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ABSTRACT. In this paper we present inequalities for integrals of functions that are the compo-
sition of nonnegative convex functions on an open convex set of a vector Rfaaed vector-
valued functions in a weakly compact subset of a Banach vector space generatdd bspaces

for 1 < p < 400 and inequalities when these vector-valued functions are in a weakly* compact
subset of a Banach vector space generatea ldy°-spaces.
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1. INTRODUCTION

When studying extremum problems and integral estimates in many areas of applied mathe-
matics, we may require the convexity of functions and the weak compactness of sets. Many
properties of convex functions and weakly compact sets can be found in the literature (e.g., see
[2], [3], [4], [B] and [7]). In some research fields such as the existence of solutions of differ-
ential equations (e.g., see [1] and [6]), we usually enconter some problems on the estimates of
integrals of functions that are the composition of convex functions on an open convex set of a
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2 ZHENGLU JIANG, XIAOYONG FU, AND HONGJIONGTIAN

vector space and vector-valued functions in a weakly (or weakly*) compact subset in a Banach
space. The estimates of integrals of this kind of composite function is interesting and impor-
tant in many application areas. Inequalities for integrals of composite functions are necessary,
therefore, for solving many problems in applied mathematics.

Let us first introduce some notations which will be used throughout this p&pdenotes
the real number systenR” is the usual vector space of realtuplesz = (x1, 2o, ..., ,),
p is a nonnegative Lebesgue measureRof L7 (R") represents a Banach space where each
measurable function(z) has the following norm

@) ful = ([ uPan)’

foranyp € [1, +o0), (L7 (R"))™ denotes a Banach vector space where each measurable vector-
valued function has» components ir’? (R"), L7°(R") represents a Banach space where each
measurable function(z) has the following norm

1.2 l|t]|o = €SS3up |u(x)| (Or say||ul|. = inf = sup lu(z)|),
zeR” ECR™ zcE
n(EC)=0

whereE“ represents the complement setoin R”, and(L;°(R"))™ denotes a Banach vector
space where each measurable vector-valued functiomi@snponents il (R").

Below, we give the definition of weak convergence of a sequendg,iiR"), wherep €
[1,+00). Assume that = p/(p — 1) asp € (1, +oo) and thaty = co asp = 1. If u € L} (R")
and it is assumed that a sequerjog}, = in L% (R") satisfies

i——400

(2.3) lim uivd,u:/ uvdp
R n

for all v € L% (R"), then the sequencu; };=7 is said to be weakly convergent if,(R") to

u asi — +oo. Similarly, we introduce the definition of weak* convergence of a sequence in
Le(R™). If w € LP(R") and it is assumed that a sequerfeg}; " in L°(R") satisfies the
equality (1.8) for ally € L, (R"), then the sequencl:; };= is said to be weakly* convergent

in L77(R") tou asi — +oo. Then we define the weak (or weak*) convergence of a sequence
in (L(R™))™ (or (Lo2(R™))™). If 1 < p < +o0 and{uy;},= is weakly convergent i, (R")

toa; forall j = 1,2,...,m asi — +oo, then a sequenc@u; = (uy;, uai, - - -, Umi) }icy

is called weakly convergent in a Banach vector spdégR"))™ to @ = (i1, da, - - - , Uyy) AS

i — +o0. Similarly, if {u;;};7 is weakly* convergent irL;°(R") to @; forall j = 1,2,...,m

asi — +oo, then a sequencly; = (uy;, g, - - -, Umi) =7 IS said to be weakly* convergent in

a Banach vector spa¢é;’ (R"))™ to 4 = (i, U, . . ., Uy) ST — +00.

We now recall the definition of a convex function.fifz) is a function with its values being
real numbers ot-co and its domain is a subsstof anm dimensional vector spad™ such
that{(z,y)|z € S,y € R,y > f(x)} is convex as a subset of am + 1 dimensional vector
spaceR™"! thenf(x) is called a convex function ofi. It is known thatf(z) is convex fromS
to (—oo, +o0] if and only if

wheneversS is a convex subset ™, x; € S (i = 1,2,...) A\ >0, Ay >0, ..., A\p > 0,
A+ X+ -+ Ap = 1. This is called Jensen’s inequality wh8h= R™.
There are inequalities for integrals of functions that are the composition of convex functions
on a vector spacR™ and vector-valued functions in a weakly* compact subs&t.gf(R"))™
(see [6] or Theorerh 3.2 in Sectiph 3). M(x,y) is a special nonnegative convex function
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CONVEX FUNCTIONS AND INEQUALITIES FORINTEGRALS 3

defined byF(z,y) = (v — y)log({) for (z,y) € (0,+00) x (0,00) and {(a;,b:)},=7 is a
nonnegative sequence weakly convergentZifj(R"))* to (a, ), then similar inequalities for
integrals of the composite functions can also be obtained((5ee [1]), as follows:

tw [ Flab)nz [ Flabie
i—+4o00 JR" n

Below, we extend the two results mentioned above to a more general case. More precisely, this

paper aims to show inequalities for integrals of functions that are the composition of nonnega-

tive convex functions on an open convex set of a vector sRécand vector-valued functions in

a weakly compact subset of a Banach vector space generated hyspaces fott < p < +oo.

