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Abstract

Inequalities involving the logarithmic mean, power means, symmetric means,
and the Heronian mean are derived. They provide generalizations of some
known inequalities for the logarithmic mean and the power means.
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Letx > 0 andy > 0. In order to avoid trivialities we will always assume that
x # y. The logarithmic mean of andy is defined as

(1.1) L(z,y) = ——o—

Inz —Iny’

Other means used in this paper include the extended logarithmic fgan

where N .
Inequalities Involving
/ - ﬁ Logarithmic, Power and
zP—y - . S tric M
|:p($7y)i| , p ?A O’ ]_’ ymmetric ivieans
Edward Neuman
(1.2) Ey(z,y) = L(z,y), p=0;
kexp ( 1+ mlnz glny) . p= 1, Title Page
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(= (aq,..,08), 0 < g < -+
Heronian mearf/, where

< ap < 1). A special case ofl(4) is the

z+ (zy)'? +y

(L5) Hr.y) = ———

Substitutingk = 3 anda = (0, 1, 1) in (1.4) we obtains;(z,y; a) = H(z,y).

)9
The following result is known

1
(1.6) 5 (a4 + 3y ) < Lz, y) < Ays(,y).

The first inequality in {.6) has been established by B. Carlsdify Wwhile the
second one is proven iX]. It is worth mentioning that the left inequality in
(1.6) has been sharpened by A. Pittengdnyho proved that

1

(1.7) 5 (@™y® +a%y™) < L(z,y),

wherea; = (1 — \%)/2 oy = 1 — a;. Let us note that the numbesis and

o are the roots of the second-degree Legendre polynafhia) = t* — t + %

on [0, 1]. The inequality {.7) can be derived easily by applying the two-point
Gauss-Legendre quadrature formula to the integral formula for the logarithmic
mean

1
L(x,y):/ ohyttdt
0

(seell, (2.2)]).
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The goal of this note is to obtain new inequalities which involve the logarith-

mic mean, power means, and the symmetric means. These results are given in

the next section and they provide improvements and generalizations of known
results.
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In what follows we will always assume that = (2i — 1)/2k (i = 1,2,...,k)
and we will writesy(z, y) instead ofs; (z, y; «).
We are in a position to prove the following.

Theorem 2.1. Let z and y denote positive numbers and lee R. Then the
following inequalities

1) [Aulry)Gay)]"" < Ly B @, y) < (Assr,y)”
are valid. They become equalities i 0.

Proof. Let A = tIn(z/y) (t # 0). We substituter := ¢* andy := e~ into (1.1)
and next multiply the numerator and denominatofby)’(x — ) to obtain

(2.2) L(et e™) = L<x7é/;)2%y)(x’y>

Let A(x,y) = Ai(x,y). Lettingz := e, y := e~* and multiplying and dividing
by (zy)" we obtain easily

(2.3) Al e™) = <%)% .

()

Also, we need the following formula

(24) A1/3<€)\, 67)\>
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We have

N 2 (wy)s
B T3+ y% 1
2 (ay)
_ (AQt/a(fE,y))%t
G(z,y) '

Hence 2.4) follows. In order to establish the inequalities 1) we employ the
following ones

i

(2.5) [A(u, v)G*(u,v)]® < L(u,v) < Ay(u,v)

(u,v > 0). The first inequality in 2.5) has been proven by E. Leach and M.

