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1. I NTRODUCTION

Wallis’ inequality is a well-known and important inequality, it has wide applications in math-
ematics formulae, in particular, in combinatorics (see [1, 2]). It can be defined by the following
expression,

(1.1)
1

2
√

n
<

1√
π(n + 1/2)

< Pn <
1√

π(n + 1/4)
<

1√
3n + 1

<
1√

2n + 1
<

1√
2n

,

where

Pn =
(2n− 1)!!

(2n)!!
=

(
1− 1

2

) (
2− 1

2

)
·
(
n− 1

2

)
n!

.

Improvements of the lower and upper bounds ofPn in (1.1) and some generalizations can be
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2 YUEQING ZHAO AND QINGBIAO WU

found in [2] – [5]. The main results are

2(2n)!!

π(2n + 1)!!
< Pn <

2(2n− 2)!!

π(2n− 1)!!
.(1.2) √

8(n + 1)

(4n + 3)(2n + 1)π
< Pn <

√
4n + 1

(2n)(2n + 1)π
.(1.3)

m− 1

m m
√

n
<

(m− 1)(2m− 1) · (nm− 1)

m(2m) · (nm)
<

m− 1
m
√

n(m + 1) + m− 1
.(1.4)

m

(m + 1) m
√

n
<

m(2m) · (nm)

(m + 1)(2m + 1) · (nm + 1)
<

m− 1
m
√

n(m + 1) + m + 4
.(1.5)

The largest lower bound 1√
π(n+1/2)

and the smallest upper bound 1√
π(n+1/4)

of Pn in (1.1) were

presented by Kazarinoff in 1956 (see [1]). The following improvement of the bound in (1.1)
can be found in [7]

(1.6)
1√

πn
(
1 + 1

4n−1/2

) < Pn <
1√

πn
(
1 + 1

4n−1/3

) , (n ≥ 1).

In [8] a new method of proof was proposed for the largest lower bound about Wallis’ inequality,
and in [9] the largest lower bound was improved. The result was

(1.7)
1√

π
(
n + 4

π
− 1
) < Pn <

1√
π(n + 1/4)

, (n ≥ 1).

In this paper, we introduce the parameterz, and use theΓ(z) formula (Euler) below,

(1.8) Γ(z) = lim
n→∞

(n− 1)!nz

z(z + 1) · (n− 1 + z)
(see [6]).

An improvement and generalization of Wallis’ inequality is proposed.
For0 < z < 1, n > 1 andn a natural number,

1

Γ(1− z)nz(1 + 1−z
2(n−1)

)z
<

(1− z)(2− z) · · · (n− z)

n!

<
1

Γ(1− z)nz
(
1 + 1−z

2n+1−z

)z
<

1

Γ(1− z)nz
(
1 + 1−z

2n+1

)z .

When0 < z < 1 andn ≥ 22,

1

Γ(1− z)nz
(
1 + 1−z

2(n−1)

)z <
(1− z)(2− z) · · · (n− z)

n!
<

1

Γ(1− z)nz
(
1 + 1−z

2n

)z .

When z = 1
2
, we have Wallis’ inequalities. The result in C.P. Chen and F. Qi [9] also is

improved, and whenz = 1
m

or z = 1 − 1
m

, the results of (1.4), (1.5) are improved. When
n ≥ 1, z = 1

2
, and0 < ε < 1

2
, we also have,

1√
nπ
(
1 + 1

4n−1/2

) < Pn <
1√

nπ
(
1 + 1

4n−1/2+ε

) .
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WALLIS INEQUALITY WITH A PARAMETER 3

The inequality on the right holds forn > n∗, wheren∗ is the maximal root of the equation

32εn2 + 4ε2n + 32εn− 17n + 4ε2 − 1 = 0.

The result in [7] also is improved.

2. SOME L EMMAS

Lemma 2.1. When0 < z < 1, n > k ≥ 1,∫ 1

0

tn−z − tn

1− t
dt =

z

n
+

z(z − 1)

2n(n− 1)
+ · · ·+ z(z − 1) · · · (z − k + 1)

kn(n− 1) · · · (n− k + 1)

+
z(z − 1) · · · (z − k)

(k + 1)n(n− 1) · · · (n− k + 1)(n + θ)
,

where−k < θ < 1− z.

