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Abstract

A new necessary and sufficient condition for the weighted Hardy inequality is
proved for the case 1 < p < ¢ < oc. The corresponding limiting Pélya-Knopp
inequality is also proved for 0 < p < ¢ < co. Moreover, a corresponding limiting
result in two dimensions is proved. This result may be regarded as an endpoint
inequality of Sawyer’s two-dimensional Hardy inequality. But here we need only
one condition to characterize the inequality whereas in Sawyer's case three
conditions are necessary.

2000 Mathematics Subject Classification: 26D15.
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We are inspired by the clever Hardy-Pdélya observation to the Hardy inequality,

S al x D P b poo .
G s () [ i o

that by changingf to f% and tendingp — oo we obtain the Pdlya-Knopp
inequality

> > S New Hardy Ty
| crwin<e [ e
0 0 Inequalities
with the geometric mean operator A Wedeat
nna Wedestig
1 x
Gf(x) =exp (—/ In f(t)dt) :
T Jo Title Page
Letl < p < g < oo. In particular, in {] the authors tried to find a new Contents
condition for the weighted inequality
44 44
o] 1 x q q < >
(1.1) exp | — [ Inf(t)dt u(z)dz
T
0 0 ) Go Back
<C (/ fp(x)v(x)da:) ’ Close
| | N i Qui
by using the weighted Hardy inequality
Page 3 of 33
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and replacingu(z) and f(z) by u(z)z~? and f(x) by f*(x) respectively in
(1.2). Then, by replacing with £ andp with £ so that (.2) becomes

</oOo (é /OI fa(t)dt) : U(ZL“)dx); <C (/OOO fp(x)v(ib)dx);

and lettinge — 0 we obtain (.1). The natural choice was of course to try to
use the usual “Muckenhoupt” condition (se¢ &nd [5])

S o T i Some New Hardy Type
AM _ ilig (/ u(t)dt) (/0 U(t)l_p/dt> < o0, p/ _ pﬁ 17 Inequalltleli::l:iat"r;i(:;L|m|t|ng
which, with the same substitutions, will be A SR EEE
1 2 p;iw
Ap(a) = sup (/ U(t)t_idt) ' (/ vaap(t)dt) " <. Title Page
x>0 x 0
Contents
However, agy — 0 the first term tends t0. By making a suitable change in the
condition A,;(c) the author was able to give a sufficient condition. Ththis 4 dd
problem was solved in a satisfactory way by first proving a new necessary and < >
sufficient condition for the weighted Hardy inequality.Z), namely
. Go Back
@ a
Aps = sup V(l‘)_% (/ u(t)V(t)th) < 00, Close
x>0 0 .
Quit
whereV (z) = fox v(t)'~?dt, which was also already proved in the case ¢ Page 4 of 33
in [9], and the bounds for the best possible constamt (1.2) are
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Then, by using the limiting procedure described above, they obtained the fol-

lowing necessary and sufficient condition for the inequalityi)(to hold for
O<p<g<oo:

1
z q
Dps = supxii (/ w(t)dt> < 00,
>0 0

w(t) = <exp G /0 I @dy))zu(t)

1
Dps < C <erDpg.

where
(1.3)

and

The lower bound was also proved in a lemma {femma 1]) directly by using
the following test function:

s—

plx(tm)(m), s>1,t>0.

f(x) = t_%X[O,t} () + (ze) rt

By omitting different intervals the following two lower bounds were pointed
out:
Dps <C

1 1
“1e’) \» e [ [ ‘
sup <M> supt 7 (/ w(j)d$> <C.
s>1 \ 1+ (3 - 1)65 t>0 t N

Moreover, in p] the following theorem was proved:

and

Some New Hardy Type
Inequalities and their Limiting
Inequalities

Anna Wedestig

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 5 of 33

J. Ineq. Pure and Appl. Math. 4(3) Art. 61, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:annaw@sm.luth.se
http://jipam.vu.edu.au/

Theorem 1.1.Let0 < p < g < oo andu, v be weight functions. Then there
exists a positive constaidif < oo such that the inequalityl(1) holds for all
f > 0ifand only if there is & > 1 such that

(1.4)

Do.c = Do.c(s,q,p) = sup 7 (/ w@f)dx) < 00,
t

t>0 TP

wherew(x) is defined by X.3). Moreover, ifC is the least constant for which
(1.1 holds, then

