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ABSTRACT. In this paper, we present various functional means in the sense of convex analy-
sis. In particular, a logarithmic mean involving convex functionals, extending the scalar one,
is introduced. In the quadratic case, our functional approach implies immediately that of pos-
itive operators. Some examples, illustrating theoretical results and showing the interest of our
functional approach, are discussed.
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1. INTRODUCTION

Recently, many authors have been interested in the construction of means involving convex
functionals and extending that of scalar and operator ones. The original idea, due to Atteia-
Raissoulil[1], comes from the fact that the Legendre-Fenchel conjugate operation can be consid-
ered as an inverse in the sense of convex analysis. This interpretation has allowed them to intro-
duce a functional duality, with which they have constructed for the first time, the convex geomet-
ric functional mean, which in the quadratic case, immediately gives the operator result already
discussed by some authois,[[3, 6,7, 9]. After this, several worksl[5] 8,13,/14/15/ 16,17, 18, 19]
proved that the theory of functional means contains that of means for positive operators.

In this paper we introduce a class of functional means in convex analysis. To convey the key
idea to the reader, we wish to briefly describe our aim in the following. The logarithmic mean
of two positive reals andb is known as

a—>b

]L(CL, b) = m |f a 7£ b, L(CL,CL) = a,

or alternatively, in integral form as

1 oo dt
L) = | CETIED)
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The extension of the logarithmic mean from the scalar case to the functional one is not obvious
and appears to be interesting: what should be the analogiéaob) when the variables
andb are convex functionals? The functional logarithm in convex analysis has already been
introduced in [[14], but it is not sufficient since the product (resp. quotient) of two convex
functionals, extending that of operators, has not yet been covered. This is where the difficulty
lies in extending the logarithmic mean from the two above scalar forms.

A third representation dL(a, b) is given by the convex form

(L(a, b)) = /Ol(t ca+(1—t)-b)7ldt,

whose importance stems from the fact that it does not contain any product nor quotient of
scalars, but only an inverse which, as already mentioned, has been extended to convex function-
als. For this, we suggest that a reasonable analogliéaob) involving convex functionalg

andg is

1 *
L) = ([ @ rea-o-gra)
0
wherex denotes the conjugate operation defined, for a functionalR?, by the relationship
" (u”) = sup{(u”, u) — P(u)}.
uek
In the quadratic case, i.e., if

flw) = falw) = 5 (A ), glu) = fol) i= 5 (Buw),

forallu € E, whereA, B : E — FE* are two positive invertible operators, then we obtain
immediately a convex form of the logarithmic operator mear @nd B given by

L(A,B) = (/Ol(t A+ (1 —1t)- B)‘ldt> h

This paper is divided into five parts and organized as follows: Sef}ion 2 contains some basic
notions of convex analysis that are needed throughout the paper. In $éction 3, we introduce the
logarithmic mean of two convex functionals and we study its properties. Sé¢tion 4 is devoted to
the intermediary functional means constructed from the arithmetic, logarithmic and harmonic
ones. Finally, in Sectiop]5 we present the logarithmic mean of several functional variables
from which we deduce another intermediary mean, called the arithmetic-logarithmic-harmonic
functional mean. In the quadratic case, the above definitions and results immediately give those
of positive operators.

2. PRELIMINARY RESULTS

In this section, we recall some standard notations and results in convex analysis which are
needed in the sequel. For further details, the reader can consult for instance [2, 4, 10].

Let £ be areal normed space (reflexive Banach when it is necesgarig, topological dual,
and(-, -) the duality bracket betweel and £*.

If we denote by@E the space of all functions defined framinto R = R U {—o0c, +oo}, we
can extend the structure BfonR by setting

Ve € R, —oco<z<400, (+00)+x=400, 0-(+00)=+oo0.
With this, the spac@E is equipped with the partial ordering relation defined by
VigeR", f<g <= YueE f(u)<gu).
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Given a functionalf : E — R = RU {+0o0}, we denote by * the Legendre-Fenchel conjugate
of f defined by

Vut € BT f*(u”) = sup{(u,u”) — f(u)}.

ucelE
It is clear that, iff < g theng* < f*.
We notice that, if£ is a complex normed space, the conjugate operation can be replaced by
the extended one,

Vu* € E* f*(u") = sup{Re (u",u) — f(u)},

uelr
whereRe (u*, u) denotes the real part of the complex number, ).

