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J
1. Introduction ||\v
S

The well-known Hermite-Hadamard inequality states thaft if [a,0] — R is a
convex function, then

b
(1.1) f (“;b) < bia/ F(t)dt < M

Dragomir-Agarwal Type Inequalities

This pair of inequalities has been improved and extended in a number of ways. I. Franjié and J. Pegari¢
One of the directions estimated the difference between the middle and rightmost vol. 10, iss. 3, art. 65, 2009
termin (L.1). For example, Dragomir and Agarwal presented the following result in
[2]: supposef : I C R — R is differentiable on/ and|f’|? is convex onfa, b] for

someq > 1, wherel is an open interval ifR anda,b € I (a < b). Then Uiz e
fla)+f@) 1 b—a [|f/ @)+ 7B —
— t)ydt| < .
2 b—a/af() ’— 4 { 2 4 dd
Generalizations to higher-order convexity for this type of inequality were given in < 4
[3]. Related results for Euler-midpoint, Euler-twopoint, Euler-Simpson, dual Euler- Page 3 of 23
Simpson, Euler-Maclaurin, Euler-Simpson 3/8 and Euler-Boole formulae were given
in [11]. Furthermore, related results for the general Euler 2-point formulae were Go Back
given in [10], unifying the cases of Euler trapezoid, Euler midpoint and Euler- Full Screen
twopoint formulae.
The aim of this paper is to give related results for the general 3, 4 and 5-point Close
quadrature formulae, as well as for the corrected general 3, 4 and 5-point quadrature = _ N
formulae. In addition to values of the function at the chosen nodes, "corrected" = journal of inequalifies

in pure and applied
mathematics
issn: 1443-575k

guadrature formulae include values of the first derivative at the end points of the
interval and also have higher accuracy than adjoint classical quadrature formulae.
They are sometimes called "quadratures with end corrections".
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Our first course of action was to obtain the quadrature formulae. This was done
using the extended Euler formulae, in which Bernoulli polynomials play an im-
portant role. For the reader’s convenience, let us recall some basic properties of
Bernoulli polynomials. Bernoulli polynomialB(¢) are uniquely determined by

By (7) = kBy_1(x), Bp(t+1) — Bi(t) = kt* ', k>0, By(t) = 1.

For thekth Bernoulli polynomial we havé; (1 —z) = (—1)*By(x), x € R, k > 1.
The kth Bernoulli numberBy, is defined byB, = By (0). Fork > 2, we have
Bi(1) = By(0) = By. Note thatBy,—; = 0, k > 2andB;(1) = —B(0) = 1/2.
B;(x) are periodic functions of periotdefined byB;(x + 1) = Bj(x), = € R,
and related to Bernoulli polynomials &% (z) = Bi(z), 0 < z < 1. Fork > 2,
B (t) is a continuous function, whil&; () is a discontinuous function with a jump
of —1 at each integer. For further details on Bernoulli polynomials, $garid [9].
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2. Preliminaries

General 3-point quadrature formulas were obtainedjrapd general corrected 3-
point quadrature formulas ir6]; general closed 4-point quadrature formulas were
considered inT] and finally, general closed 5-point quadrature formulas were de-
rived in [8]. Namely, if f : [0,1] — R is such thatf"=Y is continuous and of
bounded variation of0, 1] for somen > 1, then we have

@) [ =@ + T = [ Frna .

for o = @3, CQ3 andx € [0,1/2), fora = Q4, CQ4 andz € (0,1/2], and for
a =5, CQ5andx € (0,1/2), where

- 1  f@)+24By(a)f (5) + f (1 —x)
Q@@y_Q(aiﬂ_x)_ 6(1 — 22)? ’

- 1 _ Tf(x) — 480By(x) f (5) + 7f(1 — )
QCQ“I>"QC<%’§J”_x)“ 30(1 — 22)2(1 + 4z — 422)

Qoa(z) == Q(0,2,1 — z,1)
_ —6By(2) f(0) + f(z) + f(1 — x) — 6Bs(2) f(1)
122(1 — 2) ’

