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ABSTRACT. In this study, some integral inequalities and Qi’s inequalities of which is proved by
the Bougoffal[5] —[7] are extended to the general time scale.
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1. INTRODUCTION

The unification and extension of continuous calculus, discret calcgtusalculus, and in-
deed arbitrary real-number calculus to time scale calculus was first accomplished by Hilger in
his PhD. thesis |8]. The purpose of this work is to extend some integral inequalities and Qi
inequalities proved by Bougoffal[5] =/[7]. The following definitions will serve as a short primer
on time scale calculus; they can be foundin [1]* [4]. A time s@ale any nhonempty closed
subset ofR. Within that set, define the jump operatgts : T — T by

p(t)=sup{seT: s<t} and o(t)=inf{s e T: s> t},

whereinf ¢ := sup T andsup ¢ := inf T. If p(t) = ¢t and p(t) < t, then the point € T
is left-dense, left-scattered. I&(¢) = ¢ and o(t) > t, then the point € T is right-dense,
right-scattered. Il has a right-scattered minimum, defineT, := T—{m}; otherwise, set
T = T. If T has a left-scattered maximuid, defineT* := T—{M}; otherwise, set* = T.
The so-called graininess functions an@) := o(t) — t andov(t) :=t — p(t).
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For f : T — R andt € T*, the delta derivative in [3,14] of att, denotedf* (), is the
number (provided it exists) with the property that given any 0, there is a neighborhood
of ¢ such that

[f(o(t) = f(s) = fADlo(t) = ]| <elo(t) —s|
foralls € U. ForT = R, f& = f’, the usual derivative; fof' = Z the delta derivative is the
forward difference operatof®(t) = f(t + 1) — f(t); in the case of;—difference equations

with ¢ > 1,
t) — f(t) . f(s) = f(0)
Ar) — f(q A0) = 1 .
=g 0 =l
A function f : T — R is right-dense continuous or rd-continuous provided it is continuous at
right-dense points ifi' and its left-sided limits exist (finite) at left-dense pointdlinif T = R,

thenf is rd-continuous if and only if is continuous. It is known from Theorem 1.74in [3] that
if f is right-dense continuous, there is a functirsuch thatt"'» (t) = f(¢) and

b
/ F(OAL = F(b) — F(a).

Note that we have

o) =t ut)=0, fr=f, /bf(t)At:/bf(t)dt, whenT = R

while
b b—1
o) =t+1, pt)=1, f>=Af, / F()at=3" f(), whenT = 7.

Much more information concerning time scales and dynamic equations on time scales can be
found in the books [3,14].

Theorem 1.1(Hdlder’s inequality on time scales [3]leta, b € T. For rd-continuous functions
f,q: la,b] — R we have

/ | @)g(a)] Az < (/ )P M); (/ b |g<x>|qm); ,

wherep > 1 andq = 1%

2. MAIN RESULTS
In this section, we will state our main results and give their proofs.

Lemma 2.1. Leta,b € T, andp > 1 andg > 1 with - + o = 1. If two positive functions

f, 9 : [a,b] — R are rd-continuous and satisfyirig< m < J;—f < M < oo on the sefa, b], then
we have the following inequality

2.1) (/abfmxy (/:gmx>é < (%)plq/abngx.

Inequality [2.1) is called the reverse Holder inequality.

Proof. Sincef;—f; < M, g> M ifi therefore

fo = MTift = M
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and so,

b - ) b N
(2.2) (/ prx) < M¥wa ( ngx) :
<

On the other hand, since

b b
/ fgAx 2/ mngqAx > mp/ glAx
b 3 X b 3
(/ ngx) > mpa (/ qux) .

Combining with [2.2), we have the desired inequality
b e ‘ L ‘
(/ prx> (/ qA:U) <Mpq< ng:U) m~ pa (/ quas)
()" [

Corollary 2.2. In Lemmd 211, replacing? and g7 by f and g, respectively, we obtain the
reverse Holder type inequality,

23 ([ sar) ([fone) < () * [ shaian

The proof of this corollary can be obtained fr2.1).

L f= m¥g#, hence

and so,

O

Theorem 2.3.Leta,b € T, p > 1 andg > 1 with ;42 = 1. If f: [a,b] — Ris rd-continuous
and0 < mr <f< M7 < coon [a, b], then we have the following inequality

(2.4) (/ Fr Aw) > (b—a)c (%f (/abfpm);.