Proof. We easily get ∫ 1

0

tn−k−1(1− t)kdt =
k!

n(n− 1) · · · (n− k)
,

1

n(n− 1) · · · (n− k)

>
1

n(n− 1) · · · (n− k)
+

z − k − 1

k!

∫ 1

0

dx

∫ x

0

(1− x)k+1

1− t
xz−k−2tn−zdt

>
1

n(n− 1) · · · (n− k)
+

z − k − 1

k!

∫ 1

0

dx

∫ x

0

(1− x)kxz−k−2tn−zdt

=
1

n(n− 1) · · · (n− k)
+

z − k − 1

k!(n + 1− z)

∫ 1

0

xn−k−1(1− x)kdx

=
1

n(n− 1) · · · (n− k + 1)(n + 1− z)
.

Hence,

1

n(n− 1) · · · (n− k)
+

z − k − 1

k!

∫ 1

0

dx

∫ x

0

(1− x)k+1

1− t
xz−k−2tn−zdt

=
1

n(n− 1) · · · (n− k + 1)(n + θ)
,

(−k < θ < 1− z).
Denoteh(x) = xz, and let0 < z < 1, n > k, then, by Taylor’s formula we have

1− tz = h(1)− h(t)

= h′(t)(1− t) +
h′′(t)

2
(1− t)2 + · · ·

+
h(k+1)(t)

(k + 1)!
(1− t)k+1 +

1

(k + 1)!

∫ 1

t

h(k+2)(x)(1− x)k+1dx
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= ztz−1(1− t) +
z(z − 1)

2!
tz−2(1− t)2 + · · ·+ z(z − 1) · · · (z − k)

(k + 1)!
tz−k−1(1− t)k+1

+
z(z − 1) · · · (z − k − 1)

(k + 1)!

∫ 1

t

xz−k−2(1− x)k+1dx.

Hence,∫ 1

0

tn−z − tn

1− t
dt =

∫ 1

0

ztn−1dt +
z(z − 1)

2

∫ 1

0

tn−2(1− t)dt + · · ·

+
z(z − 1) · · · (z − k + 1)

k!

∫ 1

0

tn−k(1− t)k−1dt

+
z(z − 1) · · · (z − k)

(k + 1)!

∫ 1

0

tn−k−1(1− t)kdt

+
z(z − 1) · · · (z − k − 1)

(k + 1)!

∫ 1

0

dt

∫ 1

t

(1− x)k+1

1− t
xz−k−2tn−zdx

=
z

n
+

z(z − 1)

2n(n− 1)
+ · · ·+ z(z − 1) · · · (z − k + 1)

kn(n− 1) · · · (n− k + 1)

+
z(z − 1) · · · (z − k)

(k + 1)

[
1

n(n− 1) · · · (n− k)

+
z − k − 1

k!

∫ 1

0

dx

∫ x

0

(1− x)k+1

1− t
xz−k−2tn−zdt

]
=

z

n
+

z(z − 1)

2n(n− 1)
+ · · ·+ z(z − 1) · · · (z − k + 1)

kn(n− 1) · · · (n− k + 1)

+
z(z − 1) · · · (z − k)

(k + 1)n(n− 1) · · · (n− k + 1)(n + θ)
.

Hence, the proof of Lemma 2.1 is completed. �

Let k = 1 or k = 2, we then have:

z

n
− z(1− z)

2n(n− 1)
<

∫ 1

0

tn−z − tn

1− t
dt <

z

n
− z(1− z)

2n(n + 1− z)

and
z

n
− z(1− z)

2n(n− 1)
<

∫ 1

0

tn−z − tn

1− t
dt <

z

n
− z(1− z)

2n(n− 1)
+

z(z − 1)(z − 2)

3n(n− 1)(n− 2)
.

Lemma 2.2. For 0 < z < 1 andn > 1, let

rn(z) =
∞∑

k=1

(
1

n + k − z
− 1

n + k

)
,

then

rn(z) =

∫ 1

0

tn−z − tn

1− t
dt.

