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1. I NTRODUCTION

Let n(≥ 2) be a given positive integer,A = (a1, a2, . . . , an) andB = (b1, b2, . . . , bn) be
known as sequences of real numbers. Also, letpi > 0 andqi > 0 (i = 1, 2, . . . , n), Pj =
p1 + p2 + · · ·+ pj andQj = q1 + q2 + · · ·+ qj (j = 1, 2, . . . , n).

If A andB are both increasing or both decreasing, then

(1.1)

(
n∑

i=1

ai

)(
n∑

i=1

bi

)
≤ n

n∑
i=1

aibi.

If one of the sequencesA or B is increasing and the other decreasing, then the inequality (1.1)
is reversed.

The inequality (1.1) is called the Chebyshev’s inequality, see [1, 2].
ForA andB both increasing or both decreasing, Behdzet in [3] extended inequality (1.1) to
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(1.2)

(
n∑

i=1

piai

)(
n∑

i=1

qibi

)
+

(
n∑

i=1

qiai

)(
n∑

i=1

pibi

)
≤ Pn

n∑
i=1

qiaibi + Qn

n∑
i=1

piaibi.

If one of the sequencesA or B is increasing and the other decreasing, then the inequality (1.2)
is reversed.

Forpi = qi, i = 1, 2, . . . , n, the inequality (1.2) reduces to

(1.3)

(
n∑

i=1

piai

)(
n∑

i=1

pibi

)
≤ Pn

n∑
i=1

piaibi,

where,A andB are both increasing or both decreasing. If one of the sequencesA or B is
increasing and the other decreasing, then the inequality (1.3) is reversed.

Let r, s : [a, b] → R be integrable functions, either both increasing or both decreasing.
Furthermore, letp, q : [a, b] → [0, +∞) be the integrable functions. Then

(1.4)
∫ b

a

p(t)r(t)dt

∫ b

a

q(t)s(t)dt +

∫ b

a

q(t)r(t)dt

∫ b

a

p(t)s(t)dt

≤
∫ b

a

p(t)dt

∫ b

a

q(t)r(t)s(t)dt +

∫ b

a

q(t)dt

∫ b

a

p(t)r(t)s(t)dt.

If one of the functionsr or s is increasing and the other decreasing, then the inequality (1.4) is
reversed.

Whenp(t) = q(t), t ∈ [a, b], the inequality (1.4) reduces to

(1.5)
∫ b

a

p(t)r(t)dt

∫ b

a

p(t)s(t)dt ≤
∫ b

a

p(t)dt

∫ b

a

p(t)r(t)s(t)dt,

wherer ands are both increasing or both decreasing. If one of the functionsr or s is increasing
and the other decreasing, then the inequality (1.5) is reversed.

Inequalities (1.4) and (1.5) are the integral forms of inequalities (1.2) and (1.3), respectively
(see [1, 2]).

The results from other inequalities connected with (1.1) to (1.5) can be seen in [1], [3] – [8]
and [2, pp. 61–65].

We define three mappingsc, C andC̃ by c : N+×N+ →R,

(1.6) c(k, n; pi, qi) = Pk

k∑
i=1

qiaibi + Qk

k∑
i=1

piaibi

+

(
n∑

i=k+1

piai

)(
n∑

i=1

qibi

)
+

(
k∑

i=1

piai

)(
n∑

i=k+1

qibi

)

+

(
n∑

i=k+1

qiai

)(
n∑

i=1

pibi

)
+

(
k∑

i=1

qiai

)(
n∑

i=k+1

pibi

)
,

wherek = 1, 2, . . . , n, and
n∑

i=n+1

qiai =
n∑

i=n+1

pibi =
n∑

i=n+1

piai =
n∑

i=n+1

qibi = 0

is assumed.
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ForC : [a, b] → R,

