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Abstract

In the present note, we introduce a Bezier variant of a new type of Bernstein
Durrmeyer operator, which was introduced by Gupta [3]. We estimate the rate
of convergence by using the decomposition technique of functions of bounded
variation and applying the optimum bound. It is observed that the analysis for
our Bezier variant of new Bernstein Durrmeyer operators is different from the
usual Bernstein Durrmeyer operators studied by Zeng and Chen [9].
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Durrmeyer [] introduced the integral modification of Bernstein polynomials to
approximate Lebesgue integrable functions on the intébva]. The operators
introduced by Durrmeyer are defined by

(1.1) Dn(f,x):(nﬂ)zpn,k(x)/opn,k(t)f(t)dt, v e 0,1,

WheI'Epmk(a?) = (Z) Ik(l — :B)nik. A Note on the Bezier Variant of
Gupta ] introduced a different Durrmeyer type modification of the Bern- e BEIER burmeyer
stein polynomials and estimated the rate of convergence for functions of bounded
variation. The operators introduced if] pre defined by M.K. Gupta
n 1
(1.2) B.(f.x)=nY_ pun(z) / bor(t)f(t)dt, € [0,1], Title Page
k=0 ’ Contents
where
i i « >
x
Poi(T) = (—1)kg¢£lk)(ﬂf)7 bk (t) = (‘UkHH%kH)(t) < >
and Go Back
On(z) = (1 —2)". Close
It is easily verified that the values of, ,(z) used in (.1) and (L.2) are same. Quit
Also it is easily verified that
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n

1
> panlx) =1, / bui()dt =1 and by, () = 0.
0
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By considering the integral modification of Bernstein polynomials in the form
(1.2 some approximation properties become simpler in the analysis. So it is
significant to study further on the different integral modification of Bernstein
polynomials introduced by Gupt&][ For a« > 1, we now define the Bezier
variant of the operators.(2), to approximate Lebesgue integrable functions on
the intervall0, 1] as

n

13)  Bua(fi)=> Q) / bos(t)F(D)dE, € [0,1],

k=0

A Note on the Bezier Variant of
Certain Bernstein Durrmeyer

Operators
where
Q) = T3 (@) = T2y (@)
and
n Title Page
T) = n.i (T
) ka i) Contents
‘77
whenk < n and0 otherwise. 44 >
Some important properties df, ,(x) are as follows: < >
(l) Jnk<x> nk—i—l( ) pn,k(x),k:0,1,2,3,...; Go Back
(”) J/k<x): nNpp— 1,k— 1( )7k:172a37"'; Close
(i) Jop(z) =n fo Pt (W)du,k =1,2,3,...; onrt
Page 4 of 17
(V) Jno(x) > Jpa(z) > Jpa(x) > > Jpn(z) > 0,0 <z < 1.
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For every natural numbdr, J,, () increases strictly frori to 1 on [0, 1].
Alternatively we may rewrite the operators §) as

(1.4 Bualfoa) = [ Kaalr St 0< o<1,

where

Koa(2,t) = Y Qi (@)bui(t).
k=0

It is easily verified that3,, ,(f, x) are linear positive operators,, ,(1,z) = 1
and fora = 1, the operators3,, ;(f,z) = B,(f, ), i.e. the operatorsl(3)
reduce to the operatorg.Q). For further properties o@ﬁf,i(a:), we refer the
readers tod].

Guo [/] studied the rate of convergence for bounded variation functions for
Bernstein Durrmeyer operators. Zeng and Chgnnere the first to estimate
the rate of convergence for the Bezier variant of Bernstein Durrmeyer operators.
Several other Bezier variants of some summation-integral type operators were
studied in 1], [6] and [2] etc. It is well-known that Bezier basis functions
play an important role in computer aided design. Moreover the recent work
on different Bernstein Bezier type operators motivated us to study further in
this direction. The advantage of the operat®s,(f,z) over the Bernstein
Durrmeyer operators considered it] [s that one does not require the results
of the type Lemma 3 and Lemma 4 ¢f][ Consequently some approximation
formulae become simpler. Further feor= 1, these operators provide improved
estimates over the main results af fnd [3]. In the present paper, we estimate
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the rate of point wise convergence of the opera8ys,(f, z) at those points
x € (0,1) at which one sided limitg (z—) and f (z+) exist.
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In this section we give certain results, which are necessary to prove the main

result.
Lemma 2.1 ([3]). If n is sufficiently large, then

1-— 2x(1 —
M) (o) < 2020
n n
Lemma 2.2 ({]). Forevery0 < k <n,z € (0,1) and for alln € N, we have
1

k(1) < .
Pril) V2enz(1l — )
Lemma 2.3. For all = € (0, 1), there holds

a (@)
Q)(x) < a-puplr) <

V2enz(l —z)
Proof. Using the well known inequalitya® — 0| < alja—10b[, (0 < a,b <
1,a > 1) and by Lemm&.2, we obtain

«
Q) (2) < appi(z) < :
k( ) «() 2enz(1l — x)

]

Lemma 2.4.Letx € (0,1) and K,, ,(z, t) be the kernel defined by.@). Then
for n sufficiently large, we have
2 - (1 — x)

n(z—y)? 0<y<um,

y
(2.1) Ao, Y) ::/ K, oz, t)dt <
0
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and

2.2) 1—dpa(z,2) = /1 Koz, t)dt < %

Proof. We first prove 2.1), as follows

Yy
< mBn,a«t — )%, 1)
o Boi((t —x)% x) < 200 - z(1 — )

y Y —¢ 2
/Kn,a(x,t)dtg/ Kn,a(a:,t)(x—)th
0 0 (z—y)
1
<

, r<z<l

- (z —y)? — n(z—y)?
by Lemma2.1. The proof of @.2) is similar.
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In this section we prove the following main theorem.

