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ABSTRACT. In this paper, we introduce new general integral operators. New sufficient condi-
tions for these operators to bevalently starlike p-valently close-to-convex, uniformiy-valent
close-to-convex and strongly starlike of ordef0 < v < 1) in the open unit disk are obtained.
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1. INTRODUCTION AND DEFINITIONS

Let .4, denote the class of functions of the form:

f(z) =2+ Z anz"” (peNe{l,2,...}),

n=p+1

which are analytic in the open unit digk = {z : |z| < 1}. Wewrite A; = A. A function
f € A, is said to bep-valently starlike of ordep (0 < 3 < p) if and only if

Re (i{g?) > (z €eU).

We denote bys»(3), the class of all such functions. On the other hand, a funcfien A, is
said to bep-valently convex of ordef (0 < 3 < p) if and only if

zf”(z))

0 > 3 (z el).

Let IC,(3) denote the class of all those functions which grealently convex of ordep in /.
Furthermore, a functiorf(z) € A, is said to be in the subclag$(3) of p-valently close-to-
convex functions of orde#(0 < 3 < p) inU if and only if

Re (%) > (zelU).

p—

Re (1+
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Note thatS;(0) = S, K,(0) = K, andC,(0)

= C, are, respectively, the classegefalently

starlike, p-valently convex ang-valently close-to-convex functions . Also, we note that
St = 8§ Ky = K and(C, = C are, respectively, the usual classes of starlike, convex and

close-to-convex functions .

A function f € A, is said to be in the clag3C, () of uniformly p-valent close-to-convex

functions of orders (0 < 8 < p)in U if and only if

(e 9)=

9(2)

for someg(z) e US

)
orderg (—1 < 8 < p)inU and satlsfles

fre (ZJ{(()) ﬁ)

(1.1)

f(2)

fz)

2f'(z)

(z €lU),

»(3), whereldS,(3) is the class of uniformly-valent starlike functions of

(zelU).

Uniformly p-valent starlike functions were first introduced|in[10].
Fora; > 0 andf; € A,, we define the following general integral operators

(1.2) F
and
[T e (AN

n(2) = /Ozptp_l (flt—gf))al (

B0V

tp

ptP~1

If we takep = 1, we obtain of the general integral operatétsz) = F,,(z) andG;(z) =

-----

«, (2) introduced and studied by Breaz and Breaz [3] and Breaz ét al. [6] (seelalsb![2, 4, 8,

9)). Alsoforp=n=1,01¢ =a € [0,1]in ), we obtain the integral operatgy (th)) dt
studied in [12] and fop = n = 1, a; = 0 € C, |§] < 1/4in (1.3), we obtain the integral

operator/; (f'(t))*dt studied in[11,15].

There are many papers in which various sufficient conditions for multivalent starlikeness
have been obtained. In this paper, we derive new sufficient conditions for the opérgtors
andG,(z) to bep-valently starlike p-valently close-to-convex and uniformpyvalent close-to-
convex ini{. Furthermore, we give new sufficient conditions for these two general operators to

be strongly starlike of ordey (0 < v < 1)inU.

In order to derive our main results, we have to recall here the following results:

Lemma 1.1([13]). If f € A, satisfies
Re{1+ Zj:,é?} <p+%

then f is p-valently starlike irA.
Lemma 1.2([7]). If f € A, satisfies
2f"(2)
f'(2)
thenf is p-valently starlike iri/.
Lemma 1.3([16]). If f € A, satisfies

+1—-p <p+1

2f"(2) a+b
Re{1+ }<p+—(1+a)(1_b)

f'(2)

(z el),

(Z EZ/{),

(z €U),

wherea > 0, b > 0 anda + 2b < 1,thenf is p-valently close-to-convex i.

