journal of inequalities in pure and N‘
applied mathematics M

http://jipam.vu-edu-au
issn: 1443-575b

Volume 8 (2007), Issue 2, Article 37, 8 pp. © 2007 Victoria University. All rights reserved.

INEQUALITIES FOR THE MAXIMUM MODULUS OF THE DERIVATIVE OF A
POLYNOMIAL
A. AZIZ AND B.A. ZARGAR

DEPARTMENT OFMATHEMATICS
UNIVERSITY OF KASHMIR, SRINAGAR-INDIA

zargarba3@yaho0.co.in

Received 17 May, 2006; accepted 18 December, 2006
Communicated by Q.l. Rahman

ABSTRACT. Let P(z) be a polynomial of degree and M (P,t) = Max.|—; |P(z)|. In this

paper we shall estimate/(P’, p) in terms of M (P, ) where P(z) does not vanish in the disk

2| < K, K > 1,0 <r < p < K and obtain an interesting refinement of some result of
Dewan and Malik. We shall also obtain an interesting generalization as well as a refinement of
well-known result of P. Turan for polynomials not vanishing outside the unit disk.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let P(z) be a polynomial of degree and letA (P, r) = Max, -, |P(z)| andm(P,t) =
min,—, | P(z)| concerning the estimate afax |P'(z)| in terms of themax | P(z)| on the unit
circle |z| = 1, we have

(1.1) Max | P'(2)] < n Max | P(2)].
Inequality (I.1) is a famous result known as Bernstein’s Inequality (for reference!sele [4], [5],
[10], [11]). Equality in ) holds if and only i’(z) has all its zeros at the origin. So it is
natural to seek improvements under appropriate assumptions on the zétas .of

If P(z) does not vanish ifz| < 1,then the inequality (1]1) can be replaced by
(12) Max|P'(2)| < 5 Max|P(2)
Inequality [1.2) was conjectured by Erdos and later proved by Lax [8]. On the other hand, it
was shown by Turan [12] that if all the zerosBfz) lie in |z| < 1, then
(1.3) Max |P' ()| > gMax 1P(2)].

2]=1 |2]=1
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As an extension of (1]2), Malik [9] showed that#f(z) does not vanish ifz| < K, K > 1,
then

(1.4) Max |P'(2)] < —— Max|P(2)|

|21=1 +K|\1

Recently Dewan and Abdullah|[6] have obtained the following generalization of inequality
9.

Theorem A If P(2) =37, a;z’ is a polynomial of degree having no zeros ifz| < K, K >
1,thenfor0 <r < p < K,

, n(p+ K)" 1 { K(K — p)(n|ag| — K|ai|)n
15 Max|P )| < —mF— <1 —
(1.8) Max|P )l < =y (K2 = p?)nlao| + 2K pla ]

(50 () e

Inequality [1.B) was generalized by Aziz and Shah [2] by proving the following interesting
result.

Theorem B. If P(z) = Z?:o a;z’ is a polynomial of degree having all its zeros in the disk
|z| < K < 1 with s—fold zeros at origin, then fopz| = 1,

n+ Ks
. > .
1.6) Max |P'(2)] = 05 Max | P(:)

The result is sharp and the extremal polynomial is
P(z)=2(z+ K)"* 0<s<n.

Here in this paper,we shall first obtain the following interesting improvement of Thgofem A
which is also a generalization of inequality (1.4).

Theorem 1.1.1f P(z) = > 77, a;z’ is a polynomial of degree > 1, having no zeros in
|z| < K, K > 1,thenfor0 <r <p <K,

n(p+ K)"
(K +r)m

" {1 K(K — p)(n|ag| — K|ay|)n <p_r) (K+T>n_1
(p?2 + K?)n|ag| + 2K?%play| \ K +p K+p

_n(T+K>{ (nlaglp + K|a])
p+ K ) [+ K2)nlagl + 2K%pla]

() )}

The result is best possible and equality holds for the polynomial
P(z)=(=z+ K)".

(1.7) M(P',p) <

M(P,r)

Next we prove the following result which is a refinement of Thedrgm B.
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Theorem 1.2.1f P(z) = 3" ,a;z? is a polynomial of degree having all its zeros in the disk

|z| < K, K < 1witht—fold zeros at the origin, then,
n+ Kt n—t
M(P 1)+ —+—
1+ K (P1)+ (1+ K)K!
The result is sharp and equality holds for the polynomial
P(z)=2"(z+K)" " 0<t<n.

