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1. Introduction

In this paper, let.X,Y") be a random vector witl?[(X,Y) € D] = 1 whereD :=
la, A] x [b,B] (0 < a < Aand0 < b < B). Let E[X] be the expectation of a
random variableX with respect taP. For a functionp : D — R, we put

A¢ = Ad(a,b, A, B) := d(a,b) — ¢(a, B) — (A, b) + ¢(A, B).

In [1], V. Csiszar and T.F. M6ri showed the following theorem as an extension of

Diaz-Metcalf’s inequality 2].

Theorem A. Let¢ : D — R be a concave function.
We use the following notations:

i BB O L eB) - el
N C Bﬁ - f(a, B) e O BB) - gbz)(A,b)
i e g ) — e B = oA
= 60, B) + Bias(A ) = o YA B
= o) = T HAB) + e so(a. )
= o) - %Cb(fla B) - e A

a) Suppose that¢ > 0.
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— (1) f(B-0b)E[X]|+ (A—a)E[Y] < AB — ab, then
ME[X]+ mEY]+un < Elp(X,Y)] (< o(E[X], E[Y])).
— (ii) If (B=0)E[X]|+ (A—a)E[Y] > AB — ab, then
ME[X]+ mEY]+ 1 < Elp(X,Y)] (< o(E[X], E[Y)])).
b) Suppose that¢p < 0
b— (iii) If (B ( —bLE[X]+(A—a)E]Y] <
sE[X] + s E[Y] + v3 < El¢(
b—(iv) | < ~ B)E[X] + (A - a)E[Y]
JE[X] + pElY] + vs < E[g(

aB — Ab, then

X Y)] (< o(E[X], E[Y])).
> aB — Ab, then

X Y)] (< o(E[X], E[Y])).

Let us note that Theorerh can be given in the following form:

Theorem 1.1. Suppose thab : D — R is a concave function.
a) If Ag > 0, then

(1) max{MELX]+ mElY]+ n} < Blo(X V) 6(E(X], BY),

where\;, u, andyy (k = 1, 2) are defined in Theorerh.
b) If Ap < 0,then

(1.2) max{ABLX] + e BY] +u} < E[¢(X, Y)I(< o(E[X], E[Y]),

where\, 1, andyy, (k = 3,4) are defined in Theorerh.
Remarkl. The inequalityE[¢(X,Y)] < ¢(E[X], E[Y]) is Jensen’s inequality. So
the inequalities in Theorerh represent reverse inequalities of it.

In this note, we shall give some applications of these results.
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2. Reverse Holder’s Inequality

Let p,q > 1 be real numbers wit% + é = 1. Theng(z,y) := x%y% is a concave
function on(0, oo) x (0,00). For0 < a < Aand0 < b < B, A¢ is represented as

follows:
A¢ = arbi —ar Bi — Avbi + ArBo = (Av —ab ) (Bi = b7) (> 0).

Moreover, puttingd = B = 1, and replacingX, Y, a andb by X?, Y¢, o and
(4, respectively, in Theorer, we have the following result:

Theorem 2.1.Letp, ¢ > 1 be real numbers wit@ + é =lLLet0<a< X <1
and0 < <Y <1.

(i) If (1 — B9)E[X?] + (1 — a?)E[Y?] < 1 — a?3, then

(2.1) m_—_i‘)mxp] + O‘fl_—_ﬁf)E[Yq]
aB(l — aP™t — B9t 4 oP7139 4 qPBIt — aP39)
(= an)(1— 57 < BIXY)
(ii) If (1 —=p9)E[XP]+ (1 —a?)E]Y? >1—aPp?, then
» 1G] l-—a—pF+af!+aoPB — P
X H—ﬂ By = 51 < B[XY].