QCQ4(1’) = Qc(o, Z, 1— x, 1)
_ 30Bu(2)f(0) + f(x) + F(1 — x) + 30By(x) £(1)
6022(1 — z)2 ’
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Qos(x) :==Q (0, x, %, 1—ux, 1)

1
- 60x(1 — z)(1 — 2x)? [f(a:) + f(1—2x)
_ (101'2 — 10z + 1)(1 — 21.)2(]@(0) + (1)

+322(1 — x)(5z® — 5 + 1) f (%ﬂ :

QC’Q5($) = QC (Oa x, %7 1 -, 1)

1
T 42022(1 — 2)2(1 — 22)? [f(z) + f(1—x)

+ (982 — 1962% 4+ 1022% — 4z — 1)(1 — 22)2(f(0) + f(1))

+ 642°(1 — z)*(142® — 14z + 3) f (1/2)]

and
l(n—1)/2]
Z (,0) [f*D(1) = FED(0)],
k=1
(2.2) F¥(z,t) = G, ) Ga(x 0),
and finally,

B (x—t)+24Bs(z) - B (3 —t) + Br (1 — 2 — t)
6(1 —2x)? 7
TB: (¢ — t) — 480By(z) - By (L — 1) + 7B5 (1 — z — t)

(23)  G9(x,t) =

(24) G ¥,t)=

30(1 — 2z)2(1 + 4o — 42?)
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Bi(x—1t)—12By(z) - BX (1 —t)+ B (1 —z —t)

(25)  G¥(at) =

12z(1 — x) ’
60By(x) - B (1—t)+ B (z —t)+ B (1 —z —t)
cQ4 _ 4 n n n
1022 — 10z + 1
Q5 — * .

B (x—t)+B:(1—x—t) 8(bBz*—->dz+1) _, (1 ,
60z(1 — z)(1 — 2x)? 15(1 —2x)2 " \2 ’
98z — 1962 + 10222 — 4z — 1
21022(1 — z)?
B (x—t)+B:(1—x—t) 16(142> — 142 +3) _, (1
Bil=—t].
42022(1 — )2(1 — 2z)? 105(1 — 2z)2 2

The following lemma was the key result for obtaining the resultSn[], [7]
and B], and we shall need it here as well.

Lemma 2.1. For z € {0} U[1/6, 1/2) andn > 2, G$>_,(z,t) has no zeros in
variablet on (0, 1/2). The sign of the function is determined by:

(—1)"1GE (x,t) >0 for z€[1/6,1/2) and (—1)"GS2 ,(0,t) > 0.

Forz € [0, 1/2 — v/15/10] U[1/6, 1/2) andn > 3, G5**, (x,t) has no zeros in
variablet on (0, 1/2). The sign of the function is determined by:

(=1)"GS% (2, 1) > 0 for z € [0, 1/2 —/15/10],
(=1)"GS9 (2,t) > 0 for x €[1/6, 1/2).

(2.8) GO (x,t) =

Br(1—1)
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Forz € (0, 1/2 —/3/6] U[1/3, 1/2] andn > 2, G$X ,(x,t) has no zeros in
variablet on (0, 1/2). The sign of the function is determined by:

(=)™ G [(z,t) >0 for z € (0, 1/2—+/3/6],
(—1)"GE [(2,t) >0 for =€ [1/3, 1/2].

Forz € (0, 1/2 —+/5/10] U [1/3, 1/2] andn > 3, GS?* () has no zeros in
variablet on (0, 1/2). The sign of the function is determined by:

(=)™ GY9 (2,8) > 0 for z € (0, 1/2 —/5/10],
(—1)"GS% (2,t) > 0 for z € [1/3, 1/2].

Forz € (0, 1/2 —+/15/10) U [1/5, 1/2) andn > 3, GS? | (x, ) has no zeros in
variablet on (0, 1/2). The sign of the function is determined by:

(—1)"GL | (x,1) >0 for = € (0, 1/2 - \/ﬁ/m] ,
(=)™ G (z,t) >0 for x e [1/5, 1/2).