Moreover,

z

n
− z(1− z)

2n(n− 1)
< rn(z) <

z

n
− z(1− z)

2n(n + 1− z)
,(2.1)

z

n
− z(1− z)

2n(n− 1)
< rn(z) <

z

n
− z(1− z)

2n(n− 1)
+

z(z − 1)(z − 2)

3n(n− 1)(n− 2)
.(2.2)
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Proof. Let g(t) =
∑∞

k=1

(
tn+k−z

n+k−z
− tn+k

n+k

)
, theng(t) is convergent on[0, 1]. Hence,g(t) is

continuous on[0, 1]. Moreover, because
∞∑

k=1

(
tn+k−z

n + k − z
− tn+k

n + k

)′
=

∞∑
k=1

(tn+k−z−1 − tn+k−1)

is continuous on the closed region of[0, 1), then, for0 < t < 1,

g′(t) =
∞∑

k=1

(tn+k−z−1 − tn+k−1) =
tn−z − tn

1− t
.

Moreover,g(0) = 0. Sog(x) =
∫ x

0
tn−z−tn

1−t
dt,

rn(z) =
∞∑

k=1

(
1

n + k − z
− 1

n + k

)
= g(1),

Hence,rn(z) =
∫ 1

0
tn−z−tn

1−t
dt. The proof of Lemma 2.2 is completed. �

Lemma 2.3.

(1− z)(2− z) · · · (n− z)nzΓ(1− z)

n!
=

n− z

n

∞∏
k=0

(
1− z

n + k

)−1(
1 +

1

n + k

)−z

.

Proof. By (1.8), we know

Γ(1− z) = lim
n→∞

(n− 1)!n1−z

(1− z)(2− z) · · · (n− z)

= lim
n→∞

n!

(1− z)(2− z) · · · (n− z)nz

= lim
n→∞

n∏
k=1

(
1− z

k

)−1
n−1∏
k=1

(
1 +

1

k

)−z

=
∞∏

k=1

(
1− z

k

)−1
(

1 +
1

k

)−z

=
n−1∏
k=1

(
1− z

k

)−1
(

1 +
1

k

)−z

·
∞∏

k=n

(
1− z

k

)−1
(

1 +
1

k

)−z

=
(n− 1)!

(1− z)(2− z) · · · (n− 1− z)nz

∞∏
k=0

(
1− z

n + k

)−1(
1 +

1

n + k

)−z

.

Hence,

(1− z)(2− z) · · · (n− z)nzΓ(1− z)

n!
=

n− z

n

∞∏
k=0

(
1− z

n + k

)−1(
1 +

1

n + k

)−z

.

The proof of Lemma 2.3 is completed. �

Lemma 2.4. Whenn ≥ 1,

1

2n
− 1

8n2
< rn

(
1

2

)
=

∫ 1

0

tn−1/2 − tn

1− t
dt <

1

2n + 1
+

1

2(2n + 1)2
.
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Proof. Whenk > 1, ∫ 1

0

tk

1 + t
dt =

1

k + 1

(
tk+1

1 + t

∣∣∣∣1
0

+

∫ 1

0

tk · t
(1 + t)2

dt

)
(2.3)

<
1

2(k + 1)
+

∫ 1

0

tk

4(k + 1)
dt

=
1

2(k + 1)
+

1

4(k + 1)2
.

By (2.3), we obtain∫ 1

0

tk

1 + t
dt =

∫ 1

0

tk−1dt−
∫ 1

0

tk−1

1 + t
dt >

1

k
− 1

2k
− 1

4k2
=

1

2k
− 1

4k2
.

Moreover, ∫ 1

0

tn−1/2 − tn

1− t
dt =

∫ 1

0

tn−1/2 1

1 +
√

t
dt = 2

∫ 1

0

x2n

1 + x
dx.

Hence,

1

2n
− 1

8n2
< rn

(
1

2

)
=

∫ 1

0

tn−1/2 − tn

1− t
dt <

1

2n + 1
+

1

2(2n + 1)2
.

The proof of Lemma 2.4 is completed. �

3. M AIN THEOREMS

DenotePn(z) = (1−z)(2−z)···(n−z)
n!

.