(1.7) C(x; p, q; r, s) =

∫ x

a

p(t)dt

∫ x

a

q(t)r(t)s(t)dt +

∫ x

a

q(t)dt

∫ x

a

p(t)r(t)s(t)dt

+

∫ b

x

p(t)r(t)dt

∫ b

a

q(t)s(t)dt +

∫ x

a

p(t)r(t)dt

∫ b

x

q(t)s(t)dt

+

∫ b

x

q(t)r(t)dt

∫ b

a

p(t)s(t)dt +

∫ x

a

q(t)r(t)dt

∫ b

x

p(t)s(t)dt

and forC̃ : [a, b] → R,

(1.8) C̃(y; p, q; r, s) =

∫ b

y

p(t)dt

∫ b

y

q(t)r(t)s(t)dt +

∫ b

y

q(t)dt

∫ b

y

p(t)r(t)s(t)dt

+

∫ y

a

p(t)r(t)dt

∫ b

a

q(t)s(t)dt +

∫ b

y

p(t)r(t)dt

∫ y

a

q(t)s(t)dt

+

∫ y

a

q(t)r(t)dt

∫ b

a

p(t)s(t)dt +

∫ b

y

q(t)r(t)dt

∫ y

a

p(t)s(t)dt.

We write

c1(k, n; pi) =
1

2
c(k, n; pi, pi)(1.9)

= Pk

k∑
i=1

piaibi +

(
n∑

i=k+1

piai

)(
n∑

i=1

pibi

)
+

(
k∑

i=1

piai

)(
n∑

i=k+1

pibi

)
,

c2(k, n) = c1(k, n; 1)(1.10)

= k
k∑

i=1

aibi +

(
n∑

i=k+1

ai

)(
n∑

i=1

bi

)
+

(
k∑

i=1

ai

)(
n∑

i=k+1

bi

)
,

C0(x; p; r, s) =
1

2
C(x; p, p; r, s)(1.11)

=

∫ x

a

p(t)dt

∫ x

a

p(t)r(t)s(t)dt +

∫ b

x

p(t)r(t)dt

∫ b

a

p(t)s(t)dt

+

∫ x

a

p(t)r(t)dt

∫ b

x

p(t)s(t)dt

and

C̃0(y; p; r, s) =
1

2
C̃(y; p, p; r, s)(1.12)

=

∫ b

y

p(t)dt

∫ b

y

p(t)r(t)s(t)dt +

∫ y

a

p(t)r(t)dt

∫ b

a

p(t)s(t)dt

+

∫ b

y

p(t)r(t)dt

∫ y

a

p(t)s(t)dt.

(1.10), (1.6), (1.9), (1.7) and (1.8), (1.11) and (1.12) are generated by the inequalities (1.1) to
(1.5), respectively.

The aim of this paper is to study the monotonicity properties ofc, C andC̃, and obtain some
refinements of (1.1) to (1.5) using these monotonicity properties. Some applications are given.
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2. M AIN RESULTS

The monotonicity properties of the mappingc, c1 andc2 are embodied in the following theo-
rem.

Theorem 2.1.Let c, c1 andc2 be defined as in the first section. IfA andB are both increasing
or both decreasing, then we have the following refinements of (1.2), (1.3) and (1.1)(

n∑
i=1

piai

)(
n∑

i=1

qibi

)
+

(
n∑

i=1

qiai

)(
n∑

i=1

pibi

)
(2.1)

= c(1, n; pi, qi) ≤ · · · ≤ c(k, n; pi, qi) ≤ c(k + 1, n; pi, qi) ≤ · · ·

≤ c(n, n; pi, qi) = Pn

n∑
i=1

qiaibi + Qn

n∑
i=1

piaibi,

(
n∑

i=1

piai

)(
n∑

i=1

pibi

)
= c1(1, n; pi) ≤ · · · ≤ c1(k, n; pi)(2.2)

≤ c1(k + 1, n; pi) ≤ · · · ≤ c1(n, n; pi)

= Pn

n∑
i=1

piaibi

and (
n∑

i=1

ai

)(
n∑

i=1

bi

)
= c2(1, n) ≤ · · · ≤ c2(k, n)(2.3)

≤ c2(k + 1, n) ≤ · · · ≤ c2(n, n)

= n
n∑

i=1

aibi,

respectively. If one of the sequencesA or B is increasing and the other decreasing, then in-
equalities in (2.1)–(2.3) are reversed.

The monotonicity properties of the mappingsC andC0 are given in the following theorem.