Forz € (0, 1/2 —v/21/14]U[3/7 — v/2/7, 1/2) andn > 4, G5¥° (2, t) has no
zeros in variablg on (0, 1/2). The sign of the function is determined by:

(—1)"GE& () >0 for z e (0, 1/2- V21/14],
(—1)"1GS9 (2,8) > 0 for z € [3/7 NoYid 1/2) ,

whereGS? | isasin .9, G52 asin ©.4), G¢' | asin @.5), G5 asin .6),
G5 asin@.7) andGS¥, asin (.9).

n
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Applying properties of Bernoulli polynomials, it easily follows that functi@rs
fora = Q3, CQ3, Q4, CQ4, Q5, CQ5andn > 1, have the following properties:

(2.9) Ga(x,1— ) = (~1)"G3(x,t), te[0,1],
IG(x,t) )
2.10 — L = (=1) Gy =1,2,.
(2.10) 5 ()<n 7 i@ t), =12 n,
also, that$, ,(x,0) =0forn > 1, and soFy, (z,t) = GS, ;(x,1). Dragomir-Agarwal Type Inequalities
These properties and Lemnaal yield that functionsFy,, defined by ¢.2), are I. Franjic and J. Pecari¢
monotonous ort0, 1/2) and(1/2, 1), have constant sign off), 1), so the functions vol. 10, iss. 3, art. 85, 2009

|Fs: (t)] attain their maximal value @t = 1/2. Finally, using £.9) and @.10), it is
not hard to establish that under the assumptions of Lethiae have:

Title Page
1 1

(2.11) | F ()] dt = 2 / t|Fy, (2, 8)|dt = |G, (x, 0)], contents
o X “ »

2.12) / Gsa(oBldt =2 [ 4165, )t = 1, (2.1/2)] T
Now that we have stated all the previously obtained results which form a basis Page 9 of 23

for the results of this paper, we proceed to the main result. Go Back
Full Screen
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3. Main Result

To shorten notation, we denote the left-hand side’al) (by fol ft)dt — A% (z), i.e.
AL(2) = Qalz) = T3, ()
fora = Q3, CQ3, Q4, CQ4, Q5, CQ5andn > 1.

Theorem 3.1.Let f : [0,1] — R ben-times differentiable. Iff(™|? is convex for pragomirAganial Type inequaliies
SomEp Z 1 and I. Franjic and J. Pecari¢
vol. 10, iss. 3, art. 65, 2009
e n>3and
1. o« =Q3andz € {0} U[1/6, 1/2), lielFage
2.a=Q4andz € (0, 1/2 —/3/6]U[1/3, 1/2], Contents
e n>5and <4« >
1. a=CQ3andz € [0, 1/2 — 15/10| U [1/6, 1/2), 8 2
2.a=CQ4andz € (0, 1/2 —/5/10] U [1/3, 1/2], Page 10 of 23
3. a=Q5andxz € (0, 1/2 —/15/10| U [1/5, 1/2), GoBack
e n > 7and Full Screen
1.a=CQ5andx € (0, 1/2 —/21/14] U [3/7 —v/2/7, 1/2), Close
then we have journal of inequalities
. - - 1 in pure and applied
o LSO+ [ @)\ mathematics
(3.1) /0 f(t)dt = Aj(z)| < Ca(n, ) - ( 92 issn: 1443-575k
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while if, under same conditionf™ | is concave, then

1 _ A%z o) | (L
32 [ w5360 < e 5 (5)|.
where
Co(2k —1 _ 2 F5 L d C.(2k _ ! Go.(z,0
(20 = o |7 (ng)]| and Gul2k ) = s IG5(.0)

with functionsFy;, defined as in4.2) and G35, as in (2.9), (2.4), (2.9, (2.9), (2.7)
and (2.9).

Proof. First, recall thatFy, (z,t) = G%._,(z,t). Now, starting from 2.1), we
apply Holder's and then Jensen’s inequality for the convex fungfion|?, to obtain

n!

/0 F(t)dt — A2 (x)

<[ EE () - 1 (1)t

< (/01|F7?(£L“,t)|dt)l_’l7 (/01|f(”)((1 04t |F§(x,t)|dt);

< (/01 \Fﬁ(:c,t)\dt)l_;

< (|f<"><o>|p Ja-irze o fowp | t|Fs<a:,t>|dt)

Inequality ¢.1) now follows from @.11) and ¢.12).