1
— 1\~ =
sup (S )p Doc(s,q,p) <C < inf BTIDOG(S’q’p)'
UL S s>1

We see that the conditioi (@) and the condition from Lemma 1 in]is the
same but the lower bound is different. Since

(s—1e) \7 [(s—1\
(.5) (1 + (s —1)e* s
s—1\» se’ »
= — ) -1
() (i) )=
for all s > 1, we note that the lower bound from Lemma 1 i is better than

that from [b]. This suggests that the bounds for the best congtant(1.1) with
the condition {.4) should be

(s —1)e’)
1+ (s—1)es

(1.6) sup,., ( > Do.c(s,q,p) < Ciﬂfs>1€%DoAG(57qap)~
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In [5] the authors also proved that for the upper boursthould bes = 1 + §
Thus, the best possible bounds for the constashould be

(s —1)e’)

P 1 P
s ) Do.(s,q,p) <C <eiDpa(l+ a»q,p)-
5>

In Section 2 of this paper we prove a new necessary and sufficient condition
for the weighted Hardy inequalityL. (2) to hold (see Theorem 1). In Section 3 we
make the limiting procedure described above in our new Hardy inequality and

Some New Hardy Type

obtain condition {.4) for the inequality (1.1) to hold and we also receive the Inequalities and their Limiting
expected bounds as ifn.¢) or (1.7) (see Theorem 2). Finally, in Section 4 we Inequalities
prove that a two-dimensional version of the inequalltyl) can be characterized Anna Wedestig

by a two-dimensional version of the conditioh4) and, moreover, the bounds
corresponding tol(.6) or (1.7) hold (see Theorem 3). This result fits perfectly

as an end point inequality of the Hardy inequalities proved by E. Sawykr ([ Title Page
Theorem 1) for the (rectangular) Hardy operator Contents
@ rw <4 >
H(f)(z129) = / / f(t1, ta)dtdts. < >
0 0

We note that for the Hardy case E. Sawyer showed that three conditions were Go Back
necessary to characterize the inequality but in our endpoint case only one condi- Close
tion is necessary and sufficient. In Section 5 we give some concluding remarks, _
shortly discuss the different weight condition for characterizing the Hardy in- Ul
equality and prove a two-dimensional Minkowski inequality we needed for the Page 7 of 33

proof of Theorem 3 but which is also of independent interest (see Proposition
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Our main theorem in this section reads:

Theorem 2.1.Let1 < p < ¢ < oo, ands € (1, p) then the inequality

(2.1) (/OOO (/0 f(t)dt)qu(x)dx); <C </0°° fp(m)v(m)dx)’l’

holds for all f > 0 iff

22)  Awls.ap)=swV(H)F ( /t oo “<x>v($)q(p;)d$) o
whereV (t) = [

o v(z)'""'dz. Moreover ifC is the best possible constant in
(2.7) then

— 1\ ¥
< C< inf (p ) Aw(s,q,p).
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Proof of Theoren2.1. Let f?(x)v(z) = g(x) in (2.1). Then @.1) is equivalent
to

(2.4) </OOO (/Oxg(t);v(t);dt)qu(x)dx); <C (/Ooo g(x)dx); .

Assume that4.2) holds. We have, by applying Hélder’s inequality, the fact
thatDV (¢ ) v(t) P = ) 5 and Mmkowsklsmequallty,

o0
u Some New Hardy Type
0 0 Inequalities and their Limiting

q 1 Inequalities
= (/ (/ g V)T V)T ot )—édt) u(x)dx)q —
0 0
= (/ (/ g“)V(t)“dt> ' ( / V(t)‘“‘é“”v(t)—’;dt)” u(:c)dx> Title Page
: ’ ’ Contents
_ p # /Oo (/z s—1 v p=(s=1p' ! 44 44
R SOV a) Vi) =T Fuloye
(p —(s=1)p > < 0 0 ) ,
! ’ b - b2 ‘ ’ Go Back
< (P ) (/ gV (1) (/ V()5 )u(x)dx) dt)
hee ’ ¢ Close
poL)” h g Quit
< (p ) Aw (s, 4, p) (/ g(t)dt) .
bee 0 Page 9 of 33
Hence £.4) and thus 2.1) holds with a constant satisfying the right hand side
|nequal|ty in QS) J. Ineq. Pure and Appl. Math. 4(3) Art. 61, 2003
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Now we assume tha?(1) and thus 2.4) holds and choose the test function

p—S
wheret is a fixed number- 0. Then the right hand side is equal to

t a pV(t)‘Sv(:c)l‘p'dx [ VE)r@) T d :
e / ;o
- ((p ﬁ 8)pv(t)1—s _ - i Sv(t)1_s> P