Theorem 3.1.When0 < z < 1, n > 1,

1

nzΓ(1− z)
(
1 + 1−z

2(n−1)

)z < Pn(z)

<
1

nzΓ(1− z)
(
1 + 1−z

2n+1−z

)z

<
1

nzΓ(1− z)
(
1 + 1−z

2n+1

)z .

Proof. Let

F (n, z, α) =
(1− z)(2− z) · · · (n− z)nzΓ(1− z)

n!

(
1 +

1− z

2n + α

)z

.

By Lemma 2.3, we have, for0 < z < 1, n > 1,

lnF (n, z, α) = ln
n− z

n
−

∞∑
k=0

[
ln

(
1− z

n + k

)
+ zln

(
1 +

1

n + k

)]
+ zln

(
1 +

1− z

2n + α

)
.

We also know whenk ≥ 1,∣∣∣∣ln(1− z

n + k

)
+ zln

(
1 +

1

n + k

)∣∣∣∣ ∼ ∣∣∣∣ z + z2

2(n + k)2

∣∣∣∣ ≤ 1

k2
,
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becauseln F (+∞, z, α) = 0,

∂lnF (n, z, α)

∂n
=

1

n− z
− 1

n
−

∞∑
k=0

(
1

n + k − z
− 1

n + k
+

z

n + k + 1
− z

n + k

)
(3.1)

+
2z

2n + α + 1− z
− 2z

2n + α

= −
∞∑

k=1

(
1

n + k − z
− 1

n + k

)
+

z

n
− 2z(1− z)

(2n + α + 1− z)(2n + α)
.

By Lemma 2.2 and (2.1), we can get

∂lnF (n, z, 1− z)

∂n
= −

∞∑
k=1

(
1

n + k − z
− 1

n + k

)
+

z

n
− z(1− z)

(n + 1− z)(2n + 1− z)

>
z(1− z)

2n(n + 1− z)
− z(1− z)

(n + 1− z)(2n + 1− z)

=
z(1− z)2

2n(n + 1− z)(2n + 1− z)
> 0.

Hence,ln F (n, z, 1− z) < 0. Moreover, we haveF (n, z, 1− z) < 1, hence, the right inequality
of Theorem 3.1 holds.

Since

∂lnF (n, z,−2)

∂n
= −

∞∑
k=1

(
1

n + k − z
− 1

n + k

)
+

z

n
− z(1− z)

(2n− 1− z)(n− 1)

<
z(1− z)

2n(n− 1)
− z(1− z)

(2n− 1− z)(n− 1)

= − z(1− z)2

2n(n− 1)(2n− 1− z)
< 0.

Moreover, we pay attention toln F (+∞, z, α) = 0, hence,ln F (n, z,−2) > 0. Thus we have
F (n, z,−2) > 1 and the left inequality of Theorem 3.1 holds.

The proof of Theorem 3.1 is completed. �

Theorem 3.2.For 0 < z < 1 andn ≥ 22,

1

Γ(1− z)nz
(
1 + 1−z

2(n−1)

)z < Pn(z) <
1

Γ(1− z)nz
(
1 + 1−z

2n

)z .

Proof. By (3.1), Lemma 2.2 and (2.2), we have

∂lnF (n, z, 0)

∂n
= −

∞∑
k=1

(
1

n + k − z
− 1

n + k

)
+

z

n
− z(1− z)

n(2n + 1− z)

>
z(1− z)

2n(n− 1)
− z(1− z)(2− z)

3n(n− 1)(n− 2)
− z(1− z)

n(2n + 1− z)

= z(1− z)

[
1

2n(n− 1)
− 2− z

3n(n− 1)(n− 2)
− 1

n(2n + 1− z)

]
= z(1− z)

n− 22 + nz + z(12− 2z)

6n(n− 1)(n− 2)(2n + 1− z)
> 0 (n ≥ 22).
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Sinceln F (+∞, z, α) = 0, then,ln F (n, z, 0) < 0. Moreover,F (n, z, 0) < 1. So, the right
inequality of Theorem 3.2 holds. The proof of Theorem 3.2 is completed. �

Theorem 3.3.Whenn ≥ 1, 0 < ε < 1
2
,

1√
nπ
(
1 + 1

4n−1/2

) <
1 · 3 · · · (2n− 1)

2 · 4 · · · (2n)
<

1√
nπ
(
1 + 1

4n−1/2+ε

) .

