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ABSTRACT. We consider the convolutioR(A, B) x P(C, D) of the classes of analytic func-
tions subordinated to the homographigsaz and 152 respectively, whered, B,C, D are

some complex humbers. In 1988 J. Stankiewicz and Z. Stankiewitz [11] showed that for certain
A, B,C, D there existX, Y such thatP(A, B) « P(C, D) C P(X,Y). In this paper we verify

the conjecture thaP(X,Y) C (4, B) x P(C, D) forsomeA, B,C, D, X, Y.
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1. INTRODUCTION

Let A = {z € C: |z| < 1} denote the open unit disc and Etbe the class of functions
regular inA. We will denote by the class of functiong € H normalized byf(0) = 1.
The class of Schwarz functiori$ is the class of functions € H, such thatw(0) = 0 and
lw(z)| < 1for z € A. We say that a functiorf is subordinate to a functiopin A (and write
f =< gorf(z) < g(z))if there exists a functiow € 2 such thatf(z) = g (w(z)); z € A. If the
functiong is univalent inA, then f < ¢ if and only if f(0) = ¢(0) and f(A) C g(A). In this
case we have(z) = g~ (f(2)).
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2 KRzYSZTOFPIEJKO, JANUSZ SOKOL, AND JAN STANKIEWICZ

Let the functionsf andg be of the form

f(z) = Zanz”, g(z) = anz”, z € A.
n=0 n=0

We say that the Hadamard productfoédndg is the functionf x g if

(fxg)(2) = f(2)*g(z) = Z anbp2".

n=0
J. Hadamard |2] proved, that the radius of convergencg -of; is the product of the radii of
convergence of the corresponding seri@dg. The functionfxg is also called theonvolution
of the functionsf andg.
For the classe®, C 'H and(), C H the convolution); x ), is defined as

QixQa={heH; h=[fxg, f€Q1 g€ Qa}.

The problem of connections between functigig and their convolutiory x g or between
@1, Q2 and@; * Q> has often been investigated. Many conjectures have been given, however,
many of them have still not been verified.

In 1958, G. Pdlya and 1.J. Schoenbeérg [7] conjectured that the Hadamard product of two con-
vex mappings is a convex mapping. In 1961 H.S. WIlf [12] gave the more general supposition
that if " andG are convex mappings iA and f is subordinate td’, then the convolutiorf x G
is subordinate td” x G.

In 1973, S. Rusheweyh and T. Sheil-Small [9] proved both conjectures and more results of
this type. Their very important results we may write as:

Theorem A. If f € S¢andg € S¢ thenf x g € S¢, whereS¢ is the class of univalent and
convex functions. Moreovet® x 5S¢ = S°.

TheoremB.If FF€ S¢, G e S°andf < F,thenf xG < F'x Q.

In 1985, S. Ruscheweyh and J. Stankiewicz [10] proved some generalizations of Theorems
[Aland[B:
Theorem C. If the functionst’ and G are univalent and convex i\, then for all functionsf
andg, if f < Fandg < Gthenfxg < F'xG.

For the given complex number§ B such thatd + B # 0 and|B| < 1 let us denote

1+ Az

1-Bz["

W. Janowski introduced the clagg A, B) in [3] and considered it for some redland B. If
A = B = 1thenthe clas®(1, 1) is the class of functions with positive real part (Carathéodory
functions). Note, that forB| < 1 the classP(A, B) is the class of bounded functions. In
1988 J. Stankiewicz and Z. Stankiewicz|[11] investigated the convolution properties of the class
P(A, B) and proved the following theorem:

Theorem D. If A, B,C, D are some complex numbers such that- B # 0, C + D # 0,
Bl <1,|D| <1, then

P(A,B)x P(C,D) c P(AC + AD + BC, BD),
moreover, iffB| = 1 or |D| = 1, then
P(A,B)x P(C,D) = P(AC + AD + BC, BD).

P(A,B):{fej\/: f(z) <
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The equality between the clagg A, B) » P(C, D) and the clas$’(AC + AD + BC, BD)
for |B| < 1 and|D| < 1 was an open problem. Inl[5] K. Piejko, J. Sokét and J. Stankiewicz
proved that the above mentioned classes are different. In this paper we give an extension of this
result. First we need two theorems.

Theorem E (G. Enestrom([1], S. Kakeyal[4])f ap > ay > --- > a, > 0, wheren € N, then
the polynomiap(z) = ag + a1z + azz® + - - + a,z" hasnoroots iMA = {z € C : |z| < 1}.