Moreover, the left hand side is greater than

(/too (/ot P EV() () iy + /tm V(y)‘iv(y)l‘”dy)q u(x)dx> %

- (/too (p . S)q V(a;)(l—;)qu(x)dx>é |
Hence, 2.4) implies that

() ([ o) s () + ) vor

i.e., that

(pfs) (<pfs)p+ Sil)_;v(t)'il < tOOV(x)(l—wqu(x)dx); <C

g<x>=( P ) V() 0(2) " X0 () + V(£)~"0(@) 7y (@),
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or, equivalently, that

)Y v ([ 1

p—Ss s—1 s q

S v ([ Vet uee) <
(%) + t

We conclude that4.2) and the left hand side of the estimate ®f3) hold. The

proof is complete. O

Remark 2.1. If we replace the interval0, co) in (2.1) with the interval(a, b),
then, by modifying the proof above, we see that The@édns still valid with
the same bounds and the condition

Aw(s,q,p) =sup V()7 ( / bu(az)V(x)q(I’?‘S)dz)é < o0,

t>0

whereV (t) = [ v(z)' ¥ da.
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In this section we prove that a slightly improved version of Theoiehtan be
obtained just as a natural limit of our Theor@m.

Theorem 3.1.Let0 < p < ¢ < oo and s > 1. Then the inequality

o0 1 [° 1 i Some New Hardy T
e ([ (ew (s [ mr)ar) utwra)
0 T Jo Inequalities
1
S C (/ fp(x)v(x)dx) g Anna Wedestig
0
holds for all f > 0 if and only if Do (s, q,p) < oo, whereDp (s, q,p) is Title Page
defined by 1.4). Moreover, ifC' is the best possible constant iB. {), then .,
1
(s —1)e* \» 1 P 44 »»
3.2 ————— | D <(C<eiD 1+= :
(3.2) T}f(u(s—nes 0.6(s,¢,p) <C <eiDog 0P p >
Go Back
Close

Remark 3.1. TheorenB.1lis due to B. Opic and P. Gurka, but our lower bound _

in (3.2) is strictly better (seel(.5)). As mentioned before, other weight charac- Quit
terizations of 8.1) have been proved by L.E. Persson and V. Stepanjoard Page 12 of 33
H.P. Heinig, R. Kerman and M. Krbec].
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Proof. If we in the inequality 8.1) replacef?(x)v(z) with f?(z) and letw(z)
be defined as inl(3), then we see thaB(l) is equivalent to

([ (o ) o ([ o)’

Further, by using Theorera.1 with u(z) = w(z)x~? andv(z) = 1, we have
that

(3.3) </O°o G /Oxf(t)dt)qw(a;)da:>é <c (/Om fp(x)dx>;

holds for all f > 0 if and only if

1
. wis,q,p :Supt% s AT = 0.6(s,q,p) < o0.
34) A w@) , D
t>0 t TP

Moreover, ifC' is the best possible constant B ), then

( = )p :
(3.5) sup p_ps Do.g(s,q,p)
1<s<p (L) + L
p—s s—1

—1\7»
<C < inf (p ) Do.c(s,q.p).

Now, we replacef in (3.3) with f*, 0 < a < p, and after that we replagewith
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£ andq with Zin (3.3) - (3.5), we find that forl < s < 2

(3.6) (/OOO (i /0 fo‘(t)dt) : w(gc)dgc)é <c, (/OOO fp(x)dac) '

holds for allf > 0 if and only if

q p
D (s, =, —> = D3 ~(s,q,p) < o0.
0.Gq 2 o 0.c(s:4,p)

Moreover, ifC, is the best possible constant i), then

p

()" )
p—as
(3.7) sup. ~ Do.c(s,4,p)
1<S<E < _p ) + %1
p—as s
p—a
J— ap
< C < inf <p a) Do.c(s,q,p).
I<s<Z \p — s

We also note that

(i/o fa(t)dt) ‘ L exp %/o In f(t)dt, asa — 0.