Theorem 2.2. LetC andC0 be defined as in the first section. Ifr ands are both increasing or
both decreasing, thenC(x; p, q; r, s) andC0(x; p; r, s) are increasing on[a, b] with x, and for
x ∈ [a, b] we have the following refinements of (1.4) and (1.5)∫ b

a

p(t)r(t)dt

∫ b

a

q(t)s(t)dt +

∫ b

a

q(t)r(t)dt

∫ b

a

p(t)s(t)dt(2.4)

= C(a; p, q; r, s) ≤ C(x; p, q; r, s) ≤ C(b; p, q; r, s)

=

∫ b

a

p(t)dt

∫ b

a

q(t)r(t)s(t)dt +

∫ b

a

q(t)dt

∫ b

a

p(t)r(t)s(t)dt

and ∫ b

a

p(t)r(t)dt

∫ b

a

p(t)s(t)dt = C0(a; p; r, s)(2.5)

≤ C0(x; p; r, s) ≤ C0(b; p; r, s)

=

∫ b

a

p(t)dt

∫ b

a

p(t)r(t)s(t)dt,
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respectively. If one of the functionsr or s is increasing and the other decreasing, thenC(x; p, q; r, s)
andC0(x; p; r, s) are decreasing on[a, b] withx, and inequalities in (2.4) and (2.5) are reversed.

The monotonicity properties of̃C andC̃0 are given in the following theorem.

Theorem 2.3. Let C̃ andC̃0 be defined as in the first section. Ifr ands are both increasing or
both decreasing, theñC(y; p, q; r, s) and C̃0(y; p; r, s) are decreasing on[a, b] with y, and for
y ∈ [a, b] we have the following refinements of (1.4) and (1.5)∫ b

a

p(t)r(t)dt

∫ b

a

q(t)s(t)dt +

∫ b

a

q(t)r(t)dt

∫ b

a

p(t)s(t)dt(2.6)

= C̃(b; p, q; r, s) ≤ C̃(y; p, q; r, s) ≤ C̃(a; p, q; r, s)

=

∫ b

a

p(t)dt

∫ b

a

q(t)r(t)s(t)dt +

∫ b

a

q(t)dt

∫ b

a

p(t)r(t)s(t)dt

and ∫ b

a

p(t)r(t)dt

∫ b

a

p(t)s(t)dt = C̃0(b; p; r, s) ≤ C̃0(y; p; r, s) ≤ C̃0(a; p; r, s)(2.7)

=

∫ b

a

p(t)dt

∫ b

a

p(t)r(t)s(t)dt,

respectively. If one of the functionsr or s is increasing and the other decreasing, thenC̃(y; p, q; r, s)

and C̃0(y; p; r, s) are increasing on[a, b] with y, and the inequalities in (2.6) and (2.7) are re-
versed.

3. PROOF OF THEOREMS

Proof of Theorem 2.1.Fork = 2, 3, . . . , n, we have

c(k, n; pi, qi)− c(k − 1, n; pi, qi)(3.1)

= (Pk−1 + pk)

(
k−1∑
i=1

qiaibi + qkakbk

)
+ (Qk−1 + qk)

(
k−1∑
i=1

piaibi + pkakbk

)

−

[
Pk−1

k−1∑
i=1

qiaibi + Qk−1

k−1∑
i=1

piaibi

]
+

n∑
i=k+1

piai

n∑
i=1

qibi

+

(
pkak +

k−1∑
i=1

piai

)
n∑

i=k+1

qibi −

(
pkak +

n∑
i=k+1

piai

)
n∑

i=1

qibi

−
k−1∑
i=1

piai

(
qkbk +

n∑
i=k+1

qibi

)
+

n∑
i=k+1

qiai

n∑
i=1

pibi

+

(
qkak +

k−1∑
i=1

qiai

)
n∑

i=k+1

pibi −

(
qkak +

n∑
i=k+1

qiai

)
n∑

i=1

pibi

−
k−1∑
i=1

qiai

(
pkbk +

n∑
i=k+1

pibi

)

=

[
pk

k−1∑
i=1

qiaibi + pkakbk

k−1∑
i=1

qi − pkak

k−1∑
i=1

qibi − pkbk

k−1∑
i=1

qiai

]
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+

[
qk

k−1∑
i=1

piaibi + qkakbk

k−1∑
i=1

pi − qkak

k−1∑
i=1

pibi − qkbk

k−1∑
i=1

piai

]

= pk

k−1∑
i=1

qi (ak − ai) (bk − bi) + qk

k−1∑
i=1

pi (ak − ai) (bk − bi) .

