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ABSTRACT. In this paper, we obtain the general solution and the generalized Hyers-Ulam-
Rassias stability of the generalized mixed type of functional equation

flatay) + f(z—ay) =a®[f(@+y)+ fl@-y]+2(1-a®) f(2)

AT (1 o)+ (—2) = 47 ) — 47 (—).
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Key words and phrasesAdditive function, Quadratic function, Cubic function, Quartic function, Generalized Hyers-Ulam-
Rassias stability, Ulam-Gavruta-Rassias stability, J.M. Rassias stability.

2000Mathematics Subject Classificat 089B52, 39B82.

183-09


mailto:shckravi@yahoo.co.in
mailto:jrassias@primedu.uoa.gr
http://www.primedu.uoa.gr/~jrassias/
mailto:annarun2002@yahoo.co.in
mailto:Rkodandan1979@rediff.co.in
http://www.ams.org/msc/
e5014820
Text Box
~


2 K. RAvI, J.M. RASSIAS, M. ARUNKUMAR, AND R. KODANDAN

1. INTRODUCTION

S.M. Ulam [31] is the pioneer of the stability problem in functional equations. In 1940,
while he was delivering a talk before the Mathematics Club of the University of Wisconsin, he
discussed a number of unsolved problems. Among them was the following question concerning
the stability of homomorphisms:

“Let G be group and{ be a metric group with metrid(-, -). Givene > 0 does there exist a
0 > 0 such that if a functiory : G — H satisfies

d(f(zy), f(x)f(y)) <6
for all x,y € G, then there exists a homomorphismG — H with
d(f(z),a(z)) <e
forall z € G."

In 1941, D.H. Hyers [12] gave the first affirmative partial answer to the question of Ulam for
Banach spaces. He proved the following celebrated theorem.

Theorem 1.1([12]). Let X, Y be Banach spaces and Iét X — Y be a mapping satisfying

(1.1) If(+y)—flo)—fWll<e
forall =,y € X. Then the limit

(1.2) a(x) = lim f(22n96’)

exists for allx € X anda : X — Y is the unique additive mapping satisfying
(1.3) If () —a(z)] <e

forall x € X.

In 1950, Aoki [2] generalized the Hyers theorem for additive mappings. In 1978, Th.M.
Rassias [26] provided a generalized version of the Hyers theorem which permitted the Cauchy
difference to become unbounded. He proved the following:

Theorem 1.2([26]). Let X be a normed vector space aidbe a Banach space. If a function
f : X — Y satisfies the inequality
(1.4) If (@+y) = f(x) = fF W <0U]]” +[lyll)
forall =,y € X, wheref andp are constants witd > 0 andp < 1, then the limit

2n
(1.5) T(z) = Jim L (an)

exists for allr € X andT : X — Y is the unique additive mapping which satisfies
20

1. -T <

(1.6) If @) =T @I < 7

forall x € X. If p < 0, then inequality[(1}4) holds far, y # 0 and [1.6) forz # 0. Also if for

eachx € X the functionf(¢x) is continuous int € R, thenT is linear.

1Ed1

It was shown by Z. Gajda [9], as well as Th.M. Rassias and P. Semrl [27] that one cannot
prove a Th.M. Rassias type theorem when= 1. The counter examples of Z. Gajda, as
well as of Th.M. Rassias and P. Senirl[27] have stimulated several mathematicians to invent
new definitions of approximately additive or approximately linear mappings; P. Gavruta [10]
and S.M. Jung [17] among others have studied the Hyers-Ulam-Rassias stability of functional
equations. The inequality (1.4) that was introduced by Th.M. Rassias [26] provided much
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influence in the development of a generalization of the Hyers-Ulam stability concept. This new
concept is known as the Hyers-Ulam-Rassias stability of functions.

In 1982, J.M. Rassias [24] following the spirit of the approach of Th.M. Rassias [26] for the
unbounded Cauchy difference proved a similar stability theorem in which he replaced the factor
||z [ [P+ [|y|[” by [|[[P[|y||? for p, ¢ € Rwith p + ¢ # 1.

Theorem 1.3([24]). Let X be a real normed linear space andbe a real completed normed
linear space. Assume thgt: X — Y is an approximately additive mapping for which there
exists constant® > 0 andp, ¢ € R such that = p + ¢ # 1 and f satisfies the inequality

(1.7) If (@ +y) = f (@)= fWI <0yl
forall =,y € X. Then the limit

(1.8) L(z) = lim %
exists for allr € X andL : X — Y is the unique additive mapping which satisfies
0
. — < "
(19) /@) = L@l < Gl

forall z € X. If, in addition f : X — Y is a mapping such that the transformatior- f(tx)
is continuous irt € R for each fixedr € X, thenL is anR— linear mapping.

However, the case = 1 in inequality [1.9) is singular. A counter example has been given
by P. Gavrutal[11]. The above-mentioned stability involving a product of different powers of
norms was called Ulam-Gavruta-Rassias stability by M.A. Sibaha et al., [30], as well as by
K. Ravi and M. Arunkumari[28]. This stability result was also called the Hyers-Ulam-Rassias
stability involving a product of different powers of norms by Parki [23].

In 1994, a generalization of Th.M. Rassias’ theorem and J.M. Rassias’ theorem was obtained
by P. Gavrutal[10], who replaced the factor§|x||” + ||y||?) and@ (||z||?||y||?) by a general
control functiony(z,y). In the past few years several mathematicians have published various
generalizations and applications of Hyers- Ulam- Rassias stability to a number of functional
equations and mappings (see [4, 5,13/ 18, 19]). Very recently, J.M. Rassias [29] in the inequality
(1.7) replaced the bound by a mixed one involving the product and sum of powers of norms,
that is,0{ ||| [P ly[[” + (|| + [ly|[*)}.

The functional equation

(1.10) flat+y) +fl@x—y) =2f(x)+2f(y)

is said to be aquadratic functional equatiobecause the quadratic functigiiz) = az? is a
solution of the functional equatiop (1]10). A quadratic functional equation was used to charac-
terize inner product spaces [1,120]. It is well known that a funciids a solution of[(1.10) if

and only if there exists a unique symmetric biadditive functidauch thatf (z) = B(x, x) for

all z (seel[20]). The biadditive functioB is given by

(1.11) Bley) = [f e +y)+f =)

The functional equation

(1.12) fRx+y)+f2r—y)=2f(x+y) +2f (v —y) +12f (v)

is called acubic functional equatiorbecause the cubic functigiiz) = cz? is a solution of the
equation|[(1.12). The general solution and the generalized Hyers-Ulam-Rassias stability for the
functional equation (1.12) was discussed by K.W. Jun and H.M. Kim [14]. They proved that a
function f between real vector spac&sandY” is a solution of[(1.12) if and only if there exists
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a unique functiorC' : X x X x X — Y such thatf(z) = C(z,z,z) forallz € X andC'is
symmetric for each fixed one variable and is additive for fixed two variables.
Thequartic functional equation

(1.13) f@+2y)+ fx—2y)—6f(x) =4[f (x+y)+ f(z—y)] +24f (v)

was introduced by J.M. Rassias [25]. Later S.H. Lee etlall, [21] remodified J.M. Rassias’s
eguation and obtained a new quartic functional equation of the form

(1.14) fRr+y)+fRr—y)=4[f(x+y)+ f(r—y)]+24f (x) —6f (y)

and discussed its general solution. In fact S.H. Lee et al., [21] proved that a furidiEtwveen
vector spacesX andY is a solution of [(1.14) if and only if there exists a unique symmetric
multi - additive function@ : X x X x X x X — Y such thatf(z) = Q(z,z,z,z) for all
r € X. Itis easy to show that the functigiiz) = k2" is the solution of|(1.13) and (1.14).