Theorem F (W. Rogosinski([8]) If the functionf(z) = Y a,2" is subordinated to the

functionF'(z) = >"°° , B,2™ in A, thend "> o, | < 307 |8l

2. MAIN RESULT
We prove the following theorem.

Theorem 2.1. Let A, B,C, D be some complex numbers such that- A # 0, C + D # 0,
|B| < 1, |D| < 1, then there are not complex numbe¥sY, X + Y # 0, |Y| < 1 such that
P(X,Y) C P(A,B)« P(C, D).

Proof. As in [5], the proof will be divided into three steps. First we give a family of bounded
functionsw”; v = 1,2, 3. .. having special properties of coefficients. Afterwards we construct,
usingw", a function belonging to the clag3( X, Y) and finally we will show that such a func-
tion is not in the clas$(A, B) x P(C, D).

Now we use a method of E. Landau [6] and find some functighs = 1,2, 3, ..., which
are basic in this proof. We observe that

2
! ( ! ) (i ) ’
— = = Prz =1l+z+2"4+2"+--,
1—=z Vv1—z Pt

(2.1) po=1and p, =

where

For somer € N we set

K, (2) = Zpkzk =1+pz —I—p222 —|—p323 + o py 2
k=0
and note that

K2 2)=1+4+z+22 4+ 42" + b1 2" 4 - b2,
whereb, 1, ..., by, € C. Letw” be given by

2K, (1) B Zz” +p12" e pe T+,
K,(2) L4+ prz+pez?+ -+ pzv

(2.2) w'(z) =

Since op 1 1
+

> = where £ =0,1,2.3,...

Pk pk2k+2 Pk+1 g Ly &y 9y 3

then forr € Nwe havel > p; > py >p3 > --->p, > 0.
Applying Theoren] E to the polynomiadk, we obtaink,(z) # 0 for |z| < 1, hence the
functionw” is regular inA. Moreoverw”(0) = 0 and on the circléz| = 1 we have

‘Ky (&)
| Ky (e")]

e(l/-i-l)itKV (e—it)

. t € R.
Kz/ (ezt) €

o ()] =
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In this way we conclude that for € {1,2,3,...}
(2.3) w” € Q.

Let, for a certain € N, the functionv” be represented by following power series expansions:
WY (2) = Wz + 522 + 94522 + - - - and lets”(z) denote the partial sum

si(2) =Y W = We B+t "
k=1

foralln € {1,2,3,...,v+1}.
Now we will estimates? (1) = v{ +v5 + 5 +--- +1%. If we integrate on a circl€’ : |z| = r
in a counterclockwise direction with< r < 1, then we obtain

(2.4) /azmdz =0 and /gdz = 2rwai,

z
C C

for all integersm # —1 anda € C. Hence

sp(1) =7 +7v5 +v5 +---+

1 [ (1 1 1 1
= — [ w(2) ;—i—;%—;—i—---#— dz

27 Zntl
C
1 w”(z) 2 3 n—1
:%/ i (I+z422+22+ 42" dz
C
1 w”(z)
= 2_7m/ T+l Q(z)dz,
C

where
Qz)=1+z2+2"+ 4+ 2" +dpzy + dpy1 2"+ + dy2°

is any polynomial whose first terms are equal to + z + 22 + - -- 4+ 2",
If for n < v+ 1we set

Q(z)=K2(2) =142+ 22+ 2" 42" o b 2 b 2T by 2,

then we obtain )
vy 1 WY (2)
i) = o [ S R

From [2.2) it follows that

o (2)

v _ 1 Ky (z) 2
Sn<1) = %/WKV(Z)CLZ
C

1 1
— [ 2" "K, <;) K,(2)dz

= om

1 v—mn 1 1 1 2 v
=— [ 2" (14—t psg+ e | (L +pz+pz® +- +p2") dz.
211 z z zv
C

Using (2.4) we get

v

Sn(l) = Pv—n+1 T Dv—n+2P1 + Pv—n+3P2 + - + DuDn-1,
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where(py) are given by[(Z]1), and so