If A andB are both increasing or both decreasing, then

(3.2)
(
ak − ai

)(
bk − bi

)
≥ 0, (i = 1, 2, . . . , k − 1).

Using (1.6), (3.1) and (3.2), we obtain (2.1).
If one of the sequencesA or B is increasing and the other decreasing, then (3.2) is reversed,

which implies that the inequalities in (2.1) are reversed.
For i = 1, 2, . . . , n, replacingqi in (2.1) with pi and replacingpi in (2.2) with 1, we obtain

(2.2) and (2.3), respectively. This completes the proof of Theorem 2.1. �

Proof of Theorem 2.2.For anyx1, x2 ∈ [a, b], x1 < x2, we write

I1 =

∫ x2

x1

p(t)dt

∫ x2

x1

q(t)r(t)s(t)dt +

∫ x2

x1

q(t)dt

∫ x2

x1

p(t)r(t)s(t)dt

−
∫ x2

x1

p(t)r(t)dt

∫ x2

x1

q(t)s(t)dt−
∫ x2

x1

q(t)r(t)dt

∫ x2

x1

p(t)s(t)dt.

For t ∈ [a, x1], u ∈ [x1, x2], using the properties of double integrals, we get

I2 =

∫∫
[a,x1]×[x1,x2]

p(t)q(u)
(
r(t)− r(u)

)(
s(t)− s(u)

)
dtdu

=

∫ x1

a

p(t)dt

∫ x2

x1

q(t)r(t)s(t)dt +

∫ x1

a

p(t)r(t)s(t)dt

∫ x2

x1

q(t)dt

−
∫ x1

a

p(t)r(t)dt

∫ x2

x1

q(t)s(t)dt−
∫ x1

a

p(t)s(t)dt

∫ x2

x1

q(t)r(t)dt

and

I3 =

∫∫
[a,x1]×[x1,x2]

p(u)q(t)
(
r(t)− r(u)

)(
s(t)− s(u)

)
dtdu

=

∫ x1

a

q(t)dt

∫ x2

x1

p(t)r(t)s(t)dt +

∫ x1

a

q(t)r(t)s(t)dt

∫ x2

x1

p(t)dt

−
∫ x1

a

q(t)r(t)dt

∫ x2

x1

p(t)s(t)dt−
∫ x1

a

q(t)s(t)dt

∫ x2

x1

p(t)r(t)dt.

Whenx1 = a, from (1.7), we get

C(x2; p, q; r, s)− C(x1; p, q; r, s)(3.3)

=

∫ x2

x1

p(t)dt

∫ x2

x1

q(t)r(t)s(t)dt +

∫ x2

x1

q(t)dt

∫ x2

x1

p(t)r(t)s(t)dt

−
∫ x2

x1

p(t)r(t)dt

∫ x2

x1

q(t)s(t)dt−
∫ x2

x1

q(t)r(t)dt

∫ x2

x1

p(t)s(t)dt

= I1.
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Whenx1 > a, from (1.7), we have

C(x2; p, q; r, s)− C(x1; p, q; r, s)(3.4)