We also show inequalities for integrals of functions when these vector-valued functions are in a

weakly* compact subset of a Banach vector space generated/by-spaces.

2. INEQUALITIES FOR WEAKLY CONVERGENT SEQUENCES

Some basic concepts have been introduced in the previous section. In this section we show in-
equalities for integrals of functions which are the composition of nonnegative convex functions
on an open convex set of a vector sp&e and vector-valued functions in a weakly compact
subset of a Banach vector space generated ldy,-spaces for any givep € [1, +oc). That is
the following

Theorem 2.1. Suppose that a sequenge; } ;"7 weakly converges (L% (R"))™ to u asi —
+00, Wherep € [1, +o00) andm andn are two positive integers. Assume that all the values of
wandu; (i = 1,2,3,...) belong to an open convex s&tin R™ and thatf(x) is a nonnegative
convex function fronk” to R. Then

2.1) tim | fu) du>/f

1——+00

for any measurable sét C R".
In order to prove Theorefn 2.1, let us first recall the following lemma:

Lemma 2.2. Assumeu,, — u weakly in a normed linear space. Then there exists, for any
e > 0, a convex combinatiod ,_, A\gur (A > 0,> _ A = 1) of {ug : k =1,2,...} such
that ||u — > ;_, Avug|| < e where||v|| is @a norm ofv in the space.

This is called Mazur's lemma. Its proof can be foundlih [5] and [7]. Using this lemma, we
can give a proof of Theorem 2.1.

Proof of Theorem 2]1Let Q2 be a bounded set defined By = QN {w : \w\ < Rw €
Re} forall R > 0. Puta; = [, f(u)du (i = 1,2,...) anda = lim [, f(u;)dp for all

i——+00
the bounded setQy. Then there exists a subsequence{@ °r such that this subsequence,
denoted without loss of generality By, }.1°7, converges tev aSZ — 4-00.

TakeK; = {z :x € K, |z| < [,p(0K,x) > 1/I} andD;(u) = {w : w € R", u(w) € K}
for any fixed positive integelr, wherep(ﬁK ,x) is defined as a distance between the poiahd
the boundary K of K. Then all the setd(; are bounded, closed and convex subsefs siich
that lim K; = K andK; C K, for any positive integet. It can also be easily proven that

l—+o00

lim D;(u) = R™ and thatD,(u) C D,,:(u) for any positive integet. Since f(x) is a convex

l—+o00

function defined on an open convex g€t f(x) is continuous inK (see [3]). Thusf(z) is
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uniformly continuous inkK;, 1, that is, for any given positive number there exists a positive
numbers such that

(2.2) |f(x) = f(y)] <e/m(Qr)

as|r —y| < foranyz andy in K.
Sinceu; weakly converges if L (R"))™ to u, using Lemm'Z one know that for any

natural numbey, there exists a convex comblnat@jk "o Of {uy c k= j,j+1,...}
such that” Zk D APy,

{up - k=j4,j+1,...}, |lv|, represents a norm ofin (Lt (R"))™, AV > OandZNU U= 1.

Putv; = ZN(J . Then, asj tends to infinity,u; converges ir{ L (R™))™ to u. Thus there
exists a subsequence pf]}+ 1 such that this subsequence, denoted without loss of generality
by {v;} % /21, converges almost everywherel#t to v as;j goes to infinity. In particular, for any
given R > 0, v; converges almost everywhere(ly to u as;j goes to infinity. By Egorov’s
theorem, it is known that for any given positive numbethere exists a measurable ¢&t in
Qg with u(ER) < o such thaw; converges uniformly iff2z\ E to u. Therefore for the above
numbers, there exists a natural numbat such that
(2.3) sup lu(w) —v;(w)] <

wE(QR\ER)ND;(u)
forall j > N. Since all the values af in D;(u) are in the closed sét; andK; C K, 6 can
be chosen to be sufficiently small such that all the values of (2z\ Er) N D;(u) fall in K1,
and [2.2) and (2]3) still hold for this choice @fCombining [(2.2) and (2]3), we know that for
any given positive numbet, there exists a natural numbar such that

(2.4) f(u) < flvg) +¢/p(Qr)

in (Qr\Er) N Dy(u) for all j > N. Since all the values ofu; } -5 andu are inK and f(z) is
convex and nonnegative, integratifg (2.4) gives

<2 7> WhereN(j) is a natural number which depends pand

N(j)

(2.5) / du<ZAJ) fuk du—l—omaxf( )+
QRﬂDl(u)
(2.5) can be equivalently written as
N(j)
(2.6) / flu)du < )\ ay + omax f(z) +e.
QrND;(v) ) ; F zeK; )

Notice thata, — « ask — +o0. By first lettingj — +o00 and there — 0, (2.6) gives
(2.7) / fu)dp < o+ omax f(x).

