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ABSTRACT. We prove an inequality of Ostrowski type fprnorm, generalizing a result of
Dragomir [1].
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1. INTRODUCTION

For a differentiable functiorf: [a,b] — R, a - b > 0, Dragomir has in[[1] proved, using
Pompeiu’s mean value theorem [3], the following Ostrowski type inequality:
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where(t) =t, t € [a,b], and
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We are going to prove a general estimate withytherm,1 < p < oo, which will for p = oo
give the Dragomir result.
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2. THE MAIN RESULT

Theorem 2.1. Let the functiory: [a,b] — R be continuous ofu, b and differentiable orta, b)
with0 < a < b. Then foré +% =1, with1 < p,q < o0, and allz € [a, b], the following
inequality holds:
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wherew(t) =t,t € [a,b], and
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Note that in case&, ¢q) = (1, 0), (o0, 1), and(2, 2) the constanU (z, p) has to be taken
as the limit ap — 1, oo, and2, respectively.

(2.2) PU(z,p)=(b— a)%_l : [((

Proof. Define F': [1/b,1/a] — R by F(t) := t f(1). The functionF is continuous and is
differentiable on(1/b,1/a), and for allz,, x5 € [1/b,1/a] we have

Fa) - Pl = [ P
= L)@ ()
1/x1
(2.9 —— [ ) = g w) gy du.
1/xo U
Denoter; =: 1/z andx, =: 1/t. Then for allz, ¢ € [a, b] from we get
L H@) = 10 = [ () - uf ) 5 du
ie.,

(2.5) tfa) —af() = xt [ (F@) = uf'(w) 5 du.

Integrating ont and dividing byzx, we obtain

’?2;_@2.@_/abf(t)dt:/abt</;(f(u)—uf'(u)) %m) at

and therefore
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du dul|dt.
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First, consider the cade< p, ¢ < oco. Applying Holder’s inequality, the sum in the last line of

@3 is

s (/ (/ [F(w) = uf ()" du> dt)’l’ . ( [ ( [ du) dt);
(L (Lo )} ([ 54))
= (/ (/ )~ uf () du) dt);
N G ([ (f o) ]

The first factor in(2.7)) equals

28) ([ ([ v -urr a) dt)’l’ T

and for the second factor, fpr ¢ # 2, we get

x T 4q % b t 14 %
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Putting (2.8) and(2.9) into (2.7)) and dividing(2.6) and(2.7) by (b — a) gives the required
inequality (2.1)) in the casd < p,q < oo, p,q # 2.
Forp = ¢ = 2, instead of(2.9) we obtain

x T t2 % b t t2 %
(2.10) (/ (/ —4du) dt) + (/ (/ —4du) dt)
a ¢ U T z U
1 \3 a? 3 z\3 b :
3G 45 0) (G B )
which is easily shown to be equal to the limit of the right hand sidi9)) for ¢ — 2, i. e.

_ 1 z\3 a® 2 z\3 b :
Now consider the cage= o, ¢ = 1. The last line in(2.6) is
T T b t
(2.12) < sup |f(u) —u f'(u)] (/ (/ %du) dt+/ (/ %du) dt)
a<u<b a t U T z U

) a® + b
:||f—Lf||oo~( 5 +x—a—b).
x
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Putting ([2.12)) into (2.6 - ) and dividing by(b — a) gives

a+b f a® + b ,
L b_a/f jat| < o (S e am) el -

which reproves the Dragomir’s result [1].
It is easy to see that

1 2 2
(a b —|—x—a—b) = lim PU(x,p)

b—a 2x p—00

proving (2.1 in the case = oo, ¢ = 1.
Finally consider the cage= 1, ¢ = oo. In this case the last line is

(2.13) dt

/|f ) —uf'(u)] trgjctggu—du
a<t<z

dt

rz<u<t u
z<t<b

<[ / ) =] dude- (34 )
-0 (35 ) =S

Appending(2.13)) to (2.6 . ) and dividing by(b — a) gives
a+b f 1 b
2 e < (S 5) -

It is not too difficult to show that

/|f ) —uf (u)] max—du

(2.14)

. 1 b
(2.15) lim PU (2, p) = —+ .
so([2.14)) proves formulg]2.1)) for p = 1, ¢ = oo, proving the theorem. O

Remark 2.2. We have considered only the positive case; a < b. In the caser < b < 0,
a similar but more cumbersome formula holds, where mgst’s andx’s have to be replaced
by their absolute values.

3. THE WEIGHTED CASE
In the weighted case we have the following result:

Theorem 3.1. Let the functioryf: [a,b] — R be continuous ofu, b and differentiable orta, b)
with0 < a < b, and letw: [a, b] — R be a nonnegative integrable function. Thenia#% =1,

with 1 < p,q < oo, and allz € [a, b], the following inequality holds:

e

=Wl % [(xl_%/jtq (w(t))* dt—/:tl—q (w(t))*? dt)é

-2
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Proof. Multiplying (2.5) by w(¢)/z and integrating on, we get

19 Framar- [ swea= [t ([ 0w - 5an) ar,

and as in the proof of Theorgm P.1 we have
%/@btw(zﬁ)dt—/abf(t)w(t)dt
< [ [t - wrn "0 auf acs | [
([ ([ o-srorw) )" ([ ([ =502 ) o)
(/ (/ [f(u) = u f'(u)] u) dt) ( (/xtﬁ(;u—;f))qdu) dt)q
([ ([ v sror )
10 (/f%)”du) ) ([ ([ ) )

which gives(3.1). O

REFERENCES

L

[1] S.S. DRAGOMIR, An inequality of Ostrowski type via Pompeiu’s mean value theoderf, In-

equal. in Pure and Appl. Math6(3) (2005), Art. 83. [ONLINE http://jipam.vu.edu.au/
article.php?sid=532 -

[2] A. OSTROWSKI, Uber die Absolutabweichung einer differentienbaren Funktionen von ihren Inte-
gralmittelwert,Comment. Math. Hel10(1938), 226-227.

[3] D. POMPEIU, Sur une proposition analogue au théoréme des accroissementslfitismatica
(Cluj, Romania)22 (1946), 143-146.

J. Inequal. Pure and Appl. Math?(4) Art. 151, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/article.php?sid=532
http://jipam.vu.edu.au/article.php?sid=532
http://jipam.vu.edu.au/

	1. Introduction
	2. The Main Result
	3. The Weighted Case
	References