In what follows, we restrict ourselves to the case of real normed spaces since the complex
one can be stated in a similar manner.

Let f € R¥ and) > 0 be areal. We define the functionals f andf - \ by

u
Vue B, (A f)(u) =A-f(u) and (f- M) =A- £ (5)
With this, it is not hard to see that
(A-f) =F"Xand (f-A)" =A-f".

The bi-conjugate of is the functionalf** : £ — R defined as follows

Vue B ()= () () = sup (' u) — f(u)).

It is well-known that,f** < f and, f** = fifand only if f € T'((E), wherel'((E) is the
cone of lower semi-continuous convex functionals freBhmto R U {+oo} not identically equal
to +o0o0. Analogously, we can defing* . £* — R which satisfiesf*** = f*, and thus
f*eTo(E) forall f € RE.

An important and typical example ofl&(£)—functional isf, defined by

Vue B fa(u) = %(Au,u),

whereA : E — E* is a bounded linear positive operator. We say thats quadratic in the
sense thaf(t-u) = t*f(u) forallu € F andt € R. Itis easy to see that the conjugate operation
preserves the quadratic character. If, moreaxds invertible thenf”; has the explicit form
1
v * c E* * ¥ Afl * * )

Thatis, [ = f4-: and so, as already observed, the conjugate operation can be considered as a
reasonable extension of the inverse operator in the sense of convex analysis.

Now, let us recall that, for alf, g € R anda €]0, 1],
(2.1) (af +(1—a)g)" <af +(1-a)g,

i.e., the mapf —— f* is convex with respect to the point-wise orderingﬁ)’ﬁ.
In the quadratic case, i.e.,ff= f4 andg = fz,andA, B : E — E* are positive invertible
operators, then the above inequality immediately implies,

Va€)0,1] (a-A+(1-a)-B)'<a-A'+(1—-a) B

which, without the conjugate operation, is not directly obvious, see [11] for example.
A convex-integral version of inequalif2.1)) is given in the following result.
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Lemma 2.1. LetQ be a nonempty subsetBf*, F : @ x E — R and ¢ : Q — [0, +o0]
such that/,, v (t)dt = 1. If we put

Vue B ®(u) = / Y(t)F(t,u)dt,
Q
then the conjugate functiond : E* — R of ® satisfies

Yot € B 0(u') < / (&) F* (¢, ub)dt,
Q

where
F*(t,u") = sup{ (u*,u) —F(t,u)}.
uel
Proof. Form = 1, Q =|a, b|C R, this lemma is proved in [16]. Fon > 2, the same result is
achieved by using arguments analogous to those in [16]. 0J

Finally, for f, g € R” such thatlom f N dom g # 0, the arithmetic and harmonic functional
means off andg are respectively defined by, [1]

2.2 ao) =150 wrg) = (54 50)

Clearly,H(f,g) € I'y(E) and, if f, g € T'o(E) then so isA(f, g). Moreover,(2.1]) immediately
gives the arithmetic-harmonic mean inequality

Vf.g e RE  H(f,g) < A(f, 9).

3. LOGARITHMIC FUNCTIONAL MEAN

As mentioned before, the fundamental goal of this section is to introduce the logarithm mean
of two convex functionals. Such functional means extend available results for that of positive
real numbers.

Definition 3.1. Let f, g € T'o(F) such thatlom f N dom g # (. We put

1 *
L) = ([ @ s+ a-n-grar),
0
which will be called the logarithmic functional mean pandg in the sense of convex analysis.

The fact thatf, g belong toT'y(E) is not the only way to defin&(f, g). The logarithmic

mean off andg can be defined by the above formulae forfaly € RZ. However, in order to
simplify the presentation for the reader, we assume that I'o(E).
The elementary properties bf f, g) are summarized in the following.