By Theorem2.1we have the following inequality related to Holder’s inequality:

Inequality of V. Csiszar

and T.F. Méri
Bozidar Ivankovi¢, Saichi Izumino,

Josip E. Pecari¢ and Masaru Tominaga

vol. 8, iss. 3, art. 88, 2007

Title Page
Contents
<44 44
< 14
Page 5 of 18
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k6

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:abramos@math.haifa.ac.il
mailto:abramos@math.haifa.ac.il
http://jipam.vu.edu.au

Theorem 2.2. Letp, ¢ > 1 be real numbers with + - =1.1f0 <o < X < 1and
0<pB <Y <1,then
(2:3) prai(8— aB)r (a— a?B)s E[X"]» E[Y s
< (8 —af)EXP] + (o — o’ B) E[Y]
< (1 —-a?pl)EIXY].
Proof. We have by Young's inequality
(6 — aB") E[XP] + (o — o B) E[Y]
1 1
=5 - p(8 — af?) E[XP] + rh q(a —o”B)E[Y]
> {p(B — aB")E[X"]}r {a(a — o B)E[Y"]}o
= prgt (8 — af”)r (@ — a?B)1 E[X"]» B[V,
Hence the first inequality holds. Next, we see that
af(l—ar =B aPTI B P — aP3Y)
@4 = (T—an(—5)

>0
and
l—a—-pF+af?+afpf—aPpl
A T
Indeed, we havél — o?)(1 — $7) > 0 and moreover by Young’s inequality
1— ap—l_@q—l 4 ap—lﬁq + apﬁq—l _ ozpﬁq
=1—af7— o’ (1 47) — 317} (1 — o)

i () () o

> 0.
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and

and

l—a—-0F+af’+a’f — o[
=1 - a7~ a(1 - §7) - A1~ ¥

21—apﬁq—<$+%ap) (1—5(1)—(%%5(1) (1—a?) =0.

Multiplying both sides of £.1) by v, and those of4.2) by —v,, respectively, and
taking the sum of the two inequalities, we have

B(1—a) a(1-0)
1ar N 1-p4 N
E[X?] + EY < (2 —m)E[XY].
11—« 1-3
Tar 12 g 2
Here we note that fron2(4) and .5),

B(l—a
o 1| B—a)(1-B)(1—apr)
Lo o, (1—a?)(1—p59) ’
a(1-p)
=g | a(l—a)(1-B)(1—a’'f)
1, (1= ar)(1— 57)

(1—a)(1 - B)(1 — ")
(1 —an)(1 =)

Y2 — N =
Hence we have

B1-a)(1— A1 —af) a(l—a)(l-B)(1—arg)
G- -5y 2 T —

B[y
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_ (L=a)(1-B)(1 - ard)
- (I=an)(1-p9)
and so the second inequality ¢f ) holds. O

E[XY]

The second inequality is given irb,[p.124]. In ¢.3), the first and the third terms
yield the following Gheorghiu inequality4| p.184], b, p.124]:

Theorem B. Letp, ¢ > 1 be real numbers with + - = 1. If 0 < o < X < 1and
0<pB<Y <1,then

L= arp"
prgi (8 — apt)r (o — arf)s

We see that4.9) is a kind of a refinement of(6). TheoremB gives us the next
estimation.

(2.6) E[X*]?E[Y)s <

E[XY].

Corollary 2.3. Let X = {a;} andY = {b;} be independent discrete random
variables with distributions?(X = a;) = w; and P(Y = b;) = z;. Suppose
0<a< X <land0 < g <Y < 1. E[XP,E]Y? and E[XY] are given

by > wiaf, Y7 zbF and Y00 37T wizjaib;, respectively. Then we have in-

equalities
Zszzjazb < <Z w;a ) (i zjb3->q
i=1 j=1 7j=1

L arge
§11
prqe(8—aB)r (o —arf)

E g w;2;a;b;

=1 j=1
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3. Hadamard’s Inequality

The following well-known inequality is due to Hadamars) p.11]: For a concave
functionf : [a,b] — R,

(3.1) PO < o [rwae< 1 (50).

Moreover, the following is an extension of the weighted version of Hadamard’s in-

equality by Fejer @], [6, p.138]): Letg be a positive integrable function da, b|
with g(a +t) = g(b—t)for0 < ¢ < 3(a — b). Then

32 OO Hf( / dt</ £t) dt<f(a;b)/abg(t)dt.

Here we give an analogous result for a function of two variables.