=

(∫ x1

a

+

∫ x2

x1

)
p(t)dt

(∫ x1

a

+

∫ x2

x1

)
q(t)r(t)s(t)dt

+

(∫ x1

a

+

∫ x2

x1

)
q(t)dt

(∫ x1

a

+

∫ x2

x1

)
p(t)r(t)s(t)dt

−
∫ x1

a

p(t)dt

∫ x1

a

q(t)r(t)s(t)dt−
∫ x1

a

q(t)dt

∫ x1

a

p(t)r(t)s(t)dt

+

∫ b

x2

p(t)r(t)dt

(∫ x1

a

+

∫ x2

x1

+

∫ b

x2

)
q(t)s(t)dt

+

(∫ x1

a

+

∫ x2

x1

)
p(t)r(t)dt

∫ b

x2

q(t)s(t)dt

−
(∫ x2

x1

+

∫ b

x2

)
p(t)r(t)dt

(∫ x1

a

+

∫ x2

x1

+

∫ b

x2

)
q(t)s(t)dt

−
∫ x1

a

p(t)r(t)dt

(∫ x2

x1

+

∫ b

x2

)
q(t)s(t)dt

+

∫ b

x2

q(t)r(t)dt

(∫ x1

a

+

∫ x2

x1

+

∫ b

x2

)
p(t)s(t)dt

+

(∫ x1

a

+

∫ x2

x1

)
q(t)r(t)dt

∫ b

x2

p(t)s(t)dt

−
(∫ x2

x1

+

∫ b

x2

)
q(t)r(t)dt

(∫ x1

a

+

∫ x2

x1

+

∫ b

x2

)
p(t)s(t)dt

−
∫ x1

a

q(t)r(t)dt

(∫ x2

x1

+

∫ b

x2

)
p(t)s(t)dt

=

[∫ x2

x1

p(t)dt

∫ x2

x1

q(t)r(t)s(t)dt +

∫ x2

x1

q(t)dt

∫ x2

x1

p(t)r(t)s(t)dt

−
∫ x2

x1

p(t)r(t)dt

∫ x2

x1

q(t)s(t)dt−
∫ x2

x1

q(t)r(t)dt

∫ x2

x1

p(t)s(t)dt

]
+

[∫ x1

a

p(t)dt

∫ x2

x1

q(t)r(t)s(t)dt +

∫ x1

a

p(t)r(t)s(t)dt

∫ x2

x1

q(t)dt

−
∫ x1

a

p(t)r(t)dt

∫ x2

x1

q(t)s(t)dt−
∫ x1

a

p(t)s(t)dt

∫ x2

x1

q(t)r(t)dt

]
+

[∫ x1

a

q(t)dt

∫ x2

x1

p(t)r(t)s(t)dt +

∫ x1

a

q(t)r(t)s(t)dt

∫ x2

x1

p(t)dt

−
∫ x1

a

q(t)r(t)dt

∫ x2

x1

p(t)s(t)dt−
∫ x1

a

q(t)s(t)dt

∫ x2

x1

p(t)r(t)dt

]
= I1 + I2 + I3.

(1) If r ands are both increasing or both decreasing, then we have

(3.5)
(
r(t)− r(u)

)(
s(t)− s(u)

)
≥ 0,
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i.e.,I2 ≥ 0 andI3 ≥ 0. By the inequality (1.4),I1 ≥ 0 holds . Using (3.3) and (3.4), we obtain
thatC(x; p, q; r, s) is increasing on[a, b] with x. Further, from (1.11), we get thatC0(x; p; r, s)
is increasing on[a, b] with x.

From (1.7) and (1.11), using the increasing properties ofC(x; p, q; r, s) andC0(x; p; r, s), we
obtain (2.4) and (2.5), respectively.

(2) If one of the functionsr or s is increasing and the other decreasing, then the inequality in
(3.5) is reversed, which implies thatI2 ≤ 0 andI3 ≤ 0. By the reverse of (1.4),I1 ≤ 0 holds.
From (3.3) and (3.4), (1.11), we obtain thatC(x; p, q; r, s), C0(x; p; r, s) are decreasing on[a, b]
with x, respectively.

From (1.7) and (1.11), using the decreasing properties ofC(x; p, q; r, s) andC0(x; p; r, s), we
obtain the reverse of (2.4) and (2.5), respectively.