Theorem 3.1. Let f be a function of bounded variation on the interjal1]
and supposer > 1. Then for every: € (0, 1) andn sufficiently large, we have

Bualfa)= | e + 22 (o) \

n +(1—z /\f
ey ) el 2 \{ (92);
where
f@t) = f(z—), for 0<t<zx
gz(t) =< 0, for t ==z

ft)— flz+), for x <t<1
and \/Z(gx) is the total variation ofy, on [a, b].

Proof. Clearly

(3.1)

Bualfa) = { o) + e |

< |Bua(ga )] + \Bn,a<sgn<t a)a) —\ Fa+) = Flao)].

2
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First, we have

B, o(sgn(t —z),x /Knaa:tdt—/ K, oz, t)d

_ / Koo, t)dt — 2 / Ko oo, )dt
0 0

T 1
=1- 2/ Kpolz, t)dt = —1 +2/ Koz, t)dt.
0 T

A Note on the Bezier Variant of

Using Lemma2.2, Lemma2.3and the fact that Certain Bernstein Durrmeyer
Operators
k 1
> pste) = [ bualtia,
J=0 v
we have Title Page
n 1 Contents
Bho(sgn(t — z),z) = -1+ 2 Z Qflalz(x) / bk (t)dt <« N
k=0 r
— () ‘
- _1+22Qn,k(‘r)zpn7]<x) Go Back
k=0 j=0
n n " Close
= —1+220pn,](‘r)kZQn7k(x) Quit
j= =j
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Since
Z Q(a—f—l

therefore we have

a—1 2 g a
By o(sgn(t — ), z) + =2 anﬂ Q( (g

a+1 a+1 d

Jj=0

By the mean value theorem, it follows

QU (x) = JoH (@) — JoHL (2) = (@ + Dpa ()72, (2),

where
%j-&-l(m) < VS,j(x) < Jgj(ff)
Hence

Bualsgnlt = ).2) + S| <23 g2 ) =)
<22pn1 (z) — Jr?jJrl( z))

< 2« Zpi,j (x)
j=0
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where we have used the inequabty— a* < a(b—a),0 < a,b < 1anda > 1.
Applying Lemma2.2, we get

a—1 2c0
3.2 B o(sgn(t —z),x) + = , € (0,1).
2 [Pt —n).0)+ S = e ()
Next we estimates,, (g, ). By a Lebesgue-Stieltjes integral representation,
we have
33)  Bualges / Ko, )02 (0t

_ (/1+/1+/1) Koo (2, )a (1) dt

= El + E2 + E37 Say’

wherel; = [0, —xz/\/n] , I = [x —x /y/n,z+ (1 —z)/y/n] and Iz =
[z + (1 —x)/y/n,1]. We first estimate?;. Writing y = = — x/+/n and using
Lebesgue-Stieltjes integration by parts, we have

E, = /(;y gm(t)dt()\n,a<xa t)) = gz(y"’))‘n,a(ma y) - /(;y )\”vO‘(x’ t)dt(gx(t))'

Since|g.(y+)| <V, (¢z), it follows that

|By| < \/(gz))‘ma(xay) ‘I'/y n,o (z,t)d < \/ Gz > .
y+ 0 t
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By using @.1) of Lemma2.4, we get

|E1]<\/ 2a a:l—)Qm)_i_Qoz-xill—x)/Dy(x_t ( \/g,E)

Integratlng by parts the last term we have after simple computation

< 20200 [Vila) P VEe))

n x? (x —1t)3

Now replacing the variablg in the last integral by: — /+/t, we obtain

(3.4) |E1|§ ol -2 Vi) +> 'V
0 k=10 /VE
S— 9z)-
(1—$ i y\/ﬁ

Using a similar method an@ (2) of Lemmaz2.4, we get
n (- x)/\f

(3.5) By < ———— Z \/ (2)-

Finally we estimaté&s,. Fort € [z — z/v/n,z + (1 — z)/+/n], we have

v+(1-2)/ V7

N
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and therefore

ac-&-(l—ac)/\/E a:+(1—m)/\/E

|E2| S ( :r:) dt()‘n,a(xvt»
Ve[

Sinceff di\y(z,t) < 1, for all (a,b) C [0, 1], therefore

a+(1-2)/\/n
(3.6) Bl <\ ().
z—z/\/n

Collecting the estimates (3) — (3.6), we have

n x—l—(l—x)/\/E

37) Bralge ) < %5 \[ (a)
nz(l —x) -

Combining the estimates 08 (1), (3.2) and @3.7), our theorem follows. ]

Fora = 1, we obtain the following corollary, which is an improved estimate
over the main results o] and [3].

Corollary 3.2. Let f be a function of bounded variation on the inter{@l1].
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Then for every: € (0, 1) andn sufficiently large, we have

Bu(f,2) — ~lf (o) + fla—)

2

1

= V/2enx(1 — x)

)
\f(l’Jr)—f(x—)Hm

n x+(171)/\/ﬁ

2.V

k=1

-

(92)-
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