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ABSTRACT. A generalized form of the Hermite-Hadamard inequality for convex Lebesgue in-
tegrable functions are obtained.

Key words and phrasesConvex function, Hermite-Hadamard inequality, Mean value.

2000Mathematics Subject Classificat/oRrimary 26A51; Secondary 26A46, 26A48.

The classical Hermite-Hadamard inequality gives us an estimate, from below and from above,
of the mean value of a convex functign [a,b] — R :

(HH) f(a“’)gbia/abf(x)dxg—f(a)Jrf(b).
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Seel[2, pp. 50-51], for details. This result can be easily improved by app|ying (HH) on each of
the subinterval$a, (a + b)/2] and|[(a + b)/2, b]; summing up side by side we get

(SLHH) %{f(?’ajb)w(“ng)} Sbia/bf(x)dm
1 a-+b f(a)+ f(b)
(SRHH) Sﬂf( ! >+ ! }

Usually, the precision in thé (HH) inequalities is estimated via Ostrowski’s and lyengar’s
inequalities. See [2], p. 63 and respectively p. 191, for details. Based on previous work done
by S.S. Dragomir and A.McAndrew![1], we shall prove here several better results, that apply to
a slightly larger class of functions.

We start by estimating the deviation of the support line of a convex function from the mean
value. The main ingredient is the existence of the subdifferential.
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Theorem 1. Assume thaf is Lebesgue integrable and convex(anb). Then

i [ e (o= 5 - 1t
(x —a)?+ (b—x)?
\b_a/ ) - Sy — (o)) T 28
forall z € (a,b).

Herey : (a,b) — Ris any function such that(x) € [f’ (z), f} (x)] for all x € (a,b).

Proof. In fact,
fy) = (@) + (y — z)e(z)
forall z,y € (a,b), which yields
(Sd) fy) = (@) = (y —2)e(@) = [f(y) — flz) = (y — z)p(z)]
2 |[f () = f@)] = ly — zlle(@)]]-
By integrating side by side we get

Py = 0= fw)+ 6= 0) (o= 5 ) ol

a
b

> [ f ) = f@)] = [y =zl lo(2)l| dy

b
> | [ 150 = @ = 1ot [ -l
T —a b—x)?
/\f D)l dy — (o)) £ E O 2)
and it remains to simplify both sides by- a. O

Theoren L applies for example to convex functions not necessarily defined on compact in-
tervals, for example, tg(z) = (1 — 2%)" ", 2 € (-1,1), fora > 0.

Theorem 2. Assume thaf : [a,b] — R is a convex function. Then

%!ﬂ@+ijh—%t£mﬂx—®}_bia/ ﬂw@

%'b_a/'f |dy-—/|a:—y||f<>|dy

Proof. Without loss of generality we may assume thfais also continuous. Seel![2, p. 22]
(where it is proved thaf admits finite limits at the endpoints).

In this casef is absolutely continuous and thus it can be recovered from its derivative. The
function f is differentiable except for countably many points, and letindenote this excep-

tional set, we have
f(@) > fy) + (@ —y)f(y)
forall z € [a,b] and ally € [a, b]\E.This yields
f@) = fy) =@ =) f'y) =f=) - fly) = (z—-y)f' W)
> |[f(@) = f)] =z =yl [F W,

forall z € (a,b).
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so that by integrating side by side with respecy iwe get
b
b= af() =2 [ f@)dy+ FOb ) + Fa)e - a)

b
~ sy | Ix—y||f’(y)|dy‘

equivalently,
fO)b—2)+ fla)(x—a) 2 [
o)+ L e R
b b
> [ = swla= e alrwial
and the result follows. O

A variant of Theorem |2, in the case wheftés convex only or{a, b), is as follows:

Theorem 3. Assume thaf : [a,b] — R is monotone offu, b] and convex offa, b). Then

3 |+ OO L [y,

> |52 [t st
+2(b1_ a) [f(x)(a+b—22)+ (z—a)f(a) + (b—2)f(D)]

forall x € (a,b).

Proof. Consider for example the case wheris nondecreasing o, b]. Then

/ab!f(w)—f(y)\dyzfgglfx !dy+/|f )l dy

(z —a) /f dy+/f Vy — (b— o) f(z)

=Q2rx—a—-0)f /f dy—l—/f

As in the proof of Theorem|2, we may restrict ourselves to the case whéeebsolutely
continuous, which yields

/ va—yl|f’(y)|dy=/m(rr—y)f’(y)dy+/ (y —x)f (y)dy

T b
— (a— ) f(a) + (b— 2)f(B) + / Fly)dy — / F(y)dy

By Theorenj 2, we conclude that

% |:f(y)+ f(b)(b_y?)i.i(a)(y_a)} . 1 /a f(CC)dCC
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> 22 [ s [ rwa
2o lp=a ) TWW— | TWdy
J@Qr—a=b)  (x—a)f(a) +(b—2)f(b)
b—a b—a
The case wherg is nonincreasing can be treated in a similar way. O

Forz = (a + b)/2, Theorenj B gives us

uE) %[f(a+b>+f(a)+f(b)] _bia/abf(y)dy
L

2 2
> m/ Sgn<a;—b—y) f(y)der—f(a)If(b)

Y

which in the case of the exponential function means

1 a+b+expa+epr expb—expa
2 |7P 2 2 b—a
1 b b
> o s (M50 ) expyay - SRR
b—a ), 2 4

forall a,b € R, a < b, equivalently,

a+b a+b—2Vab
4 Inb—1na

[\/%—Faer] b—a

1
2 2 " Inb—Ina —

forall0 < a < b.
This represents an improvementBolya’s inequality

2 1 a+b b—a
(Po) §'@+§' 5~ nb—_Ina

since

2 1 a+b 1 a+b—2vVab
§'@+§' 5~ > 3Vab+ nb—_lna

In fact, the last inequality can be restated as
(z+1)%Inz > 3(x—1)°

for all x > 1, a fact that can be easily checked using calculus.
As Professor Niculescu has informed us, we can embed Polya’s inequality into a long se-
guence of interpolating inequalities involving the geometric, the arithmetic, the logarithmic and
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the identric means:

Vab < (Van)™" <a+b>1/3

2
b—a o M)
<lnb—1na<g(a“>
2 1 a+bd
S oVab+ =
<3 \/a_+3 5
b
“; Vab
1 /a+b a+b

forall0 < a < b.

Remark 4. The extension of Theorems$ 1/} 3 above to the context of weighted measures is
straightforward and we shall omit the details. However, the problem of estimating the Hermite-
Hadamard inequality in the case of several variables is left open.
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