for B # —1
whent(A, B, d, i, p) is given by [3.1]7), and
5+ M <p< oo
—1l<f<l1lforB=-1.
Further, takingu(z) = S(z)/2S'(2) in Lemmg 2.1, we note tha{z) # 0 in E. If there exists

a pointz, € FE such that the condition (2.7) is satisfied, then (by Leima 2.5) we obtain (2.8)
under the restriction$ (2.9) adI(Z] 10).

At first, suppose thaj(zo)n =iz (x > 0). For the cas& # —1, by ) we obtain

e <f<zf§f—520<)z()>u B “)

= arg (q(z0)) + arg (1 +

1 209 ( ))
0(Fpu,5(9)) (20) z
5+ pghsey? a)
i . —
=37 + arg (1 + (,06”9/2) 1i77k>

. 4 ( nmksin(n(1—0)/2)
"+ tan (,0 + cos(m(1 —0)/2)

i —t(A, B, 4, 2
> T 4 tan-! (ﬁi};ﬂ(( (A, B, 6, 11,p))/2)
2 6+ 5 +ncos (m(1 —t(A, B, 6,1, p))/2)
~ T3
=356

wheres andt(A, B, o, u, p) are given by|(3.1/6) and (3.1L7), respectively. Similarly, for the case

B = —1, we have
f(2)t=rg(2)m =3

This is a contradiction to the assumption of our theorem.
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Next, suppose tha]t(zo)% = —ix (z > 0). For the casé3 # —1, applying the same method
as above,we have

s inr =)

- _gn T ALp(lnjiz)(ﬁ(l —t(A, B, 6, 11,p))/2)
0+ 11 p  Tneos (m(1 —t(A, B, 4, 1,p))/2)
s
- _567
where andt(A, B, ¢, u, p) are given by|(3.16) and (3.[L7), respectively and for the dase
—1, we have
2f'(2) i
A S < =
arg<f<z>1—ug<z>u “) =27
which contradicts the assumption. Thus, we complete the proof of the theorem. O

Lettingu = 1, B — A andg(z) = 2* in Theorenj 3.1]1, we have
Corollary 3.12. Leté > —pand f € A,. If

arg (J;<_Zl) — a)
(20
zP 2

where Fy 5(f) is the integral operator given by (3.15) far = 1 andn (0 < n < 1) is the

solution of the equation
2. n
=n+ =tan ' [ —— ).
B=n+ — tan (5 —l—p)
Theorem 3.13.Let\ > 0. If f € A satisfies the condition

f(2) RO R (C U
(3.19) 7{fl—wz)gu(z)}“{” O OO }7& tze )

for someu(u > 0), v(y > 0) andg € S, wheret is a real number witht| > /A(\ + 2p7),

then
2/ (2) .
m{fl‘“(Z)g“(Z)} 0 e

<gﬁ 0<a<p0<p<1),

then

Proof. Let
2f' (2)
zZ) =
o) = e )
where¢(0) = 1. From [3.19), we easily havg(z) # 0 in E. In fact, if ¢ has a zero of order.
atz = z; € E, theng can be written as

¢(2) = (2 —21)"q(z) (meN),

(z € B),
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whereq(z) is analytic inE andq(z;) # 0. Hence, we have

’ 2 () }+A{1+M_(1_M)zf'(2) zg'<z>}

Fr(2)gm(2) () ) ")
NN 1C)
=pyo(z) + A o)
(3.20) =py(z—21)"q(z) + A Rl (Z)

z— 2z q(2)
But the imaginary part of (3.20) can take any infinite values when z; in a suitable direction.
This contradicts] (3.19). Thus, if there exists a paine £ such that

R{p(2)} >0 for |z] < |z0|, R{p(20)} > 0andp(z) =il (£ #0),
then we havey(z) # 0. From Lemma 2J5 and (3.R0), we get
Zo¢l(2’0)
¢(20)

1 /A
pyl+ Ak > 5 (Z + ()\+2p7)€> > VA(A+2py) whent > 0,

PYd(20) + A =i(pyl+ \k),

and
1/ A
pyW+ Ak < 5 (m + (A4 2p”y)]€\) < —vVAA+2py) whent < 0,
which contradicts[(3.19). Therefore, we h&Rés(z)} > 0in E. This completes the proof of
the theorem. O

Takingg(z) = 2 andy = 1in Theorenj 3.13, we have
Corollary 3.14. Let A > 0. If f € A, satisfies the condition

M0 i O i ey

for somey (v > 0), wheret is a real number witht| > /A(A + 2py), then
R {M} >0 (z € E).

zp—1

+)\{1+

Corollary 3.15. LetA > 0. If f € A, satisfies the condition

’v{%—p}ﬂ{uzg;(j _pH <At (2€E)

for somey (y > 0), then

(IO g Len)
{L8} >0 en)

zp—1

Remark 3.16. From a result of Nunokawa|9] and Saitoh and Nunokawa [11], it follows that,
if f € A, satisfies the hypothesis of Corolldry 3.14 or Corolfary B.15, thésp-valent in £
andp-valently convex in the disgz| < (v/p+1—1)/p.

Lettingy = 1, x = 0in Theorenj 3.13, we get the following result due to Dinggang [4] which
in turn yields the work of Cho and Kini [3] fgr = 1.
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Corollary 3.17. LetX > 0. If f € A, satisfies the condition

_ Zf/(Z) Zf//(Z) i >
(1 )\)—-i-)\{l—i- f’(z)}#t (z € E),

f(z)
wheret is a real number witht| > \/A(A + 2p), thenf € S5 .
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