A function

(115) f(flj) = Q(I17I2,$3,x4)
is called symmetric multi additive ) is additive with respect to each variahlg i = 1,2, 3,4
in (1.19).
A function f is defined as
_ fz) — o)

wherea(z) = f(2z) — 16f(x), B(z) = f(2z) — 4f(x), further, f satisfiesf(2z) = 4f(x) and
f(2z) = 16f(x) is said to be @uadratic - quartic function

K.W. Jun and H.M. Kim[[16] introduced the following generalizgdadratic and additive
type functional equation

(1.16) f(in>+<n—2>Zf<xi>: > flaita)

1<i<j<n

in the class of functions between real vector spaces.nFer 3, Pl. Kannappan proved that
a functionf satisfies the functional equatidn (1.16) if and only if there exists a symmetric bi-
additive functionA and an additive functiorB such thatf(z) = B(z,z) + A(x) for all =
(seel[20]). The Hyers-Ulam stability for the equatipn (1.16) whea 3 was proved by S.M.
Jung [18]. The Hyers-Ulam-Rassias stability for the equafion [1.16) when 4 was also
investigated by I.S. Chang et al.] [3].

The general solution and the generalized Hyers-Ulam stability foytlaelratic and additive
type functional equation

(1.17) fle+ay) +af (x—y)=[f(r—ay)+af (x+y)

for any positive integet. with « # —1,0, 1 was discussed by K.W. Jun and H.M. Kim [15].
Recently A. Najati and M.B. Moghimi_ [22] investigated the generalized Hyers-Ulam-Rassias
stability for aquadratic and additive type functional equatiofithe form

(1.18) fRrx+y) +f2r—y)=2f(x+y)+2f (v —y) +2f (22) — 4f (v)

Very recently, the author§|[6] 7] investigated a mixed type functional equation of cubic and
guartic type and obtained its general solution. The stability of generalized mixed type functional
equations of the form

(1.19) fa+ky)+fe—ky) =k [fx+y)+fx—y]+2(1-F)f(2)
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for fixed integersk with £ # 0,+1 in quasi -Banach spaces was investigated by M. Eshaghi
Gordji and H. Khodai€ [8]. The mixed type functional equation (]L.19) is additive, quadratic and
cubic.

In this paper, the authors introduce a mixed type functional equation of the form

(1.20) f(z+ay)+f(z—ay)=a’[f(z+y)+ fz—y]+2(1-a’)f(z)

13 : Lf 2y) + f(=2y) —4f (y) —4f (—y)]

which is additive, quadratic, cubic and quartic and obtain its general solution and generalized
Hyers-Ulam-Rassias stability for fixed integersiith a # 0, +1.

2. GENERAL SOLUTION

In this section, we present the general solution of the functional equption (1.20). Throughout
this section letF; and E; be real vector spaces.

Theorem 2.1.Let f : E; — E, be a function satisfying (1.P0) for all, y € E;. If f is even
then f is quadratic - quartic.

Proof. Let f be an even function, i.ef,(—z) = f(z). Then equatior{ (1.20) becomes
(21) f(z+ay)+f(z—ay)=a®[f(@+y)+ [z —y)]+2(1-d®) f(2)
T 29) - 4f )
forall z,y € E;. Interchanging: andy in (2.1) and using the evennessfyfwe get
(2.2) flaz+y)+flaz—y)=a’[f(z+y)+ fx—y]+2(1—a’) f(y)
1 20) - 4 @)

a —a
6

for all z,y € E;. Setting(z,y) as(0,0) in (2.2), we obtainf(0) = 0. Replacingy by = + y in

(2.2) and using the evennessfofwe have

23) flla+Dz+y)+f(la—1)z—y)
=@ [f et u) + W] +2(1-a) f (@ +y)+ 7
for all z,y € E;. Replacingy by x — y in (2.2), we obtain
24) flla+D)z—y)+f(la—1)z+y)
=a’[f2r—y)+fW+2(1—a’) fx—y)+
forall z,y € E;. Adding (2.3) and[(2]4), we get

25) f(la+Doe+y)+f((a—Nrx—y)+f(a+)z—y)+f((a—-1)z+y)
=’ [fQRe4y)+fe—y)+2f W] +2(0—a®) [f(x+y)+ [ (z—y)]

C of (2r) — 8 ()

+

_|_

4 2

o (22) —4f (@)

a4—a2

6

[f (22) —4f (z)]

+
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forall z,y € E;. Replacingy by axz + y in (2.7), we obtain

(2.6) f(ax+y)+ f(y)=a’[f((a+1)z+y)+ f(1—a)z—y)]

4 2

— L[ (20) — 4f (x)]

+2(1—a) flaz+y)+ > -

forall z,y € E;. Replacingy by ax — y in (2.3), we get

2.7) fQRax—y)+ f(y)=ad’[f((a+ 1)z —y)+ f((1—a)z+y)]

o L (20) — 47 (@)

+2(1—a2)f(ax—y)+a
for all z,y € E;. Adding (2.6) and[(2]7), we obtain

(2.8) f(2ax +y) + [ (2ax —y) +2f ()

=’ [f((a+Da+y)+f((a+Dz—y)+ f(la—Dz+y)+ f((a—1)z—y)]

[ (20) — 4f (@)]

+2(1—a®) [f (ax +y) + [ (ax —y)] +

forall z,y € E;. Using [2.5) in[(2.B), we arrive at

(2.9) f(2ax +y) + [ (2ax —y) +2f ()
=ad' [fz+y)+fCz—y)|+2a"f(y)+2a> (1—a®) [f(x+y)+ [ (z —y)]

+ D 11 0~ ap @] 42 (1 a?) [ (0 +9) + f az — )

CL4—CL2

S 1 20) — £ (@)

_|_
forall z,y € E;. Replacinge by 2z in (2.2), we get

(2.10) f(2ax+y) + f (2ax —y)

=’ [fQz+y)+ [ —y]+2(1-a’) f(y) +

a* — a?

6

[f (4x) — 4f (22)]

forall z,y € E;. Using [2.10) in[(2.9), we obtain

a4—a2

212) @ [f (2r4y)+ ] ey +2 (1-0%) £ o)+ S [F ()47 (20)) 42 ()
=a'[f 2z +y)+f 2z —y)+20° (1 -a®) [f (z+y) + f (z = y)]
TN (o) — 4 @] 42 (1 @) [F (a4 9) + f (o — )]

3

_|_

+ [f (22) —4f (x)] + 2a" f ()

J. Inequal. Pure and Appl. Mathl0(4) (2009), Art. 114, 29 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

STABILITY OF GENERALIZED MIXED TYPE

forall z,y € E;. Using [2.2) in[(2.1]), we get
(2.12) a®[f 2x +y) + [ (22 — )]

2(1—a) £ () + S 1 (ar) - 4f (20)] + 27 (0)

=ad' [fQRe4y)+ [z —y)]+2d° (1-a®)[f (x+y)+ f(z—y)

— (7 20) —ar @) + S5 (20) — 47 ()] 4 26 (0)

+2(1-a®) [ (flz+y)+fla—y)+2(1—a®) fly) +

forall z,y € E;. Lettingy = 0 in (2.7), we obtain

a* — a?

a’(a

4 2

©1f (22) — 4f ()]

a

(2.13) 2f (ax) = 2a*f (z) +
forall z,y € E;. Replacingy by x in (2.2), we get

[f (22) — 4f (2)]

a4 2

(2.14) f((a+ 1) 2)+f ((a = 1) z) = a’f (22)+2 (1 - a®) f (x)+ g C[f (20) - 4f (x)]
for all x € E,. Replacingy by ax in (2.7), we obtain

(2.15) f(2ax) =a*[f (1 +a)x)+ f((1—a)z)]
+2(1—a®) f(az) +
forall x € E. Lettingy = 0in (2.10), we get

4 2

(2.16) f 2az) = @’ f (22) + —— [f (42) — 4f (22)]
for all x € E,. From [2.15) and (2.16), we arrive at

a* — a?