Proposition 3.1. Let f, g € I'o(E). The following statements hold true.

@ LO-F,A-g9)=A-L(f,g) andL{f - A, g- ) = L(f,g) - A forall A > 0.
3) L(f +a,g+b) =L(f,q) + Aa,b), for all a,b € R.

Proof. It is immediate from the definition with the properties of the conjugate operatiomn.
Proposition 3.2. Let f, f2, g1, g2 In I'g(E) such thatf; < f, andg; < g,. Then

L(f1,91) < L(f2,92).
In particular, for all f,g € I',(£) one has

(inf(f,9))" <IL(f,9) <sup(f,g).
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Proof. It is immediate from the properties of the conjugate operation stated in Sgftion[2.

Proposition 3.3. Let f, g € I'o(E). Then the following arithmetic-logarithmic-harmonic mean
inequality holds

H(f,9) <L(f.9) < A(f, 9),
whereA(f, g) andH( f, g) are respectively defined lg.2).

Proof. By Lemmé& 2.1, we obtain

' . : f+g
Lo < [ (4 f+(=t)- gy de< | (- f+(1—1) g =",
0 0
which gives the right inequality.
To prove the left one, we usg.1)) to write
fT+yg

A%¢+a—wmwslhwumfwy%h: ,

which, by taking the polar of the two members, gives

(f*;rg*)*s </01(t-f+(1—t)~g>*dt) ;

thus proving the desired result. O

Corollary 3.4. Let f,g € T'y(E) such thatdom f = dom g. Then
domH(f, g) = domL(f, g) = dom A(f, g) = dom f.
Proof. In [5], the authors proved thabm f = dom g if and only if
domH(f,g) = domA(f,g).
This, with the latter proposition, and the fact that
dom A(f,g) = dom f Ndom g,
implies the desired result. O

We notice that the above hypothedisn f = dom g, also assumed below, is not a restriction
since it can be omitted with regularization. In this sense, the reader can consult [5] for similar
examples of regularization.

Proposition 3.5. Let f,g € I'y(E). If f and g are quadratic, then so i&(f, g). Moreover, if
f = faandg = fp, whereA and B are two positive invertible operators then

L(f,9) = fua,Bp),

with

(3.1) L(A,B) = (/1@ A+ (1 —1)- B)—ldt)
0

Proof. The result comes from the fact that
t-fa+ (1 —1t) fp = frara—o5

-1

with
(t-fat+Q—=1)-fB)" = frara—v-B)—-
The rest of the proof is immediate. O

The following example explains the interest of our approach and the chosen terminology in
the above definition.
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Example 3.1.Let E = R and f(z) = f.(z) := 3az?, g(z) = fo(z) := 1ba?, witha > 0,0 >
0. According to(3.1]), a simple calculation yields
-b .
L(a,b) = ——— " ifa#b, L(a,a)=a.

" Ina—Inb
That is,L(a, b) is the known logarithmic mean. Otherwise, Proposifior 3.3 gives immediately
the arithmetic-logarithmic-harmonic mean inequality

2ab b
H(a,b) = — < L(0,8) < Afa,h) = .

We can now present the next definition whose convex integral form appears to be new.

Definition 3.2. The operatoilL(A, B), defined by relation(3.1)), is the logarithmic operator
mean ofA andB.

As for all monotone operator means, the explicit formula& e, B) can be easily deduced
from (3.1)) and we obtain:

Corollary 3.6. The logarithmic operator mean of and B is given by
L(A,B) = AV2F (A7/2BA7Y?) A2,
whereF'(z) = 2= for all z > 0 with F(1) = 1.
According to the above study, it follows that the analogue of the scalar (resp. operator) map

F:z+— &1 F(1) = 1, to convex functionals ig — L(f, o), wheres = 1|| - ||? is, in the

Inz?’

Hilbertian case, the only self-conjugate functional.

