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Abstract

In the present paper we give some results concerning partial sums of certain
meromorphic functions.We also consider the partial sums of certain integral
operator.
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Let X be the class consisting of functions of the form
(L.1) =11 0t
- o k=1 ’

which are regular in the punctured digt= {z : 0 < |z| < 1} with a simple
pole at the origin and residuethere.

Let f,(z) = 1 + >__, axz" be thenth partial sum of the series expansion
for f(z) € . Let¥*(A, B), ¥k(A, B), ¥.(A,B), -1 < A < B < 1 be the
subclasses of functions i satisfying

(1.2) —{z}f(z)}<igz ceU = Eu{0}
2f"(z2) 1+ Az

(1.3) —{ e +1}<1+Bz, el

(1.4) —22f’(z)<%, ceu

respectively f]. The classe&*(2a — 1,1) andXk (2« — 1, 1) are respectively
the well known subclasses &f consisting of functions meromorphic starlike
of ordera and meromorphic convex of orderand meromorphically close to
convex of ordery denoted by *(«), X i () andX.(«) respectively.
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If f(z) =2+ >0, axz"andg(z) = 2 + 77, bz*, then their Hadamard
product (or convolution), denoted tf}(z) * g(2) is the function defined by the
power series

f(z)*g(z) = % + Zakbkzk.
k=1

In the present paper, we give sufficient conditions for) to be inX*(A, B),
Yk (A, B) and further investigate the ratio of a function of the forin1j to its
sequence of partial sums when the coefficients are sufficiently small to satisfy
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Theorem 2.1.Letf(z) =1+ 377 apz*, ze€ E.If

(2.1) ik{k(l + B)+ (1+ A)}ar] < B— A,

Proof. It suffices to show that
zf" (z)
(1 + Lt ) 41

B(1+55) +4

then f(z) € £x(A, B).

that is,
‘ zf"(z) +2f'(2)
Bzf"(z) + (A+ B) f'(2)
Consider
2f"(2) +21'(2)
@Y |ppts v P

> ey bk + 1)ag 2!
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Zkk+1|ak|< (B—A)> Kk

k=1 k

T B=A) + B k(k+ Dagz T — (2B — A) 3. kagzFt!
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which reduces tod.1) O
Similarly we can prove the following theorem.

Theorem 2.2.Let f(z) =1+ 377 apz*, ze€ E.If

(2.3) i{k(l Y B+ (1+ A)}a) < B— A, then f(z) € (A, B).
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Theorem 3.1.1If f(z) of the form (..1) satisfies 2.3), then

f(2) 2(n+1+A)
§R{fn(z)} “Mmt2+ At B

z€EU.

The result is sharp for eveny, with extremal function
1 N B-A
z 2n+2+ A+ B

(3.1) f(z) = ,

Proof. Consider

2n+2+A+B [ f(z) 2n+A+B
B—A fuz) 2m+2+A+B

n k+1 | 2nt2+A+B oo
L+ g a2 + B_A Zk:n+1 agz

2L > 0.

L+ >0 apzktt

1T tw(z)
11— w(2)’
where
2n+2+A+B
( ) - n+Bi_A+ ZZO n+1 ak2k+1
249 Zzzl apzktl — 2n+2+A+B Zk akzk"'l
and

2n+2+A+B Zk . |ak‘

jw(2)

| <
2— QZk 1 la | 2n+2+A+B Zk n+1 ‘ak‘
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Now

w(z)] <1
if and only if
2n+2+ A + B\ &
2( ) Z]ak|<2—22|akl
k=n+1
which is equivalent to
Partial Sums of Some
n M2+ At B 00 Meromorphic Functions
n
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that

f(z)_1 B—-A vz B—A _ 2(n+1+A)
ful2) T 2n+2+ A+ B 2n+2+A+B 2n+1)+A+B
whenr — 17.

Therefore we complete the proof of Theorém.

Corollary 3.2. For A = 2a— 1, B = 1, we get Theorer.1 in [ 3] which states

as follows:
If f(z) of the form (..1) satisfies condition
Z(k +a)lag] <1 —a,
1
then () )
z n + 2«
> :
%{fn(z)} Z it a zel
The result is sharp for eveny, with extremal function
1 1—«a i
/() z+n+1+az o nz20

Theorem 3.3.1f f(z) of the form (..1) satisfies 2.1), then
%{ f(2) } S (n+2)2n+ A+ B)
() T (n+1D)@2n+2+ A+ B)’
The result is sharp for eveny, with extremal function
1 B—A

(3.3) J&) = D2+ A+ B

zelU.

2L > 0.
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Proof. Consider

(n+1)(2n+2+B+A){f(z) (n+2)(2n+ A+ B) }
B—A (2) (n+1)2n+2+A+ D)
)

1 + Zk 1akzk+1 + (n+1 (2n+2+A+B lein—&-l akszrl B 1 +w(z)

1+ Zk:l akzk“ Cl-w
where
(2) (n+1)(2gji+A+B) Y ket ap 2"
242 ZZ:1 apzFl + (n+1)(2girj+B+A) ZZo:nH a2k t1 '
Now
(n+1)( 2n+2+A+B
a
()l < —— (nﬂ)(gn%m;)' !
2_22k=1‘ak‘ Zk n+1‘ak‘
if
(n+1) 2n+2+A+B >
(3.4 ka! 1 Sl <1
k=n+1

The left hand side of I.4) is bounded above by

- k;2k+A+B)

|ag|
k=1
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1 n
+ Z:%@k+A+B%ﬂn+U@n+2+A+BDMH}ZQ
k=n+1
and the proof is completed. O

Corollary 3.4. For A =2a—1, B = 1, we get Theorem.2 in [ 3] which reads:

If f(z) of the form (.1) satisfies condition
> k(k+ a)lax] < 1-a,
1

then

R{{D), vy,

fn(2) n+1)(n+1+a)
The result is sharp for eveny, with extremal function

1 l—«

f2) =

+ 2T > 0.
z (n+D)(n+1+a) -

Y

We next determine bounds fm’r{ J;"(—(ZZ)) }
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Theorem 3.5.