6

[f (22) — 4f (2)]

4 .2

1 () = 4F 0] = [F (1 + @) ) + [ (1~ a) )

a

(2.17) a>f (22) +

+2(1—a2)f(ax)+a4_a2

for all x € E,. Using [2.18) and (2.14) if (2.1.7), we obtain
4 2

o 1 (42) — 4f (20)]

[f (22) — 4f (2)]

(2.18) a?f (22) + &

a* — a?

= @7 (20) +2(1- @) £ 0+ S 17 (20) - 4 0]

Cl4 2

+ (1= a) |2as (o) + S 20) - 47 )

a* — a?

T

[f (2z) — 4f (2)]
for all z € E,. Comparing[(2.72) and (2.]L8), we arrive at

(219) f@Rz+y)+f@z—y)=4[fx+y)+f(z—y)]-8f(x)+2f(2z) —6f(y)
forall z,y € E;. Replacingy by 2y in (2.19), we get

(2.20) f (27 +2y)+ f (2 — 2y) = 4[f (v + 2y) + f (v — 2y)] = 8f (z) +2f (22) -6 f (2y)
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forall z,y € E;. Interchanging: andy in (2.19) and using the evennessfofwe obtain
(2.21) f(z+2y)+ f(z—2y) =4[f(x+y)+ [ —y)] —8f(y) +2f (2y) — 6f (2)
forall z,y € E;. Using [2.2]) in[(2.20), we get
(2.22) f(2z+2y)+ f (2 —2y)

=16[f(z+y)+ f(z —y)] +2f (2y) — 32f (y) + 2f (22) — 32f ()
forall z,y € E;. Rearranging (2.22), we have
(2.23) {f(2x+2y) —16f (z+y)} +{f (22 —2y) —16f (z — y)}

=2{f(2z) = 16f (z)} +2{f (2y) — 16f (y)}
forall xz,y € E;. Leta : By — FE5 defined by

(2.24) a(x)=f2x)—16f(x), Vo e Ey.
Applying (2.24) in (2.2B), we arrive at
(2.25) az+y)+alr—y)=2a(xr)+2a(y) Vo € F.

Hencea : 1 — F, is quadratic mapping.
Sinceax is quadratic, we have (2x) = 4« (z) for all z € F;. Then

(2.26) f(4x) =20f (2z) — 64f ()
for all z € E. Replacing(z, y) by (2z, 2y) in (2.19), we get
(2.27) f(2Q2z+y) + (222 —y))
= 4[f (2(x+y) + f (2(x —y))] - 8f (22) +2f (4z) — 6f (2)
forall z,y € E;. Using [2.26) in[(2.2]7), we obtain
(2.28) f(2(2x+y)) + f(2(2z —y))
=4[f 2z +y) + 2@ —y)]+32{f (22) —4f (z)} — 6/ (2y)
for all z,y € E;. Multiplying (2.19) by 4, we arrive at
(2.29) 4f 2z +vy)+4f (2 —vy)
=16[f (z+y) + f(z—y]+8{f (2z) —4f (x)} — 24 (y)
for all z,y € E;. Subtracting[(2.29) fronj (2.28), we get

(230) {f(2(2u+y)) —4f 2z +y)}+{f (2(20 —y)) — 4f (20 — y)}
=4{f Q2@ +y) —Af e+ )} +4{f 2z —y)) — 4f (z — )}
+24{f (22) — 4f (2)} — 6 {f (29) — 4f (v)}
forallx,y € E;. Let§ : E; — E5 be defined by

(2.31) B(x)=f2x)—4f (x),Vz € E.
Applying (2.30) in [2.3]L), we arrive at
(2.32) BRx+y)+B2r—y)=4[B(+y)+8(x—y)|+248 () — 65 (y)

forall z,y € F,. Hences : E; — E, is quartic mapping.
On the other hand, we have
B(z) —a(x)

(2.33) fla)=="F—~ VecE.
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This means thaf is quadratic-quartic function. This completes the proof of the theorernl

Theorem 2.2.Let f : £y, — E, be a function satisfying (1.P0) for all, y € E;. If f is odd
then f is additive - cubic.

Proof. Let f be an odd function (i.ef (—z) = —f (z)). Then equatior] (1.20) becomes

(2.34) fletay) + fle—ay)=a®[f (e +y)+ [z —y]+2(1-a®) f(2)
forall x,y € E;. By Lemma 2.2 of[[1B3],f is additive-cubic. O

Theorem 2.3.Let f : E; — E, be a function satisfying (1.20) for all, y € E; if and only
if there exists functionsl : &y, — £y, B: Fy, x B, — E,, C : E; x Ey x B, — E5 and
D:El X E1 X El X E1 —>EQSUChthat

(2.35) fx)=A(z)+ B(z,2) +C (z,2,2) + D (z,2,x,x)

for all z € Ey, whereA is additive, B is symmetric bi-additive(’’ is symmetric for each fixed
one variable and is additive for fixed two variables afids symmetric multi-additive.

Proof. Let f : £y — E, be a function satisfying (1.20). We decompgsato even and odd
parts by setting

@ =3 U@+ (0} S =3 (@) - f(-)}

forall z € E;. Itis clear thatf () = f. () + f, (z) forall z € E;. Itis easy to show that the
functionsf, andf, satisfy [1.2D). Hence by Theor¢mP.1 2.2, we see that the funftisn
guadratic-quartic and, is additive-cubic, respectively. Thus there exist a symmetric bi-additive
functionB : F; x E; — FE, and a symmetric multi-additive functiad : £y x F; x By x E; —
E, such thatf, (z) = B (xz,z) + D (z,z,z,x) for all z € E;, and the functiod : £, — E,
is additive and”' : E; x E; x E; — FEs such thatf, () = A(x) + C (x,z,z) , whereC
is symmetric for each fixed one variable and is additive for fixed two variables. Hence we get
(2.35) for allz € E;.

Conversely letf (x) = A(x) + B (z,2) + C (z,z,2) + D (z,z, x,x) for all z € Ey, where
A is additive, B is symmetric bi-additive(”' is symmetric for each fixed one variable and is
additive for fixed two variables anB is symmetric multi-additive. Then it is easy to show that

[ satisfies[(1.20). O
3. STABILITY OF THE FUNCTIONAL EQuATION (1.20)

In this section, we investigate the generalized Hyers-Ulam-Rassias stability problem for the
functional equatior (1.20). Throughout this section Agtbe a real normed space afd be a
Banach space. Define a difference operdigr: £, x F; — E5 by

Df(z,y) = f(x+ay) + f(z —ay) —a®[f (x +y) + f(z —y)] =2 (1 - a®) f (2)

9 o)+ f (—29) — 4F (4) — 4f (=)

a —a

12

forall z,y € E;.