We conclude that3.1) holds exactly wherim,_.,, C., < oo and this holds,
according to 8.7), exactly when §.4) holds. Moreover, when — 0, (3.7)
implies that 8.2) holds, where we have inserted the optimal value 1 + § on
the right hand side as pointed out i#j.[ The proof is complete. O
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In [8], E. Sawyer proved a two-dimensional weighted Hardy inequality for the
casel < p < g < oo. More exactly, he showed that for the inequality

o0 [e%e] T *2 I %
/ / / /f (tLtQ) dtldtz w(l'l’l'g)dl'ld.%g
0 0 0 Some New Hardy Type
0 Inequalities and their Limiting
0o o % Inequalities
<C (/ / fp (:Ul, xZ) v (x27 5172) dxldx?) Anna Wedestig
0 0
to hold, three different weight conditions must be satisfied. Here we will show :
. o . . . . Title Page
that when we consider the endpoint inequality of this Hardy inequality, we only
need one weight condition to characterize the inequality. Our main result in this Contents
section reads: <« S
Theorem 4.1.Let0 < p < ¢ < oo, and let u,v and f be positive functions < >
onR2.If 0 < by, by < oo, then
Go Back

1

b1 b2 1 xr1 L2 q Close
(4.1) (/0 / [exp(m I logf<y1,y2>dy1dyz)] u(xbm)dafldxz) B0

bi b y Page 15 of 33
§ C (/ fp(xba:g)v(xl,a:g)dxldxg)
0 0

Q|
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if and only if

(4.2) Dw(s1.59,p,q)
by b2 _ 819 _ s2q %
/ / xy Ty P w(x1,562)d561d$2> < o9,

Y1 Y2

s1—1 so—1
= sup y " oy " (
y1€(0,b1)
y2€(0,b2)

wheres;, s, > 1 and

w(xy, ) = {exp ($1$2/o /0 logmdtldh)} u(zy, xa)

and the best possible constarin (4.1) can be estimated in the following way:

681(81 — 1) >;17 ( 652(82 _ 1) )11J
4.3 su Du (51, 59, .
( ) 51,52111 <631(51—1)—|—1 682(82_1)+1 W( 1,52, D (])

<C

i s1+s9—2
< inf e P DW(817827p7Q)'

T os1,82>1

Remark 4.1. For the casep = ¢ = 1, by = by = oo a Similar result was
recently proved by H. P. Heinig, R. Kerman and M. Krbéetut without the
estimates of the operator norm (= the best constann (4.1)) pointed out in
(4.3 here.

We will need a two-dimensional version of the following well-known Minkowski

integral inequality:

(4.4) (/abq)(@ </;\Il(y)dy>rdx>i < /abxp(y) (/ybfb(:c)d:c)idy.
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The following proposition will be required in the proof of Theorém. Propo-
sition 4.2 will be proved in Sectiorb.

Proposition 4.2. Letr > 1, a1, as, b1, by € R, a3 < by,a2 < by and let® and
U be measurable functions ¢, b1] x [as, bsy] . Then

b1 b2 Tl T2 r %
(45) (/ / q)(l’l,l'g) (/ / \I/(yl,yg)dyldyQ) dCL’ldI2>

b1 b b1 pb2 71 Some New Hardy Type
< / / U (y1,ya) (/ / (I)(ffl,xz)dﬂhdz) dy1dys. Inequalities and their Limiting
a1 as " Yo Inequalities
Proof of Theoremt.1. Assume that4.2) holds. Lety(x1, 7o) = f? (21, 2)v(71, T2) Anna Wedestig
in (4.2):
Title Page
bl b2 1 1 T2 %
( / / [eXp ( / / logg(ybyz)dyldyzﬂ Contents
0 0 T1T2 Jo 0
1 <4< 44
1 Tl pxo 1 1 q
X {exp < / / log —dtldtz)] u(zy, xe)dridey 4 >
r1T2 Jo Jo v(t1,ta)
. Go Back
[o.¢] (o] ;
<C (/ / g(:icl,:vg)d:cldxg) . Close
° ’ Quit
If we let
Page 17 of 33
1 T X2 1 %
w(xl’ IQ) = |SXP T1To /0 /0 log U(tl, t2>dt1dt2 u<x1’ x2>’ J. Ineq. Pure and Appl. Math. 4(3) Art. 61, 2003
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then we can equivalently writel (1) as

b1 pb2 1 T1 pT2 % %
(4.6) (// [exp( // logg(yl,yQ)dyldyg)} w(xl,xQ)dxldx2>
o Jo T1T2./0 Jo
b1 b %
SC’(/ / g(xl,xg)dxld@) )
o Jo