J. Inequal. Pure and Appl. Mathl(0(4) (2009), Art. 109, 9 pp.

http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

INTEGRAL OPERATORS OFp-VALENT FUNCTIONS 3

Lemma 1.4([1]). If f € A, satisfies
Re{1+zjﬁ,;(z'§)}<p+% (zel),

then f is uniformlyp-valent close-to-convex i.
Lemma 1.5([17]). If f € A, satisfies

f’( ) 4
then
22 VP
Re 8 >3 (z €eU)

Lemma 1.6([14]). If f € A, satisfies
R{l—i— f”<)}>p—% (zel),

f'(z)
then 2)
zf'(z m
arg ) <37 0<~y<1;z€lU),

or f is strongly starlike of ordetyin /.

2. SUFFICIENT CONDITIONS FOR THE OPERATOR F,,

We begin by establishing sufficient conditions for the operajaio be inS;.

Theorem 2.1.Let o; > 0 be real numbers for alt = 1,2,... n. If f; € A,forall i =
1,2,...,n satisfies

2fi(2) 1
(2.1) Re ( ) <p+ =i (zel),

fz( ) 421’:1 @

thenF), is p-valently starlike iri/.

Proof. From the definition[(1]2), we observe thgf(z) € A,. On the other hand, it is easy to
see that

0 PI(2) = pr-t (%)a (M)a

2P

Differentiating [2.2) logarithmically and multiplying by, we obtain

)

Thus we have

2F)(2)
(2.3) 1+ ) :p< Z >+Z (

=1

Taking the real part of both sides 6f (R.3), we have

(2.4) Re (1 + Zg’(z)) —p (1 - zn:a> + zn: o, Re (ZfTS))) .

=1 i=1
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From (2.4) and[(2]1), we obtain

2F"(2) " " 1 1
2. 1 P 1— : < — ) =p+-.
(2.5) Re( + Fé<z)><p< Zal>+2%(p+42210@) p—|—4
=1 i=1 v
Hence by Lemma 1]1, we gé}, € S. This completes the proof. O
Lettingn =p =1, oy = o and f; = f in Theorenj 2.1, we have:
Corollary 2.2. If f € A satisfies
zf'(z) 1
1 -
Re(f(z)>< +4& (z el),

wherea > 0, then |;° (@) dtis starlike inl.

In the next theorem, we derive another sufficient conditiorpfealently starlike functions
inU.

Theorem 2.3.Leta; > 0 be real numbers foralt = 1,2,...,n. If f; € A, forall i =
1,2,...,n satisfies

z2fl(z) p+1
(26) — = ' n (Z < L{),

fi(2) D e

thenF), is p-valently starlike iri/.
Proof. From [2.3) and the hypothesés (2.6), we have

B ()
Sl

=1
<o () e
Now using Lemma 1|2, we immediately g€t € S;. O
Lettingn =p =1, oy = o and f; = f in Theorenj 2.3, we have:
Corollary 2.4. If f € A satisfies
2f(2) 1‘
f(z)

wherea > 0, then [ (@)a dtis starlike ini{.

2
< — (zel),

«

Applying Lemmag 113 anfd 1.4, we obtain the following sufficient conditionsfgio be
p-valently close-to-convex and uniformpyvalent close-to-convex itx.

Theorem 2.5.Leta; > 0 be real numbers foralt = 1,2,...,n.If f; € A, forall i =
1,2,...,n satisfies
zf-’(2>> (a+0b)
2.7 Re : <p-+ - zeU),
&) (75) v iran s Gew

wherea > 0, b > 0 anda + 2b < 1, then F, is p-valently close-to-convex .
Proof. From (2.4) and the hypotheses (2.7) and applying Leinja 1.3, wefyaveC,(3). O
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Lettingn =p =1, a; =a and f; = f in Theoren} 2.5, we have:
Corollary 2.6. If f € A satisfies

2f'(2) (a +b)
1
Re(F7) <1 e W

wherea > 0,a > 0, b > 0 anda + 2b < 1,thenfoz (@)a dt is close-to-convex itx.
Theorem 2.7.Leta; > 0 be real numbers foralt = 1,2,...,n.If f; € A, forall i =
1,2,...,n satisfies

z2fl(z) 1
(2.8) Re( : )<p+T zelU),

71(2) e Y

then £}, is uniformlyp-valent close-to-convex i.