The right-hand inequality holds forn > n∗, wheren∗ is the maximal root on

32εn2 + 4ε2n + 32εn− 17n + 4ε2 − 1 = 0.

Proof. By Lemma 2.4 and (3.1)

∂lnF
(
n, 1

2
,−1

4

)
∂n

= −rn

(
1

2

)
+

1

2n
− 1

2
(
2n− 1

4

) (
2n + 1

4

)
< − 1

2n
+

1

8n2
+

1

2n
− 1

2
(
4n2 − 1

16

) < 0.

Using a similar line of proof as in Theorem 3.1,we obtain the left-hand inequality.
Now, for 0 < ε < 1

2
, we have

∂lnF
(
n, 1

2
,−1

4
+ ε

2

)
∂n

= −rn

(
1

2

)
+

1

2n
− 1

2
(
2n− 1

4
+ ε

2

) (
2n + 1

4
+ ε

2

)
> − 1

2n + 1
− 1

2(2n + 1)2
+

1

2n
− 1

2
(
2n− 1

4
+ ε

2

) (
2n + 1

4
+ ε

2

)
=

32εn2 + 4ε2n + 32εn− 17n + 4ε2 − 1

32n(2n + 1)2
(
2n− 1

4
+ ε

2

) (
2n + 1

4
+ ε

2

) > 0 (n > n∗).

n∗ is the maximal root of the equation32εn2 + 4ε2n + 32εn− 17n + 4ε2 − 1 = 0.
Using a similar line of proof as in Theorem 3.1, we obtain the right-hand inequality. The proof
of Theorem 3.3 is completed. �

By Theorem 3.1 and Theorem 3.2, we obtain the following corollaries.

Corollary 3.4. When0 < z < 1,

Pn(z) =
1

nzΓ(1− z)
(
1 + 1−z

2(n−θ)

)z , −1

2
< θ < 1 (n > 1),

Pn(z) =
1

nzΓ(1− z)
(
1 + 1−z

2(n−θ)

)z , 0 < θ < 1 (n ≥ 22).

Remark 3.5. Letting z = 1/m or z = 1 − 1/m, we can obtain better results than (1.4) and
(1.5).

Whenz = 1/2 andn ≥ 22, by Theorem 3.2, we have

1

n1/2Γ
(

1
2

) (
1 + 1

4(n−1)

)1/2
< Pn

(
1

2

)
= Pn <

1

n1/2Γ
(

1
2

) (
1 + 1

4n

)1/2
,
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that is,
1√

nπ
(
1 + 1

4(n−1)

) < Pn <
1√

nπ
(
1 + 1

4n

) .
It can also be shown that the inequality holds whenn = 2, 3, . . . , 21.

Corollary 3.6. Whenn > 1,

1√
nπ
(
1 + 1

4(n−1)

) < Pn <
1√

nπ
(
1 + 1

4n

) .
Remark 3.7. Corollary 3.6 improves the result of C.P. Chen and F. Qi in [9].

By Theorem 3.3, whenε = 1
6
,

32εn2 + 4ε2n + 32εn− 17n + 4ε2 − 1 =
8

9
(6n2 − 13n− 1).

Hence, whenn > 3,

1√
πn
(
1 + 1

4n−1/2

) <
1 · 3 · · · (2n− 1)

2 · 4 · · · (2n)
= Pn

(
1

2

)
<

1√
πn
(
1 + 1

4n−1/3

) .

It can also be shown that the inequality holds whenn = 1, 2, 3.

The following corollary holds.

Corollary 3.8. For n ≥ 1

1√
πn
(
1 + 1

4n−1/2

) <
1 · 3 · · · (2n− 1)

2 · 4 · · · (2n)
= Pn

(
1

2

)
<

1√
πn
(
1 + 1

4n−1/3

) .

Remark 3.9. Whenε is a positive number, we obtain other inequalities. For example, when
ε = 1/10 , we have, forn > 1,

1√
πn
(
1 + 1

4n−1/2

) <
1 · 3 · · · (2n− 1)

2 · 4 · · · (2n)
= Pn

(
1

2

)
<

1√
πn
(
1 + 1

4n−2/5

) .
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