Lety, = zt; andyy = xsto, then @.6) becomes

Some New Hardy Type
Inequalities and their Limiting

b1 b 1,1 m Inequalities
4.7) (// [GXP(//logg(l‘lthxzb)dtldtz)] w(xl,xg)dxldm) Anna Wedestig
0 Jo 0Jo
b1 b2 %
<C (/ / g(x17;p2)d;p1d$2> . Title Page
o Jo

Contents

44 44

1 1 % q
(eXp / / log ti1—1t§2—1dt1dt2) = 6_(81+52_2); ) g
0 Jo

] ] ) Go Back
and Jensen’s inequality, the left hand sideko¥) becomes

Qi

By using the result

Close

51+s9—2 b1 b2 1 1 % .
e » / / [exp/ / log [til—ltgrlg(%h,xgtz)] dt,dts Quit
0 Jo o Jo
1
q

Page 18 of 33
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s+s 2 b ba %
<e v (/ / U/t51 lgge—t xltl,xztg)dtldtg}

X w(xl,mg)dxldxg) q

by pbo " q
‘51+52 2 s s P —g14
= (/ / [/ / yihys ! (yl,yg)dyldyz} T, 7

1
_52,

X Ty Pw(wy, xQ)dxldxg)

Therefore, by also using Minkowski’s integral inequalit/5) for p < ¢ and
Fubini’'s theorem forp = ¢, we find that the left hand side it ) can be
estimated as follows:

b1 pbo
°1+52 2 s s
</ / (e 1?/22 ! (yhy2)
bl bQ 7511 7521 g
X (/ / xy Py pw(arl,xg)dxldx2> dy1dys
Y1 Y2
s1+s9—2 bl b2 %
<e » DW(Slvs%(J:p)' g(ylayQ)dyldyQ .
o Jo

Hence, 4.6) and, thus, 4.1) holds with a constant’ satisfying the right hand
side estimate in4.3).
Now, assume that(1) holds. For fixed; andts, 0 < t; < by, 0 < £y < by,

D=
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we choose the test function

g (551, 5U2) = 9o (9317 $2)

=175 X (0.0) (1) X(002) (22)

. 6_82t5271
+ 11 X(o.n) (71) x—SQX(tz,oo) (22)
e_sltilil 1
o ly
xfl X(tl’ ) (231) 2 X(O’t2) ($2) Some New Hardy Type
15,1 Inequalities and their Limiting
6_(81+82)t51 ty° Inequalities
+ S1...52 X(tlyoo) (':Bl) X(tQ,OO) (.’I/'Q) N
Ty Lo Anna Wedestig
Then the right side of4.6) yields
Title Page
1
b1 b2 P
(/ / 90 (Y1, v2) dyldy2> LI
1 1 b2 16732t52 1 ‘4 }'
(/ / tyty dyndys + / / | ———dydys p >
1
by —s1¢ 81 1 b1 pbo —(s1+s2)ps1—1ps2—1 > Go Back
L€ e oty
/ / ty s e +/ / Yt ys? dyldyg) Close

—82 -1 —S1 -1 U|t
1+ 1—(t2) - 1—(t1) °
59— 1 by sp—1 by Page 20 of 33
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i.e.,
b b :
1 2 p S New Hardy T
@e) ([ st dnae)
0 0 Inequalities
1 1
< e’ (81 — 1) +1\»r [e” (52 — 1) +1\” Anna Wedestig
- est (s;— 1) es2 (sg — 1) '
Moreover, for the left hand side id (6) we have Title Page
Contents
. 1
b1 pb2 1 T1 a2 > q
(4.9 (/ / w(xl,xQ)%xp( / / logg(yl,yg)dyldyg)] dxld:vg) 4 dd
o Jo T1T2Jo0 Jo
) < 2
bt 1 B ’ ‘ Go Back
> / / w(xl,a:Q)%xp< / / logg(yl,yg)dyldyg)} dxidzs| .
t1 Jito L1T2Jo Jo Close
With the functiongy(y1, y2) we get that Quit