Proof. The proof of the theorem follows by applying Lemina]1.4 and uging (4.4), (2.8) to get
F, e UC,(B). O

Lettingn =p =1, oy = o and f; = f in Theorenj 2.J7, we have:
Corollary 2.8. If f € A satisfies

Re (Z}Cé’?) <1+ % (z € U),

wherea > 0, then [ (@) dt is uniformly close-to-convex .

t

Using Lemma 15, we obtain the next result

Theorem 2.9.Leta; > 0 be real numbers foralt = 1,2,...,n.If f; € A, forall i =
1,2,...,n satisfies
2fl(2) 3p+4
(2.9 Re(z—)>p—T zelU),
fi(2) 43 ( )
then
2F!(z) N/
p —
Re £ ) > 75 (z el).

Proof. It follows from (2.4) and[(2.9) that

2F"(2) u - 3p+4 D
1 P 1_§ , § , - ) == 1.
M(*ma%”( -Q+.%@ ng)4
=1 =1 v

By Lemmg 1.5, we conclude that

2F' (2
Re F;((Z)) > 729 (z elU).

Lettingn =p =1, a3 =1 andf; = f in Theorenj 2.9, we have:
Corollary 2.10. If f € A satisfies

(2.10) Re (%(ZZ))) > —Z (x € U),
then

f(2)
211 Re | —F—5x—
o N (e
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3. SUFFICIENT CONDITIONS FOR THE OPERATOR G,

The first two theorems in this section give a sufficient condition for the integral op&fator
be in the class;.

Theorem 3.1.Leta; > 0 be real numbers foralt = 1,2,...,n.If f; € A, forall i =
1,2,...,n satisfies

2 (2) 1

7 T Y

thenG, is p-valently starlike irt/.
Proof. From the definition-3) we observe th@§(z) € A4, and

-0 (F-oo0)
or
(3.2) 1+§”<< = ( Zaz)JrZ ( >)).

Taking the real part of both sides ¢f (B.2), we have

(3.3) Re (1 + ZC?:(< )) ( Za) + Zal Re (1 + ZJJ:;()>) .

From (3.3) and the hypothes¢s (3.1), we obtain

(3.4) Re (1 ézl(( )> (1_2‘%) Jrz:aZ (p+421 1 Z) :p+i.

Therefore, using Lemmja 1.1, it follows that the integral operatpbelongs to the class
Sr. O
p

Lettingn =p =1, &y = aand f; = f in Theorenj 3], we obtain

Corollary 3.2. If f € A satisfies

2f"(2) 1 ;
Re(1+ f’()><1+4o¢ (z el),

wherea > 0, then [7(f'(t))*dt is starlike in/{.

Theorem 3.3.Leta; > 0 be real numbers foralt = 1,2,...,n.If f; € A, forall i =
1,2,...,n satisfies

22| pl
fi(z) > i Qi
where} " | o; > 1,thenG, is p-valently starlike irt/.
Proof. It follows from (3.2) and[(35) that

WA o

G (2) =

p—1) ZaﬁZal(pjl p+1><p—i—1.

7,1Z

(3.5)

—p+1 (zel),

i
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Therefore, it follows from Lemmja 1.2 thét, is in the classS; . O
Lettingn =p =1, ay = aand f; = f in Theorenj 3.3, we obtain:

Corollary 3.4. If f € A satisfies

2

<a (ZGZ/{),

2f"(2)
f'(2)
wherea > 0, then [7(f'(t))*dt is starlike ini/.

Applying Lemmag 1.3 and 1.4, we obtain the following sufficient conditionstipto be
p-valently close-to-convex and uniformpyvalent close-to-convex iix.