Proof. Puttingg = 1 in Lemm& 2.1, we obtain

b 5 X
(/ prx) [b—a5§ / fAz.
Therefore, we get

(2.5) (/abprx>;§<]\n; ’”’b—a /an;

Again, substitutingy = 1 in Corollary[2.2 leads to

(/jfm)’lj < (my [b—a]‘é/abfiA:c,
and so,
(2.6) /abfo < (%)_; b—a] (/abfém>p.

J. Inequal. Pure and Appl. Math?(4) Art. 128, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 MEHMET ZEKI SARIKAYA , UMUT MUTLU OZKAN, AND HUSEYIN YILDIRIM

Combining [2.5) with[(Z2.6), we obtain
ptl b -
(/ f7 Am) (b—a) (3:) " </ prx) .

Corollary 2.4. 1f 0 < mr < f < Mr < coon la,b] and 2 = [b —a] " forp > 1, then

b p b %
(2.7) </ lerA:c) > (/ prq;> .
Remark 2.5. ForT = R, (2.7) is Qi’s inequality[[9].

Theorem 2.6.1f f : [a,b] — R is rd-continuous and < m < f(z) < M on|a,b], then we
have the following inequality

1

(2.8) /fo>B(/ ng;> ,

whereB = m(b —a)' " (%)ﬁ andp>1,¢>1with] + 1 =1
Proof. In Corollary[2.2, puttingy = 1 yields

(/abfm)é[b—aég /fo
.

[ aes () Foat ([ran) " ([rae)

Sinced < m < f(x), we have

[ e () ([ v)

This proves inequality (2] 8). O

and so,

Corollary 2.7. Letp > 1 andg > L with > + - = 1. If

and0 <m < f(z) < M onJa,bl, then

Q

b b o1
(2.9) / frAz > (/ fo)
Remark 2.8. ForT = R, (2.9) is Qi’s inequality[[9].

Lemma 2.9. Leta,b € T, and f,g : [a,b] — R be rd-continuous and nonnegative functions
with0 < m < § < M < ooonla,b]. Then forp > 1 andq > 1With%+ % = 1 we have the
following inequality

(2.10) / F@P @) Ar < MEm ™ / @) g()]F Ax
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and

ew @) @) Ar < MFm (/ bf(a:)Aac)é (/ bg(x)Ax)

Proof. From Holder’s inequality, we obtain

/ @)@ A < ( / bf(w)Ax)

B =

1

(/ab 9<%>Am) g
1 (/ab[g(g;)];[g(m)];m);‘

Since[f(x)]% < M%[g(a:)]% and[g(x)]% < m_%[f(x)]%, from the above inequality it follows
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and so,

1

2.12) [ @ g)iae <t @) g,

Hence, the inequality (2.10) is proved.
The inequality[(2.1]1) follows from substituting the following

/a @) o)t e < < / #a) Ax); ( /abg(mx);

into (2.12), which can be obtained by Holder’s inequality on time scales. O

3=

B =

Lemma 2.10.Leta, b € T. For a given positive integer > 2, if f : [a,b] — R s rd-continuous
and0 <m < 1 < M < ooon[a,b] , then

(2.13) / @)har < (/ bf(x)Ax)lp |

Proof. Puttingg(z) = 1in (2.11) yields
1

/a b[f(x)]%m <K ( / bf(x)Ax) ,

1 1 e
where K = MP0-0? prom < m"0° e conclude thaf < 1. Thus the inequality

(1-3)2 (b—a)P

(2.13)is proved. O

In the following we generalize to arbitrary time scales a resultlin [6].

[
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Theorem 2.11.Leta,b € T. If f,g : [a,b] — R is rd-continuous and satisfying< m < § <
M < oo on[a, b], then we have the following inequality

e ([ rwar) +(/abgp<x>m)’l’3c</ab<f<x>+g<x>>mx)l’1’,

wherec = (M)m

Proof. It follows from Lemmg 2.1 that

b
/ (f(2) + 92))” Ac

| @)+ gy fde+ [ (ra) + @)y g(o)da

> (%) ( abfp@)m)’l’ ([ o+ gt Ax);

1-1

< () ([ G+ owyar)

i
_ (%) (/b (f(x) + g(z))" Afﬁ)p:

whereq(p — 1) = p. O

Example 2.1.Let T = Z. Let f(z) = 3” andg(x) = 2* on [3,4] with M =~ 5.06 andm = 3.
Takingp = 2, we see that the conditions of Lemmal2.1 are fulfilled. Therefore, for

4 % 1 %
(/ 32%9;) = <—(38 —36)) =37,
5 8

and
4 4-1
/ 372 Ax = Z 372 = 3°
3 =3
we get

4 3/ > 5.06\1 [*
( / 32mx) ( / x4Ax> =243 < (T) / 3T22 Az ~ 274.6.
3 3 3
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