Page 21 of 33

1 T1 x9
exp / / log go(y1, y2)dyrdys | = exp (I1 + Lo + I3+ 14),
T1Z2 Jo 0
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where

tit
1 £ — 12

/ / log (7 't5") dyrdys = 0g
xle T1Z2
—32 S92 1
I, = / / log (t1 T) dy1dys,
3311’2

t
-1 gt1—|— logt1+(52—1)—10 t2+ logt2—52—110gx2,
xq 12 X

lOg tg,

Some New Hardy Type
Inequalities and their Limiting

eS¢ 81 1 Inequalities
[3 - J;lxz / / log (tz 31 ) dyldy2 Anna Wedestig

t1to
IOth + (81 — 1)— logt1 +

t
logt; — 31—2 log x4,

= —— 10 tg +
T2 T122 T2 Title Page
and Contents
81+82)t51 1t32 1
[4 = / / log < 51 52 ) dyldyZ ‘4 >>
L1T2 yl Yo
= —1)logt; — —1) —=logt; — logt
(81 ) sl (81 )902 et 122 st Go Back
t
+ (s2— D logty — (s3 — 1) —~log ty — —=log ts Close
T 1T
Quit

1 + gty 45,21
— 51 logx —lo s1— logx
110801 X &h 1:172 &1 Page 22 of 33

(2 1
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Now we see that

t(slfl)t(SQ*D
Il+]2+[3—|—]4210g a2

S1 .82
1 Lo

so that, by 4.9),

1
b b T T q q
1 2 1 1 2 D
(/ / w(951>$2) [GXP < / / 10g90(yl>y2)dy1dy2)1 d3€1d952>
0 0 T1T2 Jo 0

b fs1=D)y(s2-1) ] %
> w(xy, x L2 | drydx
= // ( 1 2) xilxgg 1 2

t1 to

Hence, by {.6) and @.8),

Q=

b1 bo

s1-1 sp—1 Y
t 7ty " //xl” o P Tw(xy, xe)dr1das

§C<651 <31_1>+1)é (eﬁQ(sQ—nﬂ);

est (s —1) es2 (s — 1)

( e (51— 1) )i ( e (sy — 1) );’DW(SMS%(J’;D) <C.

es1(sy—1)+1 es2(sy —1)+1

We conclude that4.2) holds and that the left hand inequality in.8) holds.
The proof is complete. ]
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Corollary 4.3. Let0 < p < ¢ < oo, and letf be a positive function of?.
Then

oo OO 1 1 [fx2 %

(4.10) (// [exp( / / logf(yl,yg)dyldyQ)} x‘f‘lxgz)dxldx2>
0o Jo T1T2.Jg

(/ / fP(xy, xo) 2] w22dx1da72>p

holds with a finite constar' if and only if

Some New Hardy Type

ap +1 _ ﬁl +1 Inequaliti(—:ii::l:iat"r;ie;;Limiting
q p Anna Wedestig
and
(6%) + 1 B Bg + 1
g  p Title Page
and the best constant has the following estimate: Contents
e1(sp — 1) e2(s3—1) \» [ 1 1 \¥ sies [p\5 4 »
su . . e r —
31,5221 est(sp—1)+1 e2(sg—1)+1 s1—1 s9—1 q < >
s1+s2 | 2
<C< inf e » Ta. Go Back
S1,52>1
Close

Proof. Apply TheorenB.1with the weightsi(z1, ) = 7" 25* andv(xy, z2) =
xflxgz. ] Quit

Remark 4.2. If p = ¢, then the inequality4.10) is sharp with the constant S 2 El e
B1+B2+2

C=e » ,seeTheorem 2.2in’]
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In order to prove the two-dimensional Minkowski integral inequality in Proposi-
tion 4.2 we in fact need the following forms of Minkowski’s integral inequality
in one dimension:

Lemma5.1.

a) Letr > 1,a,b € R,a < bandc < d. If ® andV¥ are positive measurable
functions ona, b] , then @.4) holds.

b) If K(z,y) is a measurable function dn, b] x [c,d], then

1
T

(5.1) (/b (/CdK(as,y)dy)rd:x>i g/cd (/abKT(:v,y)das) dy.

For the reader’s convenience we include here a simple proof.