Theorem 3.1.Let¢, : £y x E; — [0, 00) be a function such that

(3.1) > W convergesand  lim % 2'n,2%) _
n=0

n—o00 qn
forall z,y € F;, and letf : E; — E, be an even function which satisfies the inequality
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forall z,y € E;. Then there exists a unique quadratic functién £, — E, such that

1 o= P, (2F
(3:3) If 20)~ 167 ()~ B (o)) < + 50 2120
k=0
for all x € E, where the mappin@(z) and ®,(2*z) are defined by
(3.4) B(z) = lim 4%{ f(2"z) —16f (2"z)}
(3.5) ¥ (2*z) = " i > [12 (1—a®) ¢y (0,2°z) + 12a°¢, (2", 2"2)

+ 66, (0,2°412) + 126, (2¢az, 2'%) |
forall z € F,.
Proof. Using the evenness ¢f from (3.2) we get
(36) |f(+ay) +flw—ay) = [f (wty)+ [ @ —y)]-2(1-a*) f ()

(a' — a?)
12

2f (2y) — 8f (v)]

‘ < ¢b (I’,y)

for all z,y € E;. Interchanging: andy in (3.6), we obtain

B7) |[faa+y)+ flaz—y) = [f (@ +y) + f @ —y)] —2(1- ) F ()

SO ) - 81 )| < 0
for all 7,y € Ey. Lettingy = 0in (3.7), we get
(3.8) ‘ 2 (ar) 2071 (1) = Diaf (22) 87 (@)]| < 00 0.2)
forall z € E,. Puttingy = z in (3.7), we obtain
@9) |f(a+1)a)+f((a-1)2)—a*f 20) = 2(1-a?) [ (2)
Dt ) - 8f (@)]| < 04 (2. 2)
for all = € E,. Replacingr by 2z in (3.8), we get
(3.10) ’ 2f (2azx) — 2a* f (2z) — (CL:;Q“Q)DJC (4z) — 8f (22)]|| < s (0, 22)
for all z € Ey. Settingy by ax in (3.7), we obtain
(311) [f(2ar) = [f (1 +a)a) + /(1 = a)a)] = 2(1 — a?) f (a2)
Do o) 87 ]| < 4 0,
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for all z € E;. Multiplying 3.9), (3.9), [3.1p) and (3.11) by2(1 — 4?), 12a% 6 and 12

respectively, we have
(a* —a®) |If (42) — 20f (22) + 64f (2)

|2t - ) ) 202 (- ) s @)

12(1 — a?) (a* — a?)
2O = D o) - 87 (0

n {12a2f ((a+1)2) + 1262 ((a — 1) ) — 124" f (22)

20t (1 a?) £ ) -2 =g o) - 51 )}

+ {—12f (2ax) +12a° f (22) + 0 (a41; ) 2f (42) — 8f (2x)]}

+ {12/ 2az) - 120 [f (1 + @) @) + [ (1 = @) 2)
~24(1 - a?) f (az) —%[Qf 2z) — 8f (z }H

<12(1—a?) ¢ (0,2) + 124’y (z, ) + 695 (0, 22) + 12¢y (az, x)

for all x € F,. Hence from the above inequality, we get

(3.12) |[|f (4x) —20f (2z) + 64f (=)

< _ [12 (1 — a2) oy (0, 1) + 12a%py (z, ) + 60y (0,22) + 12¢, (ax, .:1:)]

(af—a?)
for all x € E,. From [3.12), we arrive at
(3.13) If (42) = 20f (22) + 64f ()] < @y (2),
where
Dy (z) = ﬁ [12 (1 = a®) ¢ (0, 2) + 12a°¢y (z, ) + 66 (0, 2x) + 12¢, (az, )]

forall z € E;. Itis easy to see fron (3.1.3) that

(3.14) If (42) =16 f (22) — 4{f (22) = 16f (x)}[| < P (2)
forall x € Ey. Using [2.24) in[(3.14), we obtain
(3.15) lo (22) — da ()] < Py (2)

for all x € E,. From [3.1b), we have

a (2x)

for all z € E,. Now replacinge by 2z and dividing by 4 in[(3.16), we obtain

(3.17) a(2’z) a(2x) ‘ L (2)

42 4 42
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forall z € E,. From [3.16) and (3.17), we arrive at

a(2’r)  a(2z) a(2z)
(3.18) <st 2u) el 27 (e

< 1 {(I)b (z) + A ]
for all x € E;. In general for any positive integer we get

a (2nz) 1 = &, (2%2)

(319) N E ZZT

1 X Py (2F2)

<SiXT

e
Il

0

for all z € E;. In order to prove the convergence of the seque{nﬁé:—x)}, replacer by 2™x
and divide byd™ in (3.19). For anyn,n > 0, we have

a(2"mz)  «(2™x) a(2m2mr)
4n+m 4m

a(2™x)

as m — o0

forall z € F;. Hence the sequent{é*@—x)} is a Cauchy sequence. SinEgis complete, there
exists a quadratic mapping : £; — FE, such that

2n
B() = lim 220 e,

n—oo 4n

Lettingn — oo in (3.19) and using (2.24), we see tHat (3.3) holds forall ;. To prove that
B satisfies|(1.20), replade;, y) by (2"x, 2"y) and divide by4" in (3.2). We obtain

F@ @ ay) +f (2 (2~ ay)) — 0 [f (2 (2 + ) + ] (2" (5~ )
('~ a?)
12
(' — )

=B my- oo

4n
—2(1-a?) f(2"2) - (2 2y) + f (2" (=2
Q”x 2"y)
12

forall x,y € E;. Lettingn — oo in the above inequality, we see that

HB(m—i—ay)—i—B(aj—ay)—a2[B(x+y)+B(x—y)]—2(1—@2)B(x)

_ @[3 (2y) + B (—2y) — 4B (y) — 4Bf(_y)}H <0,
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which gives
B(x+ay)+B(x—ay)=d’[B(z+y)+B(x—y)|+2(1—d*) B(x)

(0’41__;2) [B (2y) + B (~2y) — 4B (y) — 4Bf (~y)]

forall 2,y € F;. HenceB satisfies[(1.20). To prove thakis unique, let3’ be another quadratic
function satisfying[(1.20) andl (3.3). We have

_|_

1B (x) = B (x)]| = 4% 1B (2"z) = B' (2"2)|

1 n n n n
< g UB2"%) —a (2"l + [la (2"2) = B’ (2"2)]}
1 1A @, (2F2)
< =
k=0
—0 as n — 00
for all x € E,. HenceB is unique. This completes the proof of the theorem. O

The following corollary is an immediate consequence of Thegrein 3.1 concerning the stability

of (L20).

Corollary 3.2. Lete, p be nonnegative real numbers. Suppose that an even funttidy —
E, satisfies the inequality

e(ll=ll” + Nlvli*), O<sp<2
€ 0<p<1;
3.20 Df(zy)|l <
( ) |Df (z,y)|| < e llz||” |y|”, 0<p<l;

e (1™ gl + {Nzl + Nyl })
forall =,y € E,. Then there exists a unique quadratic functi®n £; — E, such that

( Aall=]”
4—2p >

10,

Al
4-22p >
Aale]*
\ 4-22p

(3.21) If (22) ~ 16f (2) — B(2)]| < {

where

e{24+12a* + 12 (a?) + 6 (27)} £
M= T3 C =
at—a at—a
12e {a® + a”} e {24 + 24a® + 12 (aP) + 12 (a®) + 6 (2%7)}
W= A M= P

forall x € E;.