(@) If f(2) of the form (..1) satisfies the condition2(3), then
fn(2) 2n+2+A+B

> .

gce{f(z> ST av2 0 P

(b) If f(2) of the form (..1) satisfies condition 4.1), then

fa(2)\ o 2+ 1)(2n+2+ A+ B)
Equalities hold in(a) and (b) for the functions given by3(1) and (3.3

respectively.

Proof. We prove(a). The proof of(b) is similar to(a) and will be omitted.
Consider

2(n+2) [ fulz) 2n+2+A+B
B-A | f(z) 2(n +2)
_ 1+ ZZ:l a2+ % Zzo:n+1 apz" ! 1+ w(z)
B L+ >0 apzhtt 1—w(z)’

where

n+2
a
’w(z) < Zk n+1’ kl <1

| < <
1- Zk 1 ‘ak‘ nJrAJrB Zk n+1 |a|
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This last inequality is equivalent to

n o0

2n+24+ A+ B
(3.5) > ] + FE— >l <1

k=1 k=n+1

Since the left hand side of3(5) is bounded above by

. 2k+A+B

B_ A ‘ak|>

k=1

the proof is completed. O

Corollary 3.6. For A = 2a—1, B = 1, we get Theorem.3 in [ 3] which reads:

(@) If f(z) of the form (.1) satisfies condition

o0

Z(k‘+a)|ak| <1-a,

1

then
z€eU.

{55t

(b) If f(2) of the form (.1) satisfies condition

D k(k+ a)lax] < 1-a,
1
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then

§R{fn(z)}> m+1)(n+1+«)
f) )~ (n+Dn+2)—n(l-a)
Equalities hold in (a) and (b) for the functions given by

zEU.

1 1 -« 41
-4 = >0
&=t e 120
1 1—a
_ n+1 >0
/) z+(n+1)(n+1+a)z N
respectively.

We turn to ratios involving derivatives. The proof of TheoréhY is similar

to that in Theorem 3.1 and (a) of Theorem 3.5 and so the details may be
omitted.

Theorem 3.7.1f f(z) of form (L.1) satisfies condition A.3) with A = —B
then

?

(@) afe{j;((z}m zel,
(b) %{J}(())} Loeu

In both the cases, the extremal function is given Byl)(with A = —
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Theorem 3.8.If f(z) of form (L.1) satisfies condition A1) then,

'(2) (n+ A+ B)

@ %{ (2)}_2n+2+A+B zel,
fh(z) 2n+2+ A+ B

(b) 5)%{ (z)}> 201 2) ., z€elU.

In both the cases, the extremal function is given By3)(

Proof. It is well known that f(z) € Yx(A, B) if and only if —zf/(z) €
¥*(A, B). In particular, f(z) satisfies condition(2.1) if and only if —z f'(z)
satisfies condition(2.3). Thus (a) is an immediate consequence of Theorem
3.1and(b) follows directly from(a) of Theorem3.5. O

For a functionf(z) € X, we define the integral operatél(z) as follows

Then'" partial sumF, (z) of the integral operatoF (z) is given by

akz , z€kb.

1 &1 3
== E e k.
z+k:1k+2akz’ :

The following lemmas will be required for the proof of Theor&m 1 below.

Lemma39.Foro<o<m, L+yp <>
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Lemma 3.10. Let P be analytic ini/ with P(0) = 1 andR{P(z)} > 5 inU.
For any function) analytic inl/ the functionP x () takes values in the convex
hull of the image o/ underq@.

Lemma 3.9is due to Rogosinski and Szeg pnd Lemma3.10is a well
known result (P] and [5]) that can be derived from the Herglotz representation
for P. Finally we derive

Theorem 3.11.1f f(2) € X.(A, B), thenF,(z) € X.(A4, B).

Proof. Let f(z) be the form {.1) and belong to the class.(A, B).
We have,

1 - k+1 1
(3.6) 3%{1 B_A;/mkz }>2, zel.

Applying the convolution properties of power seriegi( z) we may write

(8.7) —2F(2)
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principle for harmonic functions along with Lemnta9, we obtain

n+1 nt+l g
(3.8) %{1+(B—A)Zkilzk}:1+(B—A)Z7“]:oj(fm
k=1

k=1
n+1

>1+(B—A4))

SEES

cos k6
k+1

k
)
In view of (3.6), (3.7), (3.8) and Lemm&B.10we deduce that

—§)‘E{Z2F,'L(z)}>{1— (B;A>}, 0<A+B<2 z€l,

which completes the proof of Theoref11l m

Corollary 3.12. For A = 2a — 1, B = 1, we obtain Theorem.8 in [ 3] which
reads:
If f(2) € (), thenF,(z) € X ().
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