Proof.

b) Let ' = —. By using the sharpness in Holder’s inequality, Fubini’s
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theorem and an obvious estimate we have

(/: (/ch(x,y)dy)de>i
- ||sa(x>|iu,i b><1/ bﬁp(x) (/ dK(x’y)dy) &

= / (/ K Qf y ) dy Some New Hardy Type
lle( )||L ,(a n<lJe Inequalities and their Limiting
J Inequalities
< / sup (/ K(x,y)@(x)dx) dy Anna Wedestig
c ”‘P(:E)”Lrl(a,b)él a
1
d b v .
" Title P
- / (/ KT(ZL’,y)dI) dy. He rage
¢ a Contents
a) The proof follows by applying.1) with ¢ = a, d = b and 4 dd
1 < 4
7 (x)¥(y), a<y<uw,
K(z,y) = Go Back
0, z<ysb. Close
n Quit

iy Page 26 of 33
Proof of Propositiond.2. Putx = (1,22), y = (y1,%2), a = (ai,as), b = age <o o

(b1, b2); by the symbok < y we mean; < y; andzs < y», etc.;du(y) =¥ (y)dy
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anddv(x) =®(x)dx. Then the inequality4.5) reads:

r £
T T

[ ] aw) ) < [ | ] aed) du.

<x<b ‘a<y<x a<y<b Yy<x<b
We use the Holder inequality and the Fubini theorem and get

r 1

[ ] ] ae T

<x<b ‘a<y<x

~aw [ g | [ auty) | v
HQHLT'(dv)Slagxgb <y<x

= sup /Q(X)d’/(x) du(y)
gll

WSla<y<b y<x<b

1
T

< [ | [ ) du.

a<y<b Yy<x<b
The proof is complete. O]

Remark 5.1. By using the technique in the proof of Propositiér2, we find
that the followingn-dimensional version o#(5) holds:
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Letn € Z, andr > 1. Then

bl bn
(52) (/ / (I)(‘xlwr%"'?xn)
X (/ / \Il(yl,yQ,...,yn)dyl...dyn) dxl...dxn)

1
r

by
/ / U (Y1, ..y Yn)
Some New Hardy Type
1 Inequalities and their Limiting
by bn r Inequalities
X O(xq, 29, ..., 2p)dxy ... dry, | dyp ... dy,.
Anna Wedestig
. . Title Page
Remark 5.2. In view of our proof of Theorer.1and Remarl6.1, we find that
there exists also a-dimensional variant of Theoreth1 (n € Z, ), where the Contents
actual endpoint Hardy type inequality can be characterized by only one weight <« N
condition.
. e < >
Remark 5.3. For r = 1 the inequalities in4.4), (4.5, (5.1, and 6.2) are
reduced to equalities according to the Fubini theorem. Go Back
Close
Quit
2.1 Page 28 of 33

As we have seen, there are at least three different conditions to characterize the

Hardy inequality 2.1) for 1 < p < ¢ < oo, namely the classical (Muckenhoupt) J.Ineq. Pure and Appl. Math. 4(3) Art. 61, 2003
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condition (see 4], [€]), the condition by L.E. Persson and V. Stepanov (see
[7]) and the new condition derived in Theoreil It is difficult to make a
comparison in the general case and here we only consider the power weight
case, i.e. when(z) = 2277 v(z) = 2°. In this case the inequalityZ.1) holds

forall f > 0 iff

a+1l b+1
g p
and
w= () G=i70) 2ts)’
q) \p—0+1)) \p—0+1)) °

Ars (Sy (]9—(117+1)>é (pf(;_il_l))p (p—1)s
= A (p— D)7,
wiean=() G=pem) (i) (53)
- (21)

Moreover, ifC' is the best constant ir2 (1), thenC' has the following estimates:

1
7

Ay<C< (1+3,)q (1+Zi>p A,
p q
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Aps < C <p'Apg,

and
» \? p 1
P . p—1\7*
sup | ——<p i Aw(s,q,p) < C < inf Aw(s,q,p)-
1<s<p <L> + Ll I<s<p \p— S
p—s 5=

Note in this case, witk = % we have from the upper bound, that

1<s<p p—S

C < inf Aw(s,q,p) (p_l)p

L

1
—1)\¢ — 1\
:A]V[ inf (p )q(p >p
l<s<p \ s — 1 p—Ss
1

= <1+2/>q (1+g)p Ay
D q

We finish this paper by giving a numerical example.

Example 5.1.Letp = 3, ¢ = 4, ands = 1.15 for the lower bound ofiyy (s, ¢, p).

Then with the conditiont,; we have the following bounds:

Ay < C < Ay - 1711077405,

with the conditiond s we have the following bounds:

Ap - 1189207115 < C' < Ay - 1.783810673,
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and with the conditiomy (s) we have the following bounds:

Apr - 1.396254480 < C' < Ay - 1.711077405.
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