QrND;(u) z€K;
The fact that hin D;(u) = R" shows that the limit 0f2zr N D;(u) in ( .) ISQR By first letting
o — 0and theri — 400, (2.7) reads
(2.8) fwydp <a < lim [ flu)dp,

Qg 1—+00 JQ

where the last inequality is obtained using the nonnegativity(of. Finally, by lettingR —
+o00 and using the Lebesgue dominated convergence thedrern, (2.8) lepds to (2.1). This com-
pletes the proof. O
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3. INEQUALITIES FOR WEAKLY * CONVERGENT SEQUENCES

In the previous section we have given inequalities for integrals of composite functions for
weakly convergent sequences(ify,(R"))™ for 1 < p < +o0. In this section we present a
similar result for weakly* convergent sequencesin® (R™))™ .

Using the process of the proof in Theorgm| 2.1, we can prove the following theorem.

Theorem 3.1. Assume that a sequende;}; 7 weakly* converges ifL;°(R"))™ to u as

1 — 400, wherem andn are two positive mtegers Assume that all the values ahd u;

(1 =1,2,3,...) belong to an open convex sktof R™ and thatf(z) is a nonnegative convex
function fromK to R. Then the inequality (2/1) holds for any measurable(set R™.

Proof. PutQz = QN {w : |w| < R,w € R"}. ThenQy is a bounded set iiR" for all
fixed positive real numberg. Sinceu; — u weakly* in (L°(R"))™, u; — u weakly* in
(L*(Qr))™. Hence, byL>(Qr) C L'(Qg), it can be easily shown that, — u weakly in
(L, (Qr))™. Then, using the process of the proof of Theo@ 2.1, we obtain

(3.1) lim [ f(w)dp> [ flu)du
i—+00 JQp Qr

It follows from the nonnegativity of the convex functigithat

(3.2) lim [ fluw)dp> [ flu)dp
i—-+00 J Q) Qpr

Finally, by the Lebesgue monotonous convergence theoref,-as+oo, (3.7) implies [2.11).
Our proof is completed. O

Furthermore, by removing the nonnegativity fifr) and assuming that the convex gétis
closed, we can deduce the following result.

Theorem 3.2. Assume that a sequen¢e; } ;=7 weakly* converges ifiL;°(R"))™ to u asi —
+00, Wwherem andn are two positive mtegers Assume that all the values ehd u; (i =
1,2,3,...) belongto a closed convex g€tin R™ and thatf(x) is a continuous convex function
from K to R. Then the inequality (2]1) holds for any bounded measurabl@ setR™.

We can also obtain Theorgm B.1 from Theofen 3.2. Theprejm 3.2 can be easily proved using
Lemmd 2.2. In fact, Theorem 3.2 is a part of the results given by Ying [6]. However, we still
give its proof below.

Proof of Theoreri 3|2Puto; = [, f(w;)dp (i = 1,2,...) anda = lim [, f(u;)du for any

1——+00
bounded sef. Then there eX|sts a subsequenceéanf}Jr such that this subsequence, denoted
without loss of generality by«; } -, converges ter asi — +oo.

Take K = KN{z : € R, |z| < |lullsc + 1}. Then, sincek is closed andf(z) is
continuous inK, K is a bounded closed set affilz) is uniformly continuous in«, that is, for
any given positive number, there exists a positive numbé&rk 1 such that

(3.3) [f(x) = F(y)] < e/u(€)

as|z — y| < § for anyx andy in K.

Sinceu; — u weakly* in (Lo°(R™))™, u; — u weakly* in (L2°(Q2))™. Hence, byL>(Q2) C
L(€), it can be easily shown that — u weakly in (L;,(2))™. It follows from Lemmg 2.p
that, for any natural numbei there exists a convex comblnat@rjk () )\ uy Of {ug : k =

J,7 + 1,...} such thatH — Zk:j )\,(j kH o < 3 where N (j) is a natural number which
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depends on' and{uy, : k = 4,7 +1,...}, |[v]| represents a norm efin (L:°(2))™, AY > 0

andzk_ A = 1. Puty; = Zk_ A4, Thenw; converges L7 (Q))™ tou as; tends to
00. In partlcular for the above numbérthere exists a natural numbNrsuch that

(3.4) esggp lu(w) —v;(w)] <9

forall j > N. Since all the values af andw; are inK_and K is convex, all the values of and
v;in Q areinK forall j > N. Combining ) an4), we know that for any given positive
numberz, there exists a natural numba&rsuch that

(3.5) fu) < flvj) +¢/n(2)
almost everywhere if2 for all j > N. Thus, integrating (3]5) gives

(3.6) /f du</fv]du+8
for all j > N. By the convexity of the functlorf (z), integrating [(3.5) gives

(3.7) | stwan < T | st
k=

(3.7) can be equivalently written as
N(j)

(3.8) /f u<ZA o + €.

By letting j — 400 and using the convergence@,t to o, (3.9) gives

(3.9 / flu)dp < a+e.
Q
By lettinge — 0, (3.9) leads to[(2]1). This completes the proof. O
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