4. THE INTERMEDIARY FUNCTIONAL MEANS

In [13], the authors discussed three intermediary functional means constructed from the arith-
metic, geometric and harmonic ones. The aim of this section follows the same path.
Let f,g € T'o(E), take fo = f, go = g and consider the following two statements:

(P,) Foralln > 0,we putf,i1 = L(fu, 9n); Gni1 = A(fn, gn)-
(P,) Foralln > 0,we putf,i1 = L(fu, 9n), Gnr1 = H(fn, gn)-

The fundamental result of this section is the following.

Theorem 4.1.Let f, g € T'o(F) such thatdom f = dom g. Then the sequencég,) and(g,,)
corresponding ta P;) (resp. (P,)) both converge point-wise to the same convex functional.
Moreover, denoting these limits By (f, ) and LH( f, g) respectively, we have the following
inequalities

H(f,9) < LH(f,9) <L(f,9) <LA(f,g9) < A(f,9).

Proof. We prove the theorem fdiP; ), since that of ) can be stated in a similar manner.
First, it is easy to see, by induction, thate I'y(E) andg, € I'y(E) for all n > 0.
By Propositiorj 3.3, we immediately obtain

Vn>1 " fu < gn,
which, with Propositiof 3]1, 1. and Proposition|3.2, implies that
Vn>1, fo1>fn and g, < gn.
Summarizing, we have proved that
(4.1) Lif,o) =< <forr<fo<gm<gn1<--<g1=A(f, 9).
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It follows that, (f,,) is an increasing sequence upper bounded by T'o(£) and(g,) is a
decreasing one lower bounded iy € T'y(E). We deduce thatf,) and(g,) both converge
point-wise inR¥. Denoting their convex limits by and, respectively, we claim that = 1.
First, passing to the limit in the inequalitfy, < g, we obtaing < . This, thanks ta{4.1)),
yields

L(f,9) < ¢ <¢ <A(f,9).
If dom f = dom g then, by(4.1]) again, one hadom A(f, g) = domL(f, g) which, with the
latter inequality, giveslom ¢ = dom 1.

Now, lettingn — +o0 In the relation
n + n

In+1 = A(fnagn) = f 9 J )
we obtain2 - ¢ = ¢ + v, which with dom ¢ = dom ¢ implies thaty = 1, thus proving the
desired result. O

Definition 4.1. The convex functiondLA(f, g) (resp.LH(f, ¢)) defined by Theorefn 4.1 will
be called the logarithmic-arithmetic (resp. logarithmic-harmonic) meghaofdg.

In the quadratic case, the above theorem and definition give immediately that of positive
operators. In fact, let and B be two positive (invertible) linear operators fraininto £*, take
Ay = A, By = B and define the two quadratic processes:

(QP,) Foralln >0, we putd, , = L(A,, B,), Bni1 = A(A,, B,).
(QP,) Foralln >0, we putA, ., = L(A,, By), Bny1 =H(A,, B,).
From the above, we obtain the following quadratic version.
Corollary 4.2. Let A and B as in the above. Then the sequengés) and (B,,) correspond-

ing to (QP;) (resp. (QF2)) both converge strongly to the same positive operétéi A, B)
(respLH(A, B)) satisfying

H(A, B) < LH(A, B) < L(4, B) < LA(A, B) < A(A, B).
Similar to the functional case, we have the following definition.

Definition 4.2. The above positive operatdrA(A, B) (resp. LH(A, B)) will be called the
logarithmic-arithmetic (resp. logarithmic-harmonic) meamadnd B.

Remark 1. Let f, g € I'y(F) and define the map
T(f.9) = (L(f,9),A(f,9)), resp.T(f,g) = (L(f,9),H(f,9))-

If T™ denotes the.—th iterate ofl", Theoren 4.]1 tells us that there exists a convex functiBnal
such that

lim T"(f.g) = (F.F).