Theorem 3.3.Let¢, : Ey x E; — [0, 00) be a function such that

= 2"z, 2 2", 2"
(3.22) ZW converges and lim $a (22, 2"y)
n=0

n—00 16™

=0

forall z,y € F, and letf : E; — F, be an even function which satisfies the inequality
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forall z,y € E;. Then there exists a unique quartic functibon £; — E, such that

1 P, (2kl’)
(3.24) If (22) = 4f (x) = D ()] < 16kzgl—6k

for all x € Ey, where the mapping (= ) and ®,(2*r) are defined by

(3.25) D (x) = nhi%o F {f (2”+1 ) 4f (Q"x)} ,

(3.26) @, (2"z) = i p [12 (1 —a®) ¢4 (0,2%2) + 12a°¢q (2", 2%2)

a4
+ 664 (0,2512) + 126, (2Faz, 2¢2) }
forall z € F,.

Proof. Along similar lines to those in the proof of Theorém|3.1, we have

(3.27) IS (42) = 20f (22) + 64f (2)[| < @ (2),
where
Dy (z) = 1 i p [12 (1 — a®) ¢4 (0, ) + 12a*p (z,z) + 664 (0, 22) + 12¢, (az, z)]
forall x € E,. Itis easy to see from (3.27) that
(3.28) If (4z) —4f (22) — 16 {f (2z) — 4f (2)}|| < Pa(2)
forall x € ;. Using [2.31) in[(3.28), we obtain
(3.29) 16 (22) — 168 (z)|| < Pa(2)
forall z € E,. From [3.29), we have
(3.30) ’ BE) 50 ‘ < 2l2)
for all z € E;. Now replacinge by 2z and dividing by 16 in[(3.30), we obtain
(3.31) ‘ﬁ T v 526:[) < q)dl(;f)
forall x € E,. From (3‘3@) and (3.31), we arrive at
B(2 B(2 B (2
s |5t -ow]<[He? -5 [ e
1 Dy(2
=16 [(Dd @)+ d1(6 JJ)}

for all x € FE;. In general for any positive integer we get

82 1 2 @, (2¢)
Rl

1% (2k2)
~ 16 16%
k=0

(3.33)

16"
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for all z € E;. In order to prove the convergence of the seque[r@éi’li)}, replacer by 2"z

and divide byl16™ in (3.33). For anyn,n > 0, we then have
B( CBEm)|_ 1 [8E2ra)
16™ 16™ 16m
1 &= &4 (2M2)
=164~ 16ktm
16 < 16
o0 k+m
< i q)d (2 ZL’)
— 16 16k+m
k=0

2n+m

16n+m

—0 as m— o

16™
exists a quartic mappind : £, — E, such that

D (z) = lim CACKD
n—oo 167

forall z € E;. Hence the sequem{e’u}

Vx € El.

—5(2"x)

is a Cauchy sequence. SinEgis complete, there

Lettingn — oo in (3.33) and using (2.31) we see that (3.24) holds foradl £,. The proof
that D satisfies[(1.20) and is unique is similar to that for Thedrerm 3.1. O

The following corollary is an immediate consequence of Thegrein 3.3 concerning the stability

of (T:20).

Corollary 3.4. Lete, p be nonnegative real numbers. Suppose that an even funttidy —

E5 satisfies the inequality
(el + llyl")

g,

(3.34) IDf (z,y)|l <

e ll=l” lyl”

e (Il Iy ™+ Lzl + llyl*})

0<p<4

0<p<2

0<p<2

forall z,y € E;. Then there exists a unique quartic functibon £; — E, such that

( Aall=]”
16—2p

2)\27

(3.35) If (22) = 4f () = D (2)[| <

D0
16—22p 3

M|z *®
\ T6—2%°

forall z € £y, where); (i =1,2,3,4) are given in Corollary 3..

Theorem 3.5.Let¢ : ) x E; — [0, 00) be a function such that

converges

¢b 2 Z, 2" y ¢d 2 x, 2" y
(3.36) Z Z
and
(3.37) lim 2202 = 2Y) o= iy $22'0:29) (21;;2 y)

J. Inequal. Pure and Appl. Mathl0(4) (2009), Art. 114, 29 pp.

http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

16 K. Ravi, J.M. RASSIAS, M. ARUNKUMAR, AND R. KODANDAN

for all z,y € E,. Suppose that an even functign E, — E, satisfies the inequalitie§ (3.2)
and (3.23) for allz, y € E;. Then there exists a unique quadratic functi®n £, — E, and a
unique quartic functiorD : F; — Fs, such that

4 4k 16 16¥

k=0 k=0

(3.38) Hf(fc)—B(ﬂf)—D(x)HSE{—Z—JF P
for all = € E;, whered, (2*z) and ¢, (2*x) are defined in[(3]5) and (3.26), respectively for

all x € F.

Proof. By Theorems$ 3]1 ar[d 3.3, there exists a unique quadratic funBtiont;, — E, and a
unique quartic functiorD; : £; — E5 such that

= Dy (2Fx
(3.39) W@@—%ﬂ@—&@Ng%Z}gﬁl
k=0
and
= P, (2Fx
(3.40) Hﬂh%%ﬂm—m@mg%g}%%l
k=0

for all z € E,. Now from (3.39) and (3.40), one can see that

7@+ 3580 - 501 @)
(o2 o mga (120wt mi

< S AF (22) = 167 (2) = By ()] + I1f (22) = 4 () = Dy @)1}

1 1 > (I)b (2k$) 1 > (I)d (2kfIJ)
. E{ZZ—4k T

for all z € E;. Thus we obtain[(3.38) by defining (z) = 7 B (z) andD (z) = 5D, (),
where®, (2°z) and®, (2¢x) are defined in(3]5) anfl (3.26), respectively forélk £,. O

The following corollary is the immediate consequence of Thegren 3.5 concerning the stabil-

ity of (.20).

Corollary 3.6. Lete, p be nonnegative real numbers. Suppose an even fungtioh;, — FE,
satisfies the inequality

(e (llzlI” + lyl®) . 0<p<2
67
(3.41) IDf (z,y)|| < -
e llzl” lyll”, 0<p<l;
2 2
L e (=P Iyl + LNl + [lyl™}), 0<p<1
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for all z,y € E,. Then there exists a unique quadratic functiBn £, — FE, and a unique
guartic functionD : F; — E5 such that
(A IIIHP
: {4 21’ 16— QP}’

A

>\3|le ° 1
{4 % T 1672217} ’

>\4||pr 1
\ {4 % T 167221’} ’

forall z € Ey, where); (i = 1,2,3,4) are given in Corollar.
Theorem 3.7.Let¢, : Ey x E; — [0, 00) be a function such that

(3.42) If (z) = B (z) = D(2)]| <

(3.43) > W converges and lim 9a(2"2,2y) _

n—oo on

forall z,y € E, and letf : E; — FE, be an odd function wittf (0) = 0 which satisfies the
inequality

(3.44) I1Df (2, 9)|| < ¢a (,y)
forall z,y € E;. Then there exists a unique additive functibn £, — FE5 such that
1 P, (2°x
(3.45) |/ (22) = 8f (1) = A(2)]| < 5 Z%
k=0

for all x € E,, where the mapping\(z) and®,(2*z) are defined by
(3.46) A(x) = lim o {f(2""'z) —8f(2"2)}

(3.47) @, (2"z)
= ﬁ [(5—4a%) ¢ (2%2,2%2) + a’¢, (212,25 2) + 20°¢, (211, 2%2)
+ (4 — 24%) ¢, (2"2, 25 2) + ¢, (25, 2732) + 29, (27 (1 + a) z, 2%2)
+2¢, (2" (1 — a) z,2%2) + @0 (2° (1 + 2a) 2, 2%2) + ¢, (27 (1 — 2a) 2, 2"2)]
forall x € F;.