Theorem 3.1.Let X andY be independent random variables such that

(3.3) Elx| =4 and By) = #
for0<a< X <Aand0<b<Y < B.If¢: D — Risaconcave function, then
(34) min {gb(A,b) +o(e.5) dwd)+ ¢<A,B>} < E3(X. )]

< ¢(a+A b;B)'

Proof. We only have to prove the cagky > 0. Then with same notations as in
TheoremA we have

¢(A,b) + ¢(a, B)

/\1E[X]+M1E[Y]+V1:/\QE[X]+M2E[Y]+V2: B
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by (3.39). SinceA¢ > 0, it is the same as the first expression #4f. Similarly
calculation forA¢ < 0 proves that the desired inequality.4) also holds. ]

We can obtain the following result as an extension of Hadamard’s inequalidy (
from Theorem3.1 by letting X andY” be independent, uniformly distrbuted radom
variables on the intervalg, A] and[b, B], respectively:

Corollary 3.2. Let0 < a < Aand0 < b < B. If ¢ is a concave function, then

. {¢(A,b)+¢(a,B)’¢(a,b)+q§(A,B)}S( ] 1 — /A /ng(t,s)dsdt

2 2
<¢(a—|—A b—;B).

By Theorem3.1, we have the following analogue a¢#.¢) for a function of two
variables:

Corollary 3.3. Letw : D — R be a nonnegative integrable function such that
w(s,t) = u(s)v(t) whereu : [a, A] — R is an integrable function with(s) =
ula+A—s), faA u(s)ds = 1 andw : [b, B] — R is an integrable function such that
be v(t)dt = 1,v(t) = v(b+ B —t). If ¢ is a concave function, then

mm{¢Mﬁ%Hﬂ%B>M“®+¢AZ3} /ﬁ/ (s,)o(s, 1) dsdt

2 )
<¢<a+Ab+B)'

2
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4. Petrovic’s Inequality

The following is called Petrog@is inequality for a concave functiofi: [0, ¢] — R:

f (ZP%&) < szf(iﬁz) + (1= P,) f(0),

i=1 =1
wherex = (z1,...,z,) andp = (p1, ...
bers such thap ", pix; > =y for k =
>, pi(see b, p.11] and 6]).
We give an analogous result for a function of two variables.

Theorem4.1.Letp = (p1,...,p,) @andq = (q¢1, . . ., g,) ben-tuples of nonnegative
real numbers and pub, := >, p; (> 0) andQ,, := > "_, ¢; (> 0). Suppose that
x = (z1,...,x,) andy = (v1,...,y,) are n-tuples of nonnegative real numbers
with0 <z, <> piz; < cand0 <y, < Z?:1 qy; <dfork=1,2,... ,n Let

¢ :[0,¢c] x [0,d] — R be a concave function.

a) Suppose

¢(0,0) + ¢ (Zpifﬂi, Z%’yj) > ¢ (ZP@%ﬂ) + ¢ (07 Z%’%) :
— (i) If + +—<1 then
“41) & (szl’z, ) + —¢ ( Z%%) (1 - P%L - é) ¢(0,0)
E:E:m%¢x“%

=1 j=1

,n) aren-tuples of nonnegative real num-
Ln, > pi; € [0,c] and P,

S5
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a —

(

@)Hﬁ+é:2me

1

el ()

+<1_¢>¢@W>+<1_,%>¢<0,g%>

b) Suppose

¢(0,0) + ¢ (Zpil’i, Zijj) < ¢ (Zpiﬂﬂi,O) +¢ <0> Z%‘%’) :
i=1 j=1 i=1 j=1

(iii) If P, > Q,, then
1 n n

R (Zpixz‘, > ijj>
=1 7j=1

(7)) (Z%) (“i 0.0

b —

| A

)o
E:E:m%¢x“%

11]1

4 O(xi, y;).
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b— (iv) If Q, > P,, then
(Z Di%i, Z %%‘)
i=1 j=1

(g Ere) (o) oo

<5 Qn ZZMM iy Yj)-

i=1 j=1

Proof. We puta = b =0, A = 1 piv; andB = Y7, ¢;y; in TheoremA. Let

X = {a;} andY = {b,} be independent discrete random variables with distributions
P(X =) = f-andP(Y =y;) = J-, 1 < i < n, respectively. So we have the
desired inequalities. O