Analogous deductions can be made for Corollary 4.2.
5. LOGARITHMIC MEAN OF SEVERAL VARIABLES

Below, we outline the procedure to extend the above logarithmic mean from two functional
variables to three or more.
Letm > 2 be an integer and define

m—1
Am_lz{(tl,tg,...,tm_l)eRm_l, d <1, ;>0 for 1§i§m—1}.

i=1
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Let us put

m—1
tn=1-Y t,

=1
and by analogy to Definition 3.1, we find a reg} > 0 such that the expression

Am / Z tzfz dtldtg Ce dtm,1 s
Am-1 \ j=1

is a reasonable extensionbff, g). For this, we compute,, by requiring that (analogously

¢ /vzxm 1

A classical integration gives

-1 _ .
a,, = /Am_l dtldtg R dtm_l = —(m — 1)'

Now, we can introduce the following definition.

Definition 5.1. Let f1, f2, ..., fm € [o(E) such tha{;", dom f; # 0. The logarithmic func-
tional mean offy, f, ..., f.. is given by

m—1 =1

wheret,, =1— 3" "¢,

From the above definition, the propertiesloffy, f2, ..., fin) can be stated, in a similar
manner to that of the two functional variables case. In the following, we summarize these
properties whose proofs are omitted (and we leave it to the reader, since they are analogous to
that of L(f, ¢g)). To simplify the notations, we writ&(F') instead ofLL(fi, fs, ..., fi) With
F = (fi,fo-- . fm) € (Do(E))", and F; = (fra), fr@),- - f-m)) for a permutation of
{1,2,...,m}. With this, we define, foh > 0

)\F:()‘fla)‘f%))‘fm) and F-\= (fl)\an)\aafm)\)
If FF'=(f,f,....,f)with f € [',(E) we writeL(f).

Proposition 5.1. With the above, the following statements hold true:
(1) L(F) € T'hw(E), L(f) = f, andL(F) = L(F,) for all permutationsr of the set
{1,2,...,m}.
( ) A

(2 Forall A > 0,L(A- F) =X-L(F) and L(F - \) =
(3) If fi,g; € To(F) such thatf; < g; forall i = 1,2,...,m, then]L( ) < L(G) with

G = (917927"'7gm)
Now, for F' = (f1, fa, ..., fm) € (I'o(E))™ we put

m fl m f-* *
— A H(F) = Ji
; =, H(F) ; ol I
which are, respectively, the arithmetic and harmonic mearfs,gt, . . ., f,..

Proposition 5.2. With the above conditions, the following arithmetic-logarithmic-harmonic
functional mean inequality holds

H(F) <L(F) < A(F).
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Proof. Firstly, for brevity, we only present the fundamental points of this proof. By virtue of
the relation

Am—l
Lemmg 2.1, with Definitiof 5]1, implies that

A'mfl
witht¢,, =1 — Z?;l t;. By the symmetry ofj\,,, a classical computation yields
1
/ tidtidty .. . dty,_ = —,
A1 m'

foralli = 1,2,...,m. Substituting this in the above, we obtain the arithmetic-logarithmic
inequality. The logarithmic-harmonic one can be similarly obtained to that of Propdsition 3.3,
which completes the proof. O

The main interest of our functional approach appears in its convex form with the simple
related proofs. In what follows, we provide another example explaining this situation.

Proposition 5.3. Let I’ = (f;)™, with f; = fa,, WwhereA; : E — E* are positive invertible
operators. If we setl = (A, Ao, ..., A,,), then

L(F) = fuay,
where
m -1 -1
Am-1 \ i=1
L(A) is called the logarithmic operator mean df;, A,, ..., A,,.
Proof. Itis a simple exercise for the reader. O
Corollary 5.4. For all positive invertible operatorsi,, A, ..., A,,, we have the arithmetic-

logarithmic-harmonic operator mean inequality
H(A) <L(A) < A(A),

where

and L(A) is defined by(5.1)).
Proof. It is sufficient to combine Proposition $.2 with Proposition| 5.3. O

Example 5.1. Let a, b, c be three positive reals. According (6.1)), we wish to compute the
logarithmic mean ofi, b andc. First, it is easy to see thét(a,a,a) = a for all a > 0. For
a # b,a # candb # ¢, a classical integration yields

1 (a—0b)(b—c)(c—a)
L = -
(a,,¢) 2a(c=blna+bla—c)lnb+c(b—a)lnc’
see also[[12]. By symmetry (Proposition]5.1,1.),do# ¢ one has
L(a,a,c) = L(a, c,a) = L(c, a, a),
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which naturally satisfies
L(a,a,c) = Il}im L(a,b,c).