Proof. Using the oddness gf and from [(3.4}), we get
(3.48) |[[f(e+ay) + f(v—ay) —a®[f(x+y)+ f (e —y)]—2(1—a®) f ()

for all z € E,. Replacingy by = in (3.48), we obtain

(349)  |[f(1+a)a)+ f((1—a)a) —a*f (22) =2 (1 — @) f (2)]| < u (,2)
for all z € E. Replacinge by 2z in (3.49), we get

(350) ||f(1+a)z)+ f2(1—a)z)—adf(4z) —2(1 —a®) f(2z)|| < ¢a (22, 22)
for all 2 € E. Again replacingz, y) by (2z, z) in (3.48), we obtain

(351) [[f(2+a)z)+ f((2—a)z)—d’f(3z) —a’f (z) — 2 (1 —a®) f (22)||
< ¢q (22, 2)
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for all z € E,. Replacingy by 2z in (3.48), we get

(352) | f((1+2a)z)+ f((1—2a)z) — af (3z) + a’f (x) — 2 (1 — a?) f (x)||
< ¢q (2,21)

for all z € E,. Replacingy by 3z in (3.48), we obtain

(353) ||f((1+3a)z)+ f((1 —3a)z) —a’f (4z) + o’ f (2z) — 2 (1 — @®) [ (2)||
< ¢ (7, 32)

for all 2 € E. Replacing(z, y) by ((1 + a)z, z) in (3.48), we get

(3.54) [[f((1+2a)2)+ f(z)—a’f(2+a)z) —a’f(ax) —2(1—a®) f((1+a)z)||
§¢a((1+a) z)

for all x € E,. Again replacingz, y) by ((1 — a)z, x) in (3.48), we obtain

(355) [[f((1=2a)z)+ f(z)—a’f(2—a)a)+d’f(ax) —2(1—a®) f((1 —a)x)]
< ¢a((1—a)z, )

forall z € E;. Adding (3.54) and (3.35), we arrive at

(356) [If (1+2a)2)+ f((1—2a)x) +2f (x) —a’f(2+a)z) —a’f((2—a)z)
—2(1-d”) f(1+a)z)—2(1—a®) f((1—a)z)|
§¢a((1+a)xx>+¢a((1—a)x,x)

forall x € E,. Replacing(z, y) by ((1 + 2a)z, z) in (3.48), we get

(3.57) ||f (1+3a)2) + f(1+a)x) —a®f(2(1+a)x) —a®f (2ax)
—2(1=0a®) f((1+2a)2)| < ¢a (14 2a) z,2)

for all x € E,. Again replacingz, y) by ((1 — 2a)z, z) in (3.48), we obtain

(3.58) ||f (1—=3a)z)+ f((1—-a)z)—a’f(2(1 —a)z)+a®f (2az)
—2(1-a”) f((1—2a)z)|| < ¢a (1 - 2a)z,z)

forall z € E;. Adding (3.5T7) and (3.58), we arrive at

(359) [If ((143a)z) + f((1=3a)x) + f(1+a)z) + f(1-a)z) —a’f(2(1 +a)x)
—a’f(2(1—a)z) —2(1—a®) f((1+2a)z) —2(1—a®) f((1—2a)2)|
< o ((1+2a)z,2) + ¢ (1 — 2a) z, x)
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for all z € E;. Now multiplying (3.49) by2(1 — a?), (3.51) bya* and adding[(3.52) anfl (356),
we have

(a* = a®) |If (3z) — 4f (22) + 5 ()]

H{Q (1—a )f((1+a)x) +2(1—a2)f((1—a)x)—2a2 (1—a2)f(2m)
~4(1-a®)" f (@)} + {af (2 +a)2) + a2 (2 - @) ) - a'[ (32)
(@) — 20 (1— @) £ (20)} + {—F (1 + 2) 2)

— J (1= 20)2) + @3 (32) — 2f () +2(1—a?) ()}

+{f(A1+2a)2) + f((1 = 2a) 2) + 2f (2) —a*f (2 + a) )

—adf(2—a)z)2(1-a®) f(1+a)z)—2(1—a®) f((1—a)z)}|
<2(1=a%) @a (z,2) + °¢y (22, 2) + ¢, (z,22)

+ ¢ (1+a)z,2) + ¢a (1 —a) z, z)

for all z € F;. Hence from the above inequality, we get

(3.60) ||f (Bz) —4f (2x)+5f (x)]| < ﬁ 2(1—a?) ¢o (z,2) + a°¢, (27, 2)
+¢a (7,22) + ¢a (1 + a) 7, 2) + ¢a (1 — a) 2, 2)]

for all 2z € E;. Now multiplying (3.50) bya?, (3.52) by2(1 — a?) and adding(3.49)| (3.53) and
(3.59), we have
(a" = a®) [If (42) — 2f (3x) — 2f (22) + 6 (2}
= [{-f(Q+a)z) - f(1-a)z)+a’f(2x) +2(1 - a®) f ()}
+{a*f2(1+a)z) +a’f(2(1 —a)z) —a'f (4z) — 2a° (1 — a®) f (22)}
+{2(1-0a) f(Q1+2a)2) +2(1—a®) f((1—2a)z) —2a* (1 — @®) f (3z)
+2a” (1—a®) f(z) —4(1- a2)2f(x)} +{—=f((1+3a)x)
— F((1 =) 2) + a2 () — @ F (22) +2 (1) f (@)} + {F (1 + 3a) )
+f((1=3a)z) + f((1+a)2) + f((1—a)x) —a’f(2(1 +a)x)
—a’f2(1—a)z)—2(1—a®) f((1+2a)z) —2(1—a®) f((1—2a)x)}||
< ¢g (z,7) + a’¢, (22,27) + 2 (1 — az) Gq (x,27)
+ ¢o (2,32) + do (1 4+ 2a) 2, 2) + ¢o (1 — 2a) x, )

for all z € E,. Hence from the above inequality, we get
(3.61) ||f (4z) —2f (3x) — 2f (22) + 6 ()]
< ﬁ [% (z,2) + a®¢, (2z,27) + 2 (1 — a2) Oa (x,22) + ¢y (z,3)

+¢ (14 2a) z,x) + ¢o (1 — 2a) z, )]
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for all z € E,. From [3.60) and (3.61), we arrive at

(3.62)

If (42) = 10f (22) + 161 (2)|

= |12/ (3x) = 8f (2x) + 10 () + f (4) — 2f (3x) — 2/ (22) + 6 (=)
< 2|[f Bz) —4f (22) +5f ()| + |If (42) — 2f (3z) — 2f (22) + 6 (z)|

;a?) [(5 — 4a2) bo (2, 7) + a*dg (27,27) + 2a*d, (27, )

<
= (at —

forall x € F;.

(3.63)

where

o, (x) =

(a* —a?)