Sholander in ] (see also , (3.10)] for its generalization) while the second
one is due to T. LinJ]. To complete the proof of inequalitieg.() we substi-
tuteu = ¢ andv = e~ into (2.5 and next utilize 2.3) and @.4) to obtain
the desired result. When= 0, then the inequalities2(1) become equalities
becauses, ' (r,y) = 1/L(z,y). The proof is complete. O
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Corollary 2.2. Letz > 0,y > 0andletk = 1,2,.... Then

Al/m,y)ri L(z,y) {Augk(x,y)r
(2.6) {Gm) Sy < | Gy
and

(2.7) Jim sy (w,y) = L, y)-

Proof. In order to establish inequalitie?.¢) we use 2.1) with t = 1/2k to
obtain

(28)  [Auule, y)G(2,9)]* < L{z.y) BV (2,y) <

It follows from (1.2) that

[Al/Bk(I y)} ;

-1
E1/k71 . at/h — (i—1)/k
1/k (2,y) = Ty — EJZ :
k

Substituting this into Z.8) and next multiplying all terms of the resulting in-

equality by1/(xy)'/?* gives the desired resul? (). For the proof of 2.7) we
use
]}LHOIO A1/k(l‘7y) = khfolo Al/sk($a y) = G(z,y)

together with 2.6). The proof is complete. O]
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The first inequality in 2.6), with £ = 2, provides a refinement of the first

inequality in (L.6). We have

Auplz, )16 Lix,y)
he [ C(a.v) ] S @y

where the first inequality is an obvious consequendg(af, y) < A /2(z,y).

Corollary 2.3. The following inequalities

IN

(2.9) [Avja(z, y) Agya(r, y) G2, )] T < [L(z, y)H(z,y)]?

1 1 2
2.10 + >
( ) L(l’,y) H(ZL‘,y) A1/2($7y)
and

1 2

2.11 + + >
( ) Aipo(z,y)  Agp(zr,y)  Glx,y) \/L(as, y)H (z,y)
hold true.

Proof. Inequalities 2.9) follow from (2.1) by lettingt = 3/4 and from

H(z,y)
Eyy(wy) = "
/2 9 2 )
Aa(,y)

Al/Z(xa y)7
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where the last result is a special case bP whenp = 3/2. For the proof
of (2.10 we use the second inequality iA.9) together with the inequality of
arithmetic and geometric means. We have

Al/zix,y) : [L(i i H<i,y>T <3 L(i, R H(i,w] |

Inequality .11) is a consequence of the first inequality #19) and the inequal-
ity for the weighted arithmetic and geometric means. Proceeding as in the proof e it

of (2.10 we obtain Logarithmic, Power and
Symmetric Means

1 < { 1 ]4 { 1 ]4 [ 1 r Edward Neuman
VL(z,y)H(z,y) ~ Ayja(z,y) Aspa(z,y) G(z,y)
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T 4Ayp(wyy)  4Asp(ny)  2G(x,Yy) Contents
This completes the proof. [ 44 (44
< >
Go Back
Close
Quit

Page 10 of 11

J. Ineq. Pure and Appl. Math. 6(1) Art. 15, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:edneuman@math.siu.edu
http://jipam.vu.edu.au/

[1] B.C. CARLSON, The logarithmic meadmer. Math. Monthly79 (1972),
72-75.

[2] E.B. LEACHAND M.C. SHOLANDER, Extended mean valuesdl,Math.
Anal. Appl.,92 (1983), 207-223.

[3] T.P. LIN, The power mean and the logarithmic meakmer. Math.
Monthly,81 (1974), 879-883.

[4] E. NEUMAN, The weighted logarithmic mead, Math. Anal. Appl.,188
(1994), 885-900.

[5] E. NEUMAN AND J. SANDOR, On the Schwab-Borchardt meagth.
Pannonica14(2003), 253—-266.

[6] A.O. PITTENGER, The symmetric, logarithmic, and power medhsy.
Beograd, Publ. Elektrotehn. Fak., Ser. Math. Fi4o. 678—No. 715 (1980),
19-23.

Inequalities Involving
Logarithmic, Power and
Symmetric Means

Edward Neuman

Title Page
Contents
44
<
Go Back
Close
Quit
Page 11 of 11

J. Ineq. Pure and Appl. Math. 6(1) Art. 15, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:edneuman@math.siu.edu
http://jipam.vu.edu.au/

	Introduction and Notation
	Main Results