Theorem 3.5.Leta; > 0 be real numbers foralt = 1,2,...,n.If f; € A, forall i =
1,2,...,n satisfies

2fl'(2) a+b
(3.6) Re<1+ ! <p+ = zelU),

7 fral-bya Y

wherea > 0, b > 0 anda + 2b < 1, thenG,, is p-valently close-to-convex .

Proof. In view of (3.3) and[(3]6) and by using Lemina]1.3, we haye= C,(0). O
Lettingn =p =1, &y = aand f; = f in Theorenj 3.5, we obtain

Corollary 3.6. If f € A satisfies

z2f"(2) a+b
Re<1+ f’(z))<1+(1+a)(1—b)a (zel),

wherea > 0, a > 0,b >0 anda +2b <1, thenfoz(f’(t))adt is close-to-convex itx.

Theorem 3.7.Leta; > 0 be real numbers foralt = 1,2,...,n.If f; € A, forall i =
1,2,...,n satisfies

zf{’(Z)) 1

3.7 Re (14 — <pt+ o= zeU),

G- ( fi(z) 32 i ( )

thenG,, is uniformlyp-valent close-to-convex .

Proof. In view of (3.3) and[(3]7) and by using Lemina]1.4, we h&yee UC,(3). O

Lettingn = p=a = 1and f; = f in Theorenj 3J7, we have:
Corollary 3.8. If f € A satisfies

SOV
Re<1+ f’(z)><1+304 (zel),

wherea > 0, then [7(f/(¢))*dt is uniformly close-to-convex .

Using Lemma 1J5, we obtain the next result.

Theorem 3.9. Leto; > 0 be real numbers for alf = 1,2,... n. If f; € A, forall i =
1,2,...,n satisfies

zf”(z)) 3p +4
3.8 Re (14 =2 S>p— — zel),
(3.8) ( fi(z) 43 ( )
then

G (z) /D

3.9 P ~— )
(3.9 Re G 02) > 75 (zel)
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Proof. It follows from (3.3) and[(3.8) that

2Gy(2) g - B4\ p
Re(l—i— ,p )>p 1-— o; | + ozi<p—T):——1.
Gp(z) Z Z 4Zi:1 Q; 4
By Lemmd 1.5, we get the result (B.9). O

Lettingn =p =1, oy =1 andf, = f in Theoren 3.9, we have
Corollary 3.10. If f € A satisfies

2 (z) 3
(310) Re (14—%) > _Z (ZGU),
then

2f'(z) 1
(311) Re m > 5 (Z € Z/{)

4. STRONG STARLIKENESS OF THE OPERATORS Fp AND Gp

Applying Lemma 1.5 and using (2.4), we obtain the following sufficient condition for the
operatorF), to be strongly starlike of orderin ¢/.

Theorem 4.1.Leta; > 0 be real numbers foralt = 1,2,...,n.If f; € A, forall i =
1,2,...,n satisfies

Re(%)>p—% (zel),

thenF, is strongly starlike of ordety (0 <~y < 1)inU.
Lettingn =p =1, oy = a andf; = f in Theorenj 4.1, we have
Corollary 4.2. If f € A satisfies

Re (2}’1;)) >1- % (z € U),

wherea > 0, thenfoz <&>a dt is strongly starlike of ordety (0 < v < 1)inU.

t
Applying once again Lemnja 1.6 and usipg [3.3), we obtain the following sufficient condition
for the operator~, to be strongly starlike of orderin /.

Theorem 4.3.Leta; > 0 be real numbers foralt = 1,2,...,n.If f; € A, forall i =
1,2,...,n satisfies
sz’(z)) v
Re 1+ — >P— ——7—— zeU),
( fi(2) 23 i ( )

thenG,, is strongly starlike of ordety (0 < v < 1)inU.
Lettingn = p = a; = landf, = f in Theorenj 43, we have
Corollary 4.4. If f € A satisfies

Re (1+Zf”(z)) S1- L (euw),

f'(2) 20
wherea > 0, then [;7(f/(¢))*dt is strongly starlike of ordety (0 <y < 1)ini.
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