(2.5) i) =W = PontkPrt-
k=1 k=1

By the above we have = s/(1) = p, andforallv € {1,2,3,...} andn € {2,3,4,...,v+1}

n n—1
Y= sp(1)—si_ (1) = sz/fnﬂcpk—l - Zpufmukpkq-
k=1 k=1

Therefore

i
L

(2.6) Y = (Pv—ntk — Dv—n+1+k) Dk—1 + DyDn—1-
1

The sequencé,,) is positive and decreasing, then frdm {2.6) it follows that
(2.7) vr>0 forall veN and ne{l1,2,3,...,v+1}.
We conclude from[(2]5) that for = v + 1

£
I

v+1 v
sy =W +y+-+nw+tna= Zpk—lpk—l =1+ ZP%
k=1 k=1

Sinced" ., pi = oo then

V—00
k=1

Now using the properties af” we construct the function belonging to the cld3gX,Y)
which is not in the clas® (A, B) » P(C, D), where|B| < 1 and|D| < 1.

Since for|z| = 1 we haveP (A, B) = P(Ax, Bx), we can assume without loss of generality
thatB € [0;1), D € [0;1) andY € [0; 1].

For fixedv € N let h” be given by
1T+ Xw"(2)
1= Yuw(z)’
wherew” € Q) is given by [2.2). Itis clearly that” € P(X,Y’). Suppose that there exist the
functionsf € P(A, B), g € P(C, D) such that

(2.9) ()

(2.10) f(z)*xg(z) = h"(2).
Let the functionsf andg have the following form:
14 Aw(z) wi(2)
J(2) = 1 — Buwi(z) 1+ (A+ B>1 — Bw(2)
e L+ Cun(2) 2
1+ Cuwi(z) wa(z
9C) == poe LT DT

wherew,, wy € €. For simplicity of notation we write

f(z)=14+(A+B)f(z), g(2) =1+ (C+D)g(=),
where

(2.11) F(z) = —12)

TT-Ba(n M 9T o

1 — Duwsy(z2)
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Using these notations we can rewrjte (2.10) as
~ N 1+ Xw¥(z
14 (A+ B)f(2)] * 1+ (C + D)j(2)] = Tw((z))
and so

_ X4V 3
(2.12) 5(2) = +

f(Z)*g(Z) - (A—|—B)(C—|—D) V(Z)ﬂ

wheren” (z) = —ppi—.

Let the functiong:”, f andgj have the following expansions i:

2.13) () = e F =D e 5= Y e
n=1 n=1 n=1

From [Z.11) it follows, thatf(z) < —— and §(z) <

1-Bz
sincel < B < 1 and0 < D < 1) we obtain

o0

1 = 1
2 < 2 < .
> lan <1 and ;wny < T

n=1

Let us note, that

Z (lanl* +[0,]*) = Z [(Jan] = [ba])* + 2|an]ba]] < 1— |BP Tz D2

n=1 n=1

From (2.12) and (2.13) we obtain

X+Y
S i =1,213, ...
(A+B)(C’+D)C"’ or n , 2,3, ,

anbn =

therefore

[e.e]

1 1 2(X 4+Y)
2.14 Wl = 1b.)? <
@1 Y (el < g [ e |

n=1

Now we observe that

n=1
=W (2) +Y WP+ Y W (] +
= (B2t )Y (P24 ) Y (e )
=Yz + (75 + Y(ny) 2+ (7%’ +2Y vy + Y2(%’)3) 24
SinceY € [0; 1] and since[(2]7) we have

Z el = WY1+ |9 + Y (002 + [ +2Y 0y + Y2 ()| + -

n=1
v+1
>N e =AW v = s (D).
n=1
From the above we have for alle {1,2,3,...}
(o)
(2.15) Do lenl = sy (1)
n=1

J. Inequal. Pure and Appl. Math6(2) Art. 34, 2005 http://jipam.vu.edu.au/



http://jipam.vu.edu.au/

ON A CONVOLUTION CONJECTURE OFBOUNDED FUNCTIONS 7

Combining [(2.14) and (2.15) we obtain

o0

9 1 1 2(X+Y) y
(216) Z(|an| - |bn|) < 1 — B2 + 1— D2 - (A%B)(C+D) SV—H(l)'

From (2.8) it follows that we are able to choose a suitabdeich that the right side df (2.]16)
is negative. In this way (2.16) follows the contradiction and the proof is complete. O

From Theorem 2|1 and Theorém D we immediately have the following

Corollary 2.2. The classe® (A, B) x P(C, D) and P(AD + AC' + BC, BD) are equal if and
onlyif |B| =1or|D| = 1.

n=1
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