(1.8) M(P' 1) > m(P, K).

The following result immediately follows by taking = 1 in Theorenj 1.p.

Corollary 1.3. If P(z) = Z;‘:O a;z’ is a polynomial of degree having all its zeros inz| < 1,
with t—fold zeros at the origin, then fge| = 1,

n—+t n—t

(1.9) M(P',1) > M(P,1) +

m(P,1).

The result is best possible and equality holds for the polynofa) = (z + K)".
Remark 1.4. Fort = 0, Corollary{ 1.3 reduces to a result due to Aziz and Dawood [1].

2. LEMMAS

For the proofs of these theorems, we require the following lemmas. The first result is due to
Govil, Rahman and Schmeisskgr [7].

Lemma2.1.1f P(z) = Z;;O a;z’ is a polynomial of degree n having all its zerogih > K >
1, then

, (n]ao| + K?|ay])
2.1 Max | P < Max |P(2)].
(2.1) |Z‘i}f| ()| < n(l + K2)nao| + 2K2|ay]| Mi}ﬂ (2)]

Lemma2.2.1f P(z) = 377 a;2’ is a polynomial of degree which does not vanish in| < K
whereK > 0,then for0 < rR < K? andr < R, we have

r+ K\" r+ K\" .
e ) Maip+ [ (R ) | P

@2 Max|P(:)| 2 (

Here the result is best possible and equality in|(2.2) holds for the polyndhiigl= (= + K)".
Lemmé& 2.2 is due to Aziz and Zargar [3].

Lemma2.3.1f P(z) = > " a;2 is a polynomial of degree having no zeros ife| < K, K >
1,thenfor0 <r < p <K,

(2.3) M(P,p)
| _ KK — p)(nfao| ~ Klai)n (p— 7‘) (K”)nl M(P,r)

= (z[gip)n K2+ 2 2
r p*)njao| + 2K%plai| \K +p/) \ K +p
- {((n\aolp—l—Kle])(r—l—K) {((erK)"_ 1) _n(p_T)H (P

p* + K?)nfao| + 2K?pla,| r+ K

The result is best possible with equality for the polynoniigd) = (2 + K)™.
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Proof of Lemm@ 2]3Since P(z) has no zeros ifz| < K, K > 1, therefore the polynomial
T(z) = P(tz) has no zeros ife| < £, where0 < ¢ < K. Using Lemml for the polynomial
T(z), with K replaced by® > 1, we get

: + Kt
Max T/ ()] < n{ — ol i) Ly gy
|z]=1 (1 + t—z)n|a0\ + 2t—2|ta1| |z]=1
which implies
/ (n]aolt + K2|ay|) }
2.4 Max |P (z)] <n Max |P(z)].
(2:4) |2|=t P )] = {(t2 + K?)n|ag| + 2K?%t|ay| | 1z1=t |P(2)]

Now for0 < r < p < K and0 < ¢ < 2x, by (2.4) we have
. . P / .
@5)  |P(p) - P(re®)| < / P () dt
p

(n]ag|t + K?|ay))
< Max |P )
—[ "{(t2+K2)n|a0|+2K2tya1| ax|P(2)

Using Lemma 2.2 with? = ¢ and noting tha < r <t < p < K and0 < rt < K2, it follows

that
| | , (nfao|t + K*|as))
P 0 _pP 0 <
|P(pe”) = P(re”)] —/T ”{(t2+Kz)nlaol+2K2t|“1| |

(158 (- (22 i
< n{( (nfao|p + K?|ai|) }

p* + K?)nfao| + 2K?pla,|
Prt+ K\" r+ K\"
M(P,r)—(1- P K .
S (Fx) - (- (Fx) ) e

This gives for0 < r < p < K,

M(P, p)

< | T { e K i | ot e

{ - ”{{g +(Z)<(>5H12K)p)} } [ ((ti@ - 1) A miF k)
<|1_ + p)(n]aolp + K?|a;
B (

7+ K?)nfao| + 2K play]

(Uil KD | (K 0)]

p? 4+ K2)nlao| +2K?%plar| ] \ K +r
(nlaolp + K?|as]) /” (t + K)»!
B 1) dt| m(Pk
n[{<ﬂ2+K2)n|ao|+2K2p\all . \(r+ K)n1 m(P, k)
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0= pal Kl
(K2 + p2)nlac] + 2Kl
{ue S ol o) | (K0