After a simple computation of this limit (or usir.1])), we obtain (fora # c)

(a—c¢)?

L(0,0.9) = 5o rame—Tma))’

The arithmetic-logarithmic-harmonic mean inequality is immediately given by

3 - abc at+b+c
— < L(a,b,c) < ——.
ab + bc + ca (a,b,¢) < 3

These latter inequalities are not directly immediate, that proves the interest of our approach.

Finally, we end this section by introducing another functional mean of three variables con-
structed from the arithmetic, logarithmic and harmonic ones.
Let f,g,h € To(E), takefy = f, 90 = g, ho = h and define the recursive process

Vn > 0, fn-i—l = H(fmgnv hn)v In+1 = L(fmgna hn)a hn-i-l = A(fnvgm hn)
Clearly, f,., g, andh,, belong tol'y( F) for eachn > 0.

Theorem 5.5. Let f, g, h € T'((E) such thatdom f = domg = domh. Then the sequences
(fn), (gn) and(h,,) both converge point-wise to the same lihitH( f, g, h) satisfying

H(f,g.h) < ALH(f,g,h) < A(f, g, h).
Proof. By Propositiorj 5.2, we obtain
V=1 fo<gn < ha,
which, with Propositioft 5]1,1. and 3., implies that
Yn>1, foo1>fn and h,q < hy,.
In summary, we have shown that
52 H(f,gh)=fHi< - < for<[u<gn<hy<h, 1< <h =A(f,g,h).

We conclude thatf,) is increasing upper bounded by and(h,,) is decreasing lower bounded

by f1. Thus they converge point-wise R¥ whose limits are denoted respectively bandap.
Otherwise, from the relation

(5.3) 3 hpy1 = fo+ Gn+ hn,

we deduce thatg,) is also point-wise convergent to a limit Now, lettingn — 400 in
relation(5.2)), we can write

(5.4) H(f,g,h) < <0< <A(f,g,h).

Sincedom f = dom g = dom h then, following [15], one hadom H( f, g, h) = dom A(f, g,h) =
dom f, and by(5.4]), we obtain

(5.5) dom ¢ = dom € = dom ).
Passing to the limit ing5.3)), we have3 - ¢ = ¢ + 0 + ¢ and so, with(5.5)), 2 - ¢ = ¢ + 6. This,
when combined with5.4)), yields¢ = ¢ = 6. This completes the proof. OJ

J. Inequal. Pure and Appl. Math10(4) (2009), Art. 102, 12 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

LOGARITHMIC FUNCTIONAL MEAN 11

As in the above section, if the convex functiondlg andh are quadratic then we immedi-
ately obtain a similar result for positive operators. IndeedAleB,C' : E — E* be three
positive (invertible) operators and let, = A, By = B,y = C and define the quadratic
sequences

Vn >0, A, =H(A,, B,,Chn), Bui1 =L(An, By, Cr), Cui1 = A(A,, By, Cr).
Corollary 5.6. Let A, B, C as in the above. The sequendes,), (B,) and (C,,) both con-

verge strongly to the same positive operatdtH( A, B, C'), called the arithmetic-logarithmic-
harmonic operator mean, which satisfies

H(A, B,C) < ALH(A, B,C) < A(A, B, C).
Definition 5.2. ALH(f, g, h) defined by Theorem §.5 (respLH(A, B, C') defined by Corol-

lary[5.6) will be called the arithmetic-logarithmic-harmonic functional meafi gfandh (resp.
operator mean ofl, B andC).

As in Remark 1L, Theoreim §.5 (and analogously Corollary 5.6) can be summarized by saying
that there exists a convex functiorfasuch that

lim Tn(f? g? h) = (F7 IF? IF)?

nl+oo
where
T(f,g,h) = (A(f,g,h),L(f,g,h),H(f,g,h)).
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