D=
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To prove (.2), apply Jensen’s integral inequality t8.1) to obtain

/0 F(t)dt — A2(x)

g/1|Fs<x,t>|-\f<"><<1—t>-o+t-1>rdt

0
/ Fo e t)de - |7 fo 0+t 1)|Fo(x,t)|dt
fo |Fo(x,t)|dt

Theorem3.1 provides numerous interesting special cases. Particular choices of Title Page
node will procure the Dragomir-Agarwal-type estimates for many classical quadra-

Dragomir-Agarwal Type Inequalities
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]

O Contents

ture formulas, as well as the adjoint corrected ones.
<« >
3.1. CASEa=@Q3andn =34 < >
Forz = 0, Theorems3.1 gives Dragomir-Agarwal-type estimates for Simpson'’s for- Page 12 of 23
mula; forz = 1/4 it provides the estimates for the dual Simpson formula and for
x = 1/6 for Maclaurin’s formula. These were already obtainedlitl];f Simpson’s Go Back
formula was also considered iA][ Full Screen
Forz = 1/2 — v/3/6 (& By(z) = 0), the following estimates are obtained for
the Gauss 2-point formula: Close
3—3 1 3—V3 1 3—V3 journal of inequalities
AQ? <T> = §f< 5 ) + §f< 5 ) in pure and applied
mathematics
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and

3—+3 9—4/3
Cos (3, —\/_>:—f ~ 1.2-1073,

6 1728
3—3 1
4 — ~23.10°%
OQS(’ 6 ) 4320 310

3.2. CASEa=CQ3andn =5,6

For x = 0, the following estimates for the corrected Simpson’s formula are pro-
duced:

Q3 _i 1 _i / gt
2590 = o5 [rr0)+ 181 (3 ) + 71| - i - o)
and
Cogs3(5,0) = 1151200 ~ 8.68-107°,
Cogs(6,0) = 6041800 ~ 1.65-107°.

Forz = 1/6, the following estimates for the corrected Maclaurin’s formula are
produced:

AL (é) = % {27f (é) +26f (%) +27f (Z)] + ﬁ[f’(l) — 1'(0)]

Dragomir-Agarwal Type Inequalities
I. Franjic and J. Pecari¢

vol. 10, iss. 3, art. 65, 2009

Title Page
Contents
44 44
< 14
Page 13 of 23
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

and

1 1
g ~ 1.45-107°
Coqs (5’ 6) 691200 5107,

1 31
S)=—" ~356-107".
Cogs (6’ 6) g7oo1200 - P07 10

Forz = 1/4, the following estimates for the corrected dual Simpson’s formula

are produced:

s (1) =5 [0 (3) -1 ()~ (3) |+ o - o

and

1 1
- ~ 8.68-107°
Coas (5’ 4) Ti5200 ~ S08-107%

1 31
)=~ 16-107C
Cogs (6’ 4) 19353600 6-10

Forz = 1/2 — 15/10 (& GS9(x,0) = 0), the following estimates for the
Gauss 3-point formula are produced:

cos [5— V15 1 5-415 1 54+V15
()4 (5 o) (5)
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and

5—+/15 25 — 6v/15
Cegs | 5, =

~ 3.06-107°
10 576000 3.06 - 1077,
5—+/15 1
= ~ 4.96-10"".
Coqs <6’ 10 > 2016000 96 - 10

Forz = z¢ := 1/2 — \/225—30\/%/30 (& By(x) = 0) (the case when

the weight next tof (1/2) is annihilated), the following estimates for the corrected
Gauss 2-point formula are produced:

A9 0) = 21 (ao) + (1 = 20) ~ =0 1) - o

60
and
15 — /225 — 304/30
Cecgs (5, 20 >
_ 46v/225 — 30v/30 — 120v/30 — 4v/30 + 150V/30 =825 g
B 1728000 - ’
15 — /225 — 30v/30 45 — 7+/30
Ceas | 6, V30 _ 45 —7V30 ~ 1.47-107.
30 4536000

3.3. CASEa=Q4andn =3,4

Forx = 1/3, the estimates for the Simpson 3/8 formula frati][are recaptured.
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3.4. CASEa=CQ4andn =5,6