(K2 + p?)nfao| + 2K?plar| J \ K +r

(nlao|p + K2?|ay|) / t+ K\
— —1]dt Pk
”{<p Kool + 2k ), \\r K e

- (K+i)n - A {1 (gip)}} M(P,r)
(n]ao|p + K?|a ) 1
{ (p* + K?)n|ag| +2K2p|a1|} (r 4+ K)n-1
{p+K) n(r+K) —(P—T)}m(P,k)

_(E+\" [  E(K = p)(nfag| — Klar])
K+r (K2 + p?)nlag| + 2K2play|

; <K+/f>p{_1?§_g)} - (%)} M(Er)

_ { (nlaolp + K?|ay|)
(p? + K?)nlao| + 2K2p|ay|

) H(pig) - 1} —”<p—r>H m(P,k)
< (i) [ (=5) ()
- [ miar o {((E50) 1) vt}

which proves Lemmia 2.3.

M(P,r)

3. PROOF OF THE THEOREMS

Proof of Theorerfi T} 1Since the polynomiaP(z) = 3" a;2’ has no zeros ife| < K, where
K > 1, therefore it follows that'(z) = P(pz) has no zero iz| < %, £ > 1. Applying

P

inequality [1.4) to the polynomiaf'(z), we get

Max |F’ < Max |F
et I ) < o M )L
which gives
3.1 Max | P’ P(2)].
(3.1) Max |P/(2)] < = Masx |[P(2)
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Now if 0 < r < p < K, then from (3.1 it follows with the help of Lemnfia 2.3 that

/ n(K +p)! { K(K — p)(nlag| — Klai|)n
Max |P (2)| < —
|z|=p ’ ( )| - (K + T)n (K2 + p2)n\a0\ + 2K2p]a1|
y <p—r)> <K—|—r)n_1 M(P.r) —n <T+K> [ (n]aolp + K?|a1|)
K+p)\K+p p+ K ) | (p*+ K?)n|ag| + 2K?p|ay|

() )}

which completes the proof of Theorém|L.1. O

Proof of Theorern 1}2lf m = Min,|—x |P(2)], thenm < |P(z)| for |z] = K, which gives
m|£|* < |P(z)] for |z| = K. Since all the zeros oP(z) lie in |z| < K < 1, with t—fold
zeros at the origin,therefore for every complex numbesuch thata| < 1, it follows (by
Rouches’ Theorem fom > 0) that the polynomial7(z) = P(z) 4+ 22z* has all its zeros in

K
|z| < K, K < 1with t—fold zeros at the origin,so that we can write

(3.2) G(z) = 2'H(z),

whereH (z) is a polynomial of degree — t having all its zeros inz| < K, K < 1.
From [3.2), we get

2G'(2) 2H'(2)
(3.3) G G
If 21,2, ..., 2, are the zeros of (z), then|z;| < K < 1 and from{3.8), we have
eieG/(eie) ele(ew)
4 S A Q. e
G4 Red G} =1 R )
n—t i0
:t—l—ReZele—zj
j=1
n—t 1
:t—l—;Re (1 — e—"’)

for pointse®, 0 < 0 < 2r which are not the zeros df (z).
Now,if |w| < K < 1, then it can be easily verified that

1 1
> .
Re<1—w) 1+ K

Using this fact in[(3.), we see that

1 if 0 (i
G(e.)ZRe eG(e)
G(eze) G(ew)
n—t
1 n—t
— - >
H;Re(l—zje—w) >t e
which gives,
' n+tK 0
. >
(3.5) G ()] = 16
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for pointse?, 0 < # < 2w which are not the zeros @f(z). Since inequality5) is trivially
true for pointse?, 0 < § < 27 which are the zeros d?(z), it follows that

/ n+tK
. > = 1.
(3.6) ()] = 521G for |2 =1
ReplacingG(z) by P(z) + 522" in (3.8), then we get
/ atm ;4 n+tK am ,
. - > = _
(3.7) 'P(z)—i— Tt 21T K P(z) + ot ? for |z| =1

and for everyn with |a| < 1. Choosing the argument efsuch that

am
‘P(z) + th

m
= |P(2)| + |a|ﬁ for |z| =1,

it follows from (3.7) that
tlalm _ n+tK

> P
k2T IPEI+

[P'(2)] +

Letting |a| — 1, we obtain

/ n+tK n+tK m
P ‘> P TS
Pz TP {H—K }Kf
n+tK n—t m
= P — for =1.
This implies
Max | P > Max | P ———— Min |P
Max [P (2)) 2 7 MaxIP@) + g Min 1PG)]
which is the desired result. O
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