+ (4 —20%) @a (2,22) + ¢q (7,37) + 2¢, (1 + a) z, x)
+2¢, (1 —a) x,x) +¢, (1 +2a) z,2) + ¢o (1 — 2a) z, )]
From [3.62), we have
If (42) = 10f (22) + 16f (z)]| < @a (),

L [(5 - 46) 6u (2, 2) + %6, (20, 22) + 20, (22, 7)

+ (4 = 20%) du (7, 22) + Pa (2, 32) + 204 (1 + a) , )
+2¢, ((1 —a) x,x) +d, (1 + 2a) z,x) + o (1 — 2a) z, )]

forall z € E. Itis easy to see fron (3.63)

(3.64)

forall z € FE;.

(3.65)

forall z € F;.

(3.66)

forall z € F;.

(3.67)

forall x € E;.

(3.68)

forall x € E;.

(3.69)

forall z € FE;.

(3.70)

J. Inequal. Pure and Appl. Math10(4) (2009), Art. 114, 29 pp.

If (4z) = 8f (2x) — 2{f (2z) — 8/ (2)}]| < Pq (2)
Define a mapping : £; — FE; by
v (x) = f(22) - 8f (z)
Using [3.65) in[(3.64), we obtain
7 (22) =2y (z)]| < @ ()
From [3.66), we have
HPY(;:E) —’Y(ZL‘) (I)a (JZ)

<
- 2

Now replacingr by 22 and dividing by 2 in[(3.6]7), we obtain
Y (2) (20| _ B (22)
2 - 22

From [3.67) and (3.68), we arrive at
<

5 (@)

Hv (2)

2 [CI)G (x) +
In general for any positive integer we get

v (2")
2n

c1>a 22:10)}

—’Y(i’f)H <5

http://jipam.vu.edu.au/
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forall z € F,. In order to prove the convergence of the seque{néé:—”}, replacer by 2"z
and divide by2™ in (3.7Q). Then for anyn,n > 0, we have

y(2"mz)  y(2Mx) 1 ||y (2"27)
_ B | I S om
2k+m )
S 9 Z 2k+m
2k+m )

<5 Z 2k+m

—0 as m— o

forall z € E;. Hence the sequen({e”(g%m)} is a Cauchy sequence. SinEgis complete, there
exists a additive mapping : £; — E5 such that

271
A(z) = lim gl n$) Vo € B

n—oo 2
Lettingn — oo in (3.7Q) and using (3.65) we see that (3.45) holds for:adl £;. The proof
that A satisfies[(1.20) and is unique is similar to that of Thedrerp 3.1. O

The following corollary is the immediate consequence of Thegrein 3.7 concerning the stabil-
ity of (L.20).

Corollary 3.8. Lete, p be nonnegative real numbers. Suppose that an odd fun¢tiof; —
E> with f(0) = 0 satisfies the inequality

(el + Iy, 0<p<2

g,
G0 IPIEIN=N e 0<p<t
e (el gl + {121 + 19l7}), 0<p<}

forall z,y € E;. Then there exists a unique additive functibn £, — E5 such that

¢ sl
220 7
)‘Ga
(3.72) 1 (22) = 8f (2) =A@ < § e
2-22p 1
Asllzl|??
\ 2-22p
where
As = ———{21—8a> + 2 (2a° +4) + 3" +2(1 + )’
a” —a
+2(1—a)’ + (14 2a)" + (1 - 20)" },
e (16 — 3a?)
Ao =——"F—5 "
a* —a
Py {540’ + 27> + 4 () + 3"+ 2(1 + a)’

at — a2

+2(1—a)’+ (14 2a)" + (1 —2a)" }
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and
_ ¢ 2 2 2 2
A= ——— {26 — 12a® + 2% (3a® + 4) + 3%
+2(14a)*4+2(1 —a)® + (1 +2a)™ + (1 — 2a)* + 4 (2°)
+3¥4+2(1+a)+2(1—a)’+ (14 2a)” + (1 —2a)"}
forall x € F;.

Theorem 3.9.Let¢. : E; x E; — [0, 00) be a function such that

(3.73) > W converges and lim 9 (2", 2"y) _,
n=0

n—00 &n

forall z,y € Fy and letf : £, — FE, be an odd function wittf(0) = 0 that satisfies the
inequality
(3.74) [1Df (z,y)|| < ¢ (z,9)
forall =,y € E;. Then there exists a unique cubic function E; — E, such that

1 o= @, (2Fx
(3.75) If(22) =2f () = C (@) < 5 D ék )

k=0
for all x € E, where the mapping'(x) and ®.(2"x) are defined by
1

(3.76) C(x)= nh_)n;@ T {f(2""z) —2f (2"2)}

(3.77) @, (2"z) = [(5—4a®) ¢ (2%z,2%z) + a®¢. (2", 257 a)

at — a2
+2a’¢, (252, 252) + (4 — 2a%) . (2°2, 2" ') + . (252, 2732)
+2¢. (2" (1 + a) 2, 2°z) +2¢. (2" (1 — a) z, 2"2)
+ée (28 (1 + 2a) z,22) + ¢ (28 (1 — 2a) 2, 2%2) ]
forall z € F,.

Proof. Following along similar lines to those in the proof of Theolen] 3.7, we have

(3.78) IS (4z) = 10f (22) + 16 (2)[| < @c (z),
where
O (x) = ﬁ [(5 = 4a®) ¢ (z,2) + a®¢. (22, 22) + 2a°¢. (2, )

+ (4 = 20%) ¢e (2, 22) + e (2, 37) + 20 (1 + a) z, x)
+ 20 (1 —a)z,7) +¢c (14 2a) 2, 2) + ¢ (1 - 2a) 7, 2)]

forall x € E,. Itis easy to see fron (3.78) that
(3.79) If (42) —2f (22) — 8 {f (2¢) — 2f (2)}]| < ®. (x)
forall x € E,. Define a mapping : £, — E5 by
(3.80) 0 (z) = f(22) =2f (x)
forall z € E;. Using [3.80) in[(3.79), we obtain
(3.81) 16 (22) — 85 (2)]] < @ (x)
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forall x € E,. From [3.81), we have

0 (2x)
8

_2()
- 8

(3.82) H — 5 ()

for all z € E,. Now replacinge by 2z and dividing by 8 in[(3.82), we obtain

(3.83) H5 (g;v) 5 (;:c) 2 6522;1;)

forall z € E,. From [3.82) and (3.83), we arrive at

osn  [PER g <[ seay fsea g,
< é {cbc (z) + Pe Sx)}

for all z € F;. In general for any positive integer we get

§(2nx) 1
3.85 -9 < Z
1N @ (2F2)
=3 Z 8k

for all z € F;. In order to prove the convergence of the seque{nﬁgﬂ}, replacer by 2"z
and divide by8™ in (3.85). Then for anyn,n > 0, we have

H §(2mg)  §(2ma)

1
8n+m 8m

d(2"2™x)
8n
) (2ktmz)

1 c
Sékzw

2k+m )

= Q Z 8k+m

—0 as m— o

—0(2™x)

forall z € E;. Hence the sequenc{e‘s%} is a Cauchy sequence. Sinkgis complete, there

exists a cubic mapping' : E£; — FE5 such that

C(xz) = lim &n@ Vo € Ey.

n—00 8

Lettingn — ooin (3.84) and using (3.80) we see tHat (3.75) holds far &l £,. The rest of the
proof, which proves that' satisfies[(1.20) and is unique, is similar to that of Thedrern 3[1.