Forx = 1/3, the following estimates for the corrected Simpson 3/8 formula are

produced:

8694 (3) = g5 1300+ 217 (3) 27 (3) + 137 )] - gslr-ro)

and

1 1
- )= ~ 1.45-107°
Coas (5’ 3) 691200 5107,

1 1 .
Ceo (6, 5) = Seargag © 267107

Forz = 1/2 — v/5/10 <<:> G99 z,0) = O), the following estimates for the
Lobatto 4-point formula are produced:

ACQH G) — 1_12 [f(o) +5f (5 _10\/5> +5f (5 JZO\/E> + f(l)]

5-+/5 V5
— >~ . ]_ —6
Cogs (5’ 10 ) 576000 = 3881077

and

5—+5 1
Cogs (6’ 10 ) 512000 ~ 0:61-10
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3.5. CASEa=Q5andn =5,6

Forx = 1/4, the following estimates for Boole’s formula fror 1] are recaptured.

3.6. CASEa=CQ5sandn =717,8

Forz = 1/2 — \/21/14 (@ GSP(x,0) = 0), the following estimates for the

Lobatto 5-point formula are produced: Blascpiisuaalivespisciaiics
I. Franjic and J. Pecari¢
ACQS 1 vol. 10, iss. 3, art. 65, 2009
" 4
1 7T—v21 1 7T+ V21 Title P
— — opo) 449 [V feap (=) wa0r [ V2 o) tle Page
180 14 2 14
Contents

and 44 44

~ 4.74-1077, < >

Page 17 of 23

7T —+/21 124/21 — 49
Ceos | 7, =
14 1264435200

7T—v21 1
C 8 = ~ 7.03-107".
Qs ( SRSV ) 1422489600 Go Back
. . Full Screen
Forx = 1/4, the following estimates for the corrected Boole’s formula are pro-
duced: Close
ACQ5 (1) — 1 {21710(0) +512f <1> +432f (1) journal of inequalities
" 4 1890 4 2 in pure and applied
3 1, . mathematics
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and

Q

1 17
S)=——"  ~349-107°
Cogs (7’ 4) ss7rio7200 S90S

6.15- 10710,

Q

o o 1) _ 1
“es\ ™ 1) T 1625702400

Further, forz = 1/2 —/7/14 (< 1422 — 14z + 3 = 0), which is the case when
the weight next tof (1/2) is annihilated, the following estimates for the corrected
Lobatto 4-point formula are produced:

ey (7 +14‘/7> + 37f(1)] — ﬁ[f’(l) — 1(0)]
and
Cogs <7’ 7_14\/7> B ;ff?,;?égfo ~ 881-107,
~ 1.41-107°.

7=\ 1
Cecos <87 11 )

~ 711244800
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Finally, for

45 — 2\/ 102

T =x9:=

1
2
<<:> 98zt — 1962° + 10222 — 42 — 1

=98 x2—x+i——”102 x2—x+i+—”102 =0
49 98 49 = 98 ’

which is the case when the weight nextft®) and f(1) is annihilated, the estimates
for the corrected Gauss 3-point formula are produced:

1977 4 16/102

1488 — 16102 . /1\ 9 — /102
+ flz)——=—1f(1)— f(0)]
3465 2 420
and

Coon (7. 0) 24+/60933 — 6014v/102 — 49(87 — 8v/102) _ 8.12.10-9
c@s it =0 3793305600 - ’

43 — 3v/102 B

Cogs (8, #0) = gopmazmany ~ 128+ 107"

Remarkl. An interesting fact to point out is that out of all the 3-point quadrature for-
mulae, Maclaurin’s formula gives the least estimate of error in TheGrémnamong
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the corrected 3-point quadrature formulae, the corrected Maclaurin’s formula has the
same property.

Further, among the closed 4-point quadrature formulas, the Simpson 3/8 formula
gives the best estimate and the corrected Simpson 3/8 formula is the optimal cor-
rected closed 4-point quadrature formula.

Finally, the noder = 1/5 produces the closed 5-point quadrature formula with
the best error estimate, while the nade= 3/7 — +/2/7 produces the corrected
closed 5-point quadrature formula with the same property.

