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ABSTRACT. Hardy-type inequalities are established for Hermite expansiorsdoff? (R), 0 <
p< 1l
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1. INTRODUCTION

Hardy’s inequality for a Fourier transforrf is stated as

p
VI g < Ol fllpere 0<p <t
R |E*P
whereRe H? denotes the real Hardy space consisting of the boundary values of real parts of
functions in the Hardy spadg? on the unit disc in the plane. Kanjin inl[1] has proved Hardy’s
inequalities for Hermite and Laguerre expansions for functiodé'inin [4] Satake has obtained
Hardy’s inequalities for Laguerre expansions féf where0 < p < 1. In connection with
regularity properties of spherical means@n Thangavelu [6] has proved a Hardy’s inequality
for special Hermite functions. These type of inequalities for higher dimensional expansions are
studied in[[2], [3]. In this short note we obtain such inequalities for Hermite expansions for one
dimension, namely fof € H?(R), 0 < p < 1. Infact, it is to be noted from Theorgm 2.1 that
the resulting inequality for Hermite expansiaiis< p < 1) is sharper than the inequalities for
the classical Fourier transform as well as the Laguerre function expansion.
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An H? atom,0 < p < 1 is defined to be a functiom satisfying the following conditions:

i. ais supported in an intervah, b + h]
ii. |a(z)| < =P almost everywhere and

iii. [, v"a(z)de =0forallk=0,1,2,..., [i — 1].

Making use of the atomic decomposition we define the Hardy sp@d® be the collection
of all functions f satisfyingf = >~ , A\cax, Wherea; is an H? - atom, ), is a sequence of
complex numbers with  |\;|? < oo and

Ol < (32 el?)” < €l Lo

For various other definitions di?-spaces we refer to Steinl [5].

2. THE MAIN RESULT

Let H,, denote the Hermite polynomials
Hy(z) = (—1)kdd—; (e—f"’> e k=0,1,2,....
Then the Hermite functions, are defined by
he(z) = Hy(z)e 2™, k=0,1,2,....
The normalized Hermite functioris, are defined as
hi(x) = (2%kI/T) 2 b ().

These functiongh,} form an orthonormal basis fat?(R). They are eigenfunctions for the
Hermite operatofl = —A + 2 with eigenvaluegk + 1. For more results concerning Hermite

expansions, we refer tol[7].
The following inequalities for Hermite functions are well known:

d

—h

dx #()

|hi(z)] < Ck~ and < Ckz.

Using these inequalities and the relation

() = (E) : B 1 () + (%) : B ()

dx 2
we obtain the estimate
dm 1 m
’d—hk(x) <Ck 1tz for m=0,1,2,...,
xm

which can be verified easily by applying inductionan

Theorem 2.1. Let {h,} be the normalized Hermite functions & Let0 < p < 1 andm =
[ﬂ Then for everyf € H?(R), the Fourier - Hermite coefficient gf, namely,

f(k):/f(x)hk(x)dx, k=0,1,2,3,...
R
satisfies the inequality

= |f(R)P
kzzom < Cllflze,

whereC is a constant and = 22 {8mH1L1 — (3 4 L) (2 — ),
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Proof. In order to prove the theorem, it is enough to prove that
p
5 !];f( e
i (D)7

foran HP-atomf. Let f be anH? atom. By considering the remainder term of the Taylor series
expansion foru,(z), we write the Fourier-Hermite coefficient gfas

A 1 [oth dm "
fy= 3 [ F@) Gt~ b,
wheret € [b, z] andm = H
Then
R . b+h dm
For<on [ 1) | Gmho)] da

b+h
gChmk-é+Z‘/ | (z)|da
b

m

< Ch™kwtEp” »t

Consider
= |f(R)P -y |f (k)P |f (k)P
> St -
k:O (k+1)° = (k+1) = (k+1)
=51+ 5.
We choose, = h0%mis .
Then

—p mp
12 +

S, < Ch™mP- 1+PZk k:+1) .

Sinces = 222 {Bmtl andm = H , we get

2m+1
m 1 (6m +5){(m+1)p—1}
—_—— — _— 1 p—
(2 12)p ot 2m + 1 >0
Thus
S, < Chmp—lﬂo,y(% &5 )p—o+1 <C
by the choice ofy.

On the other hand, applying Holder’s inequality with= % we get,

|/ (k)|
2= (k+ 1)

P 2—p
2

k>
. 1 2
Nk S

: (;m )') (Z <k+1>f—”p)

<l
Using property (i) of and?-atom, we gef| f||5 < h~'*% and thus
S, < b5, 0+ (38 < ¢
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again by the choice of, thus proving our assertion. O

Remark 2.2. In the case of higher dimensions, the result has been provedwitfi2 + 1) (2—

p) (seel[8]). However, here, we need an additional faggg—ﬁ which approacheg8 asp — 0.

But whenp = 1, the value oy = % which coincides with the result of Kanijin in![1].
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