This completes the proof of Theorem 2.2. �

Proof of Theorem 2.3.Using the same arguments as those in the proof of Theorem 2.2, we can
prove Theorem 2.3. �

4. APPLICATIONS

Let I be a real interval andu, v, w : I → [0, +∞). For anyα, β ∈ R and anyxi ∈ I
(i = 1, 2, . . . , n, n ≥ 2) satisfyingx1 ≤ x2 ≤ · · · ≤ xn, we define

K(k, n) =
k∑

i=1

v(xi)w
β(xi)

k∑
i=1

u(xi)w
−β(xi)

+
k∑

i=1

v(xi)w
−α(xi)

k∑
i=1

u(xi)w
α(xi) +

n∑
i=k+1

v(xi)w
α(xi)

n∑
i=1

u(xi)w
−α(xi)

+
k∑

i=1

v(xi)w
α(xi)

n∑
i=k+1

u(xi)w
−α(xi) +

n∑
i=k+1

v(xi)w
−β(xi)

n∑
i=1

u(xi)w
β(xi)

+
k∑

i=1

v(xi)w
−β(xi)

n∑
i=k+1

u(xi)w
β(xi),

and

L(k, n) =
k∑

i=1

v(xi)w
β(xi)

k∑
i=1

u(xi)w
α(xi)

+
n∑

i=k+1

v(xi)w
α(xi)

n∑
i=1

u(xi)w
β(xi)

+
k∑

i=1

v(xi)w
α(xi)

n∑
i=k+1

u(xi)w
β(xi),

where,k = 1, 2, . . . , n,
n∑

i=n+1

u(xi)w
β(xi) =

n∑
i=n+1

v(xi)w
α(xi) = 0,

n∑
i=n+1

u(xi)w
−α(xi) =

n∑
i=n+1

v(xi)w
−β(xi) = 0.
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Proposition 4.1. Letw andu/v be both increasing or both decreasing. Ifα > β, then we have
n∑

i=1

v(xi)w
α(xi)

n∑
i=1

u(xi)w
−α(xi) +

n∑
i=1

v(xi)w
−β(xi)

n∑
i=1

u(xi)w
β(xi)(4.1)

= K(1, n) ≤ · · · ≤ K(k, n) ≤ K(k + 1, n) ≤ · · · ≤ K(n, n)

=
n∑

i=1

v(xi)w
β(xi)

n∑
i=1

u(xi)w
−β(xi) +

n∑
i=1

v(xi)w
−α(xi)

n∑
i=1

u(xi)w
α(xi)

and
n∑

i=1

v(xi)w
α(xi)

n∑
i=1

u(xi)w
β(xi)(4.2)

= L(1, n) ≤ · · · ≤ L(k, n) ≤ L(k + 1, n) ≤ · · · ≤ L(n, n)

=
n∑

i=1

v(xi)w
β(xi)

n∑
i=1

u(xi)w
α(xi).

If α < β, then the inequalities in (4.1) and (4.2) are reversed.

Proof. Replacingpi, qi, ai andbi in (2.1) (or the reverse of (2.1)) withv(xi)w
β(xi), v(xi)w

−α(xi),
wα−β(xi) andu(xi)/v(xi), respectively, we obtain (4.1) (or the reverse of (4.1)). Replacingpi,
ai andbi in (2.2) (or the reverse of (2.2)) withv(xi)w

β(xi), wα−β(xi) andu(xi)/v(xi), respec-
tively, we obtain (4.2) (or the reverse of (4.2)).

This completes the proof of Proposition 4.1. �

Remark 1. (4.1) and (4.2) are generated by Proposition 1 in [4].

Let f : [a, b] → R be a continuous convex function withf ′+(a) (= f ′−(a) is assumed) and
f ′−(b), {f(x)|x ∈ [a, b]} = [d, e]. Also, leth : [d, e] → (0, +∞) be an integrable function, and
g : [d, e] → R be a strict monotonic function. We define

(4.3) E(g; f, h) = g−1

[(∫ b

a

h(f(t))f ′−(t)dt

)−1 ∫ b

a

h(f(t))g(f(t))f ′−(t)dt

]
,

(4.4) M(g; f, h) = g−1

[(∫ b

a

h(f(t))dt

)−1 ∫ b

a

h(f(t))g(f(t))dt

]
,

(4.5) R(x; g; f, h) = g−1

[(∫ b

a

h(f(t))dt

∫ b

a

h(f(t))f ′−(t)dt

)−1

C0

(
x; h(f); g(f), f ′−

)]
and

(4.6) R̃(y; g; f, h) = g−1

[(∫ b

a

h(f(t))dt

∫ b

a

h(f(t))f ′−(t)dt

)−1

C̃0

(
y; h(f); g(f), f ′−

)]
.