The following corollary is an immediate consequence of Thegrein 3.9 concerning the stability

of (1.20).
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Corollary 3.10. Lete, p be nonnegative real numbers. Suppose that an odd fungtiab; —
E, with f(0) = 0 satisfies the inequality

(e (lzlI”+ lyl”) . 0<p<3;

g,
(3.86) IDf (z,y)] < ol 1P D<pes
e (lzl” lyll” + {llz1™ + lwl™}), 0<p<$

forall z,y € E;. Then there exists a unique cubic functi@n £, — E, such that

( Asllz]l”
8—2p

As
(3.:87) If@o) =8/ @ -A@I<] |,
2%

Asllz]|*”
\ 8,221) b

forall € E1, where); (i =5,6,7,8) are given in Corollary 3.B.

Theorem 3.11.Let¢ : £, x E; — [0,00) be a function such that
o 2 2" c 2 2™y)
(3.88) Z b (2", y Z ¢ (22, converges

and

(3.89) i 2@ 2) o e (2, 2y)

for all z,y € E;. Suppose that an odd functigh: £, — E, with f(0) = 0 satisfies the
inequalities [(3.44) and (3.74) for alt, y € E;. Then there exists a unique additive function
A : E; — FE5 and a unique cubic functiofy : £, — FE, such that

b, 2’“
(3.90) ||f(w>—A(x)—C(ar)||§é{%Z - +§

o
k=0 k=

>

for all 2 € Ey, whered, (2¢z) and ®, (2z) are defined by[ (3.47) anfl (3]77), respectively for
al x € E;.

Proof. By Theorems 3]7 and 3.9, there exists a unique additive funetion£; — E, and a
unique cubic functior’; : £y — F5 such that

> k
(391) I£20)— 87 (0) - s (o)) < 5 50 200
k=0
and
1 e @, (2’“35)
(3.92) I )~ 2f (@)~ Oy )] < £ 30 22
k=0
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for all z € E,. Now from (3.91) and (3.92), one can see that
F@)+ 541 () - 1 @)
H @+8N@+AM@}+{f@w_2ﬂ@_CM@H’

{ 6 6 6 6 6
< é{llf(%’)—?Sf( )= A (@) +[If 22) = 2f () — Ch (=)}

1)1 e (2F2) 1N D (2F2)
36{553—3F—+§§3—§r—}

k=0 k=0

forall z € E;. Thus we obtaln-O) by defining (z) = =LA, (z) andC (z) = 10 (2),
whered, (2z) and®, (2¢z) are defined in(3.47) anﬂ??) respectively foralt F,. O

The following corollary is an immediate consequence of Thegrenj 3.11 concerning the sta-

bility of (:20).

Corollary 3.12. Lete, p be nonnegative real numbers. Suppose that an odd fungtiabl; —
E, with f(0) = 0 satisfies the inequality

(el + [lylP), 0<p<1;

&,
3939 b= ell=l” [lyl”, 0<p<i
L e (P lyl” + {llzl® + lgl™}), 0<p<i

forall z,y € E;. Then there exists a unique additive functibn £; — E5 and a unique cubic
functionC : E; — FE, such that

( A5Hr||”{ 1 oy
6 2—2p +872P ’

(3.94) If (2) = Afz) = C ()] <

A?HJ»‘II% 1
{om o= )

As ]| 1 1
\ 6 {2—22p + 8—221’} ’

forall € £y, where); (i =5,6,7,8) are given in Corollary 3.B.

Theorem 3.13.Let¢ : £, x E; — [0,00) be a function that satisfies (3.36), (3.37), (3.88)
and (3.89) for allz, y € E;. Suppose that a functioh: E; — E, with f(0) = 0 satisfies the
inequalities[(3.R)[(3.23)[ (3.44) and (3]74) for ally € E,. Then there exists a unique additive
functionA : F; — FE,, a unique quadratic functio® : E; — FEj,, a unique cubic function
C : Fy — FE, and a unique quartic functiof : £, — FE, such that

(395) 1/ ()~ A(x) = B(x) = C () = D (@) < 5 { B (@) + By () + B () + B ()}

for all = € Ey, whered, (z), ®, (), d. (z) andd, () are defined by

00 k 0o ok
(3.96) 3, (z) :l{lzw+% P, (2k2 x)}’
k=0 k=0
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= ISP (2F) 1 P (—2F)
(3.97) By (z) = 75 {Z ; T Dt
= I (25) 1S @ (—2Fx)
k=0 k=0
= 1T KR (2h) 1 N Py (—2Ra)

respectively for alk- € E;.

Proof. Let f. (z) = : {f (z) + f(—x)} forall z € E;. Thenf. (0) = 0, f. () = f.(—x).
Hence

IDf. (w9l = 5 (IDF (2.) + Df (=, ~y)I}
< SAIDF (@)l + IDS (<, =)l
< S 10 (@9) + 6 (2, -v)

for all z € E;. Hence from Theorein 3.5, there exists a unique quadratic fungtioh; — E
and a unique quartic functioh : £; — FE5 such that

3100 ()~ B - D)
11 [1 &P (252) 1 K @y (2F2)
Si{ﬁ[zg T DD
1 1 > q)b(—le’) 1 > @d(—2kx)
tplizT F Thl @

where &, (z) and &, () are given in ) an9) forall € E,. Again f, (z) =
:{f(z) = f(—a)} forallz € E;. Thenf, (0) =0, f, () = —f, (—z). Hence

105, (&)l = 5 {IDF (2.5) — DF (~2, )}
< S {105 @)l + 1Df (=2, -y}

< {00 +o (5, -y)}
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for all z € E,. Hence from Theorein 3.]L1, there exists a unique additive funetio®;, — Ej
and a unigue cubic functiof : £, — FE5 such that

(3.101) 1f(z) = A(z) - C ()]
111K, (2%2) 1R @ (272)
Sé{ébbﬂ o TEl T w
11K P (—2F2) 1K P (—272)
% 5; ok +§k§ gk

< 5 {B @)+ 3.0},

whered, (z) and®, (z) are given in|(3.9|6) andi (3.98) for all € E,. Sincef (z) = f. (x) +
fo (), then it follows from [(3.100) and (3.1p1) that
If (z) = A(z) = B(x) = C(x) = D(2)]|
= [[{fe (x) = B(2) = D(2)} + {fo () = C(z) = D (z)}]]
< |lfe (z) = B (z) = D(2)[| + || fo (x) = C'(x) = D (2)]

< % {Ef>a () + By () + B, () + Py (x)}

for all x € E,. Hence the proof of the theorem is complete. O

The following corollary is an immediate consequence of Thegrenj 3.13 concerning the sta-

bility of (T.20).

Corollary 3.14. Lete, p be nonnegative real numbers. Suppose a funcftiont;, — FE5 with
f(0) = 0 satisfies the inequality

Ce el + yl), 0<p<t:
g,

3202 L T 0<p<l
e (el Bl + {1l + 191™)), 0<p <

forall x,y € E;. Then there exists a unique additive functibn £; — FE5, a unique quadratic
functionB : E; — E,, a unique cubic functiod' : F; — FE, and a unique quartic function
D : E; — E, such that

(3.103) ||f (z) — A(z) = B(x) = C(z) — D (2)]
(LA s 2 s e )

3 {50}

sl i + 5 {em + w1l
s U e T )+ 3 (e + e el

forall z € £y, where); (i =1,...,8) are respectively, given in Corollari¢s 8.6 and 3.12.

IN
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