The proofs are similar to those iB][ [6], [7] and [8], respectively.

In view of the previous remark, let us consider the case 5, n = 5,6 and
x = 1/5. We have:

A9 (%) — é [27f(0) +125f (%) +128f (%) +125f (g) + 27f(1)}

and

1 1
- ~ 868107
Cas (5’ 5) 1152000 ~ 3081075

1 1
— ) = ~ 1.98-107".
Cos (6’ 5) 5040000 98- 10

Further, fora = CQ5,n = 7,8 andz = zy := 3/7 — v/2/7 we obtain:

ACD (10) = 0.10143 [£(0) + f(1)] + 0.259261 [f(20) + F(1 — 20)]

+0.278617 f (%) +3.07832- 1072 [f'(1) — £'(0)]
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and

27 — 162
C, 7 = Y% ~115-107°
c@s (T:0) = oo oaa 2600 ’
11— 62
_ 1 TOVE 95310710,
Coas (8,00) = gorzaamn0 ~ 25310

Title Page

Contents

N
PG

:
E

Page 21 of 23
Go Back

Full Screen

Close



http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

References

[1] M. ABRAMOWITZ AND I.A. STEGUN (Eds),Handbook of Mathematical
Functions with Formulae, Graphs and Mathematical TapMational Bureau
of Standards, Applied Math. Series 55, 4th printing, Washington, 1965.

[2] S.S. DRAGOMIRAND R.P. AGARWAL, Two inequalities for differentiable

J
P

mappings and applications to special means of real numbers and to trapezoid ' bragomir-Agarwal Type Inequalities

formula,Appl. Mat. Lett, 11(5) (1998), 91-95.

[3] Lj. DEDIC, C.E.M. PEARCEAND J. PECARIC, Hadamard and Dragomir-
Agarwal inequalities, higher-order convexity and the Euler formiill&orean
Math. Soc.38(2001), 1235-1243.

[4] Lj. DEDIC, C.E.M. PEARCEAND J. PECARIC, The Euler formulae and con-
vex functionsMath. Inequal. Appl.3(2) (2000), 211-221.

[5] I. FRANJIC, J. PEEARIC AND I. PERIC, Quadrature formulae of Gauss type
based on Euler identititeMath. Comput. Modellingd5(3-4) (2007), 355-370.

[6] 1. FRANJIC, J. PEARIC AND |. PERIC, General 3-point quadrature formulas
of Euler type, (submitted for publication).

[7] I. FRANJIC, J. PEEARIC AND |. PERIC, General closed 4-point quadrature
formulae of Euler typeMath. Inequal. App].12 (2009), 573-586.

[8] I. FRANJIC, J. PEEARIC AND I. PERIC, On families of quadrature formulas
based on Euler identities, (submitted for publication).

[9] V.I. KRYLQV, Approximate Calculation of Integragldvlacmillan, New York-
London, 1962.

I. Franjic and J. Pecari¢

vol. 10, iss. 3, art. 65, 2009

Title Page
Contents
44 44
< 14
Page 22 of 23
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

[10] J. PEEARIC AND A. VUKELI C, Hadamard and Dragomir-Agarwal inequal-
ities, the general Euler two point formulae and convex functiétes] Hrvat.
akad. znan. umjet., 491. MatematiCke znand&i(2005), 139-152.

[11] J. PECARIC AND A. VUKELI C, On generalizations of Dragomir-Agarwal in-

equality via some Euler-type identititdBulletin de la Societe des Mathemati-
ciens de R. Macedonig6 (LIl) (2002), 463—483.

Dragomir-Agarwal Type Inequalities
I. Franjic and J. Pecari¢

vol. 10, iss. 3, art. 65, 2009

Title Page
Contents
44 44
< >
Page 23 of 23
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

	Introduction
	Preliminaries
	Main Result
	CASE =Q3 and n=3,4
	CASE =CQ3 and n=5,6
	CASE =Q4 and n=3,4
	CASE =CQ4 and n=5,6
	CASE =Q5 and n=5,6
	CASE =CQ5 and n=7,8