Proposition 4.2. If f is monotone, Then we have

(1) R(x; g; f, h) is increasing on[a, b] with x. For x ∈ [a, b] we have

(4.7) M(g; f, h) = R(a; g; f, h) ≤ R(x; g; f, h) ≤ R(b; g; f, h) = E(g; f, h).

(2) R̃(y; g; f, h) is decreasing on[a, b] with y. For y ∈ [a, b] we have

(4.8) M(g; f, h) = R̃(b; g; f, h) ≤ R̃(y; g; f, h) ≤ R̃(a; g; f, h) = E(g; f, h).
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Proof. From the convexity off , we get thatf ′−(t) is increasing on[a, b] and the integrals in
E(g; f, h), R(x; g; f, h) andR̃(y; g; f, h) are valid (see [5]). Fromh(x) > 0, x ∈ [d, e], we
have

(4.9)
∫ b

a

h(f(t))dt > 0.

From the convexity off , whenf(a) < f(b) or f(a) > f(b), Wang in [5] proved that

(4.10)
∫ b

a

h(f(t))f ′−(t)dt > 0

or

(4.11)
∫ b

a

h(f(t))f ′−(t)dt < 0.

(1) Let us first assume thatg is a strictly increasing function.
Case 1. From the increasing properties off , we havef(a) < f(b). Further, (4.10) holds. To
prove thatR(x; g; f, h) is increasing, from (4.5), (4.9) and (4.10), we only need to prove that

(4.12) C0

(
x; h(f); g(f), f ′−

)
=

(∫ b

a

h(f(t))dt

∫ b

a

h(f(t))f ′−(t)dt

)
g
(
R(x; g; f, h)

)
is increasing on[a, b] with x.
Indeed, sincef is increasing on[a, b], we have thatg(f(t)) is increasing on[a, b]. By Theorem
2.2,C0(x; h(f); g(f), f ′−) is monotonically increasing withx ∈ [a, b].
Forx ∈ [a, b], from (4.3), (4.4), (4.5), (4.9) and (4.10), then (4.7) is equivalent to∫ b

a

h(f(t))g(f(t))dt

∫ b

a

h(f(t))f ′−(t)dt(4.13)

= C0(a; h(f); g(f), f ′−) ≤ C0(x; h(f); g(f), f ′−) ≤ C0(b; h(f); g(f), f ′−)

=

∫ b

a

h(f(t))dt

∫ b

a

h(f(t))g(f(t))f ′−(t)dt.

Replacingp(t), r(t) ands(t) in (2.5) with h(f(t)), g(f(t)) andf ′−(t), respectively, we obtain
(4.13).
Case 2. If f is decreasing on[a, b], then we havef(a) > f(b), i.e. (4.11) holds. To prove that
R(x; g; f, h) is increasing, from (4.5), (4.9) and (4.11), we only need to prove thatC0(x; h(f);
g(f), f ′−) (see (4.12)) is decreasing on[a, b] with x.
Indeed, sincef is decreasing on[a, b], theng(f(t)) is decreasing on[a, b]. By Theorem 2.2,
C0(x; h(f); g(f), f ′−) is decreasing withx ∈ [a, b].
For x ∈ [a, b], from (4.3), (4.4), (4.5), (4.9) and (4.11), then (4.7) is equivalent to the reverse
of (4.13). Replacingp(t), r(t) ands(t) in the reverse of (2.5) withh(f(t)), g(f(t)) andf ′−(t),
respectively, we obtain the reverse of (4.13).
The second case:g is a strictly decreasing function. Using the same arguments forg as a strictly
increasing function, we can also prove (1).

(2) Using the same arguments as those for (1), with (2.6) and (2.7), we can prove thatR̃(x; g; f, h)
is decreasing on[a, b] with x, and (4.8) holds.

This completes the proof of Proposition 4.2. �

Remark 2. (4.7)–(4.8) can be generated by(∗) in [6] or Proposition 8.1 in [5].
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