Specially, ifp; = ¢; = 1 (i,j =
following:

.,n) in Theorem4.1, then we have the

Corollary 4.2. Suppose that = (z1,...,z,) andy = (y1,...,y,) aren-tuples of
nonnegative real numbers far > 2 with >~ x; € [0,c] and > v; € [0,d]. If
¢ :[0,¢] x [0,d] — R is a concave function, then

(4.2) ¢<Z:ci,o> ( Zyj> Fn=2)6(0,0) < 33" o).

i=1 j=1
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5. Giaccardi’'s Inequality

In 1955, Giaccardi (cf.g, p.11]) proved the following inequality for a convex func-
tion f : [a, A] — R,
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We use the following notations:

i1 =1
K(x) o= Zis P Lo gy 2o 8% 7€
Zi:l biZi — Zo Zj:l q;Y; — Yo
_ (P =) ps _ (@ =134y
po) = B Vi ), (G2 D2
Zi:l PiTi — To Zj:l q5Y5; — Yo

Z}Ll ;Y5 — @n¥o

M(X,Y) = {(PnQn — Py —Qn) Zpi-l"i Z%‘yj
=1

j=1

i=1 j=1

+ QnYo Zpﬂi + P Z Y5 — PnQn%?/o}

1
X

(Z:-L:l Pili — To) (Z?Zl q;Y5 — yo)

and

N(X,Y)

(Pn - Qn) Zpixi Z q;Y; — (Pn - 1)Qn Zpixiyo + Pn(Qn - 1)[L’0 Z q;Y;
- i=1 j=1 i=1 j=1

(Z pili — 900> (Zl q;Y; — yo)
i=1 j=
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Then we have the following theorem:

Theorem 5.1.Leto : [xo, >, pii] X [yo, -5, ¢;9;] — R be a concave function.

a) If
¢ (20, Yo) + & (Zpﬂi, Zijj) > ¢ (x()a qu’yj) +¢ (Zpi%,yo) ;
i=1 j=1 j=1 i=1
then

max {Qn

i=1 j=1

P (Z DiZy, yO) + Qn <$07 Z QJ?J])
Y)o (Zpi% Z ijj> } < Z sz%ﬁb(%yj)-

i=1 j=1

b) If

¢(zo,yo) + & (Zpixi, Z%’yj) < ¢ (370, Z%’?Jj) +9¢ (Zpiivi,yo) ;
i=1 j=1 j=1 i=1

<Z plwz,y()) + P, K(Y)¢ <x0,ijyj> + M(X,Y)(x0,0)
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then

max {Q,J((X)qﬁ (Z Dii, Z qJ‘%‘)
i—1 =1

+ PoL(Y)¢ (%0, y0) + N(X,Y)¢ (56’07 Z%%‘) ;
j=1

Inequality of V. Csiszar
and T.F. Mori

n n Bozidar Ivankovi¢, Saichi Izumino,
Josip E. Pecari¢ and Masaru Tominaga
PnK(Y)¢ (Zl pitti; Zl ijj> + QnL(X)(b (.TU, yO) vol. 8, iss. 3, art. 88, 2007
1= Jj=
—N(X,Y)o (Z]%%ﬂo) } < Z Zpin¢(xiayj)- Title Page
=1 =1 j=1
’ Contents

Proof. Let X andY be as they were in the proof of Theorei, and puta = x,
A=37" piri, b=yoandB = Y77, q;y;, and use Theorerh. Then we have the ah >
desired inequalities of this theorem. O < >
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