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Abstract

In this paper we establish several new inequalities similar to Hilbert-Pachpatte’s
inequality. Moreover, some new generalizations of Hilbert-Pachpatte’s inequal-
ity are presented.
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1. Introduction
The well known Hardy-Hilbert’s inequality is (see [1]):

Theorem 1.1. If p > 1, p′ = p/(p − 1) and
∑∞

m=1 a
p
m ≤ A,

∑∞
n=1 b

p′
n ≤ B,

then

(1.1)
∞∑

n=1

∞∑
m=1

ambn
m+ n

<
π

sin
(

π
p

)(A)
1
p (B)

1
p′ ,

unless the sequence{am} or {bn} is null.

The integral analogue can be stated as follows:

Theorem 1.2. If p > 1, p′ = p/(p − 1) and
∫∞

0
fp(x)dx ≤ F,

∫∞
0
gp′(y)dy ≤

G, then

(1.2)
∫ ∞

0

∫ ∞

0

f(x)g(y)

x+ y
dxdy <

π

sin
(

π
p

)F 1
pG

1
p′

unlessf ≡ 0 or g ≡ 0.

The following two theorems were studied by Pachpatte (see [2])

Theorem 1.3. Let p ≥ 1, q ≥ 1 and f(σ) ≥ 0, g(τ) ≥ 0 for σ ∈ (0, x),
τ ∈ (0, y), wherex, y are positive real numbers and defineF (s) =

∫ s

0
f(σ)dσ,
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G(t) =
∫ t

0
g(τ)dτ , for s ∈ (0, x), t ∈ (0, y). Then∫ x

0

∫ y

0

F p(s)Gq(t)

s+ t
dsdt

≤ D(p, q, x, y)

{∫ x

0

(x− s)(F p−1(s)f(s))2ds

} 1
2

×
{∫ y

0

(y − t)(Gq−1(t)g(t))2dt

} 1
2

,

unlessf ≡ 0 or g ≡ 0, where

D(p, q, x, y) =
1

2
pq
√
xy.

Theorem 1.4. Let f, g, F,G be as in the above theorem, letp(σ) and q(τ) be
two positive functions defined forσ ∈ (0, x), τ ∈ (0, y) and defineP (s) =∫ s

0
p(σ)dσ, Q(t) =

∫ t

0
q(τ)dτ for s ∈ (0, x), t ∈ (0, y), wherex, y are posi-

tive real numbers. Letφ andψ be real-valued, nonnegative, convex, and sub-
multiplicative functions defined onR+ = [0,∞). Then

(1.3)
∫ x

0

∫ y

0

φ(F (s))ψ(G(t))

s+ t
dsdt

≤ L(x, y)

{∫ x

0

(x− s)

[
p(s)φ

(
f(s)

p(s)

)]2

ds

} 1
2

×

{∫ y

0

(y − t)

[
q(t)ψ

(
g(t)

q(t)

)]2

dt

} 1
2
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where

L(x, y) =
1

2

(∫ x

0

[
φ(P (s))

P (s)

]2

ds

) 1
2
(∫ y

0

[
ψ(Q(t))

Q(t)

]2

dt

) 1
2

.

The inequalities in these theorems were studied extensively and numerous
variants, generalizations, and extensions have appeared in the literature (see [3]
– [9]).

The main purpose of the present article is to establish some new inequalities
similar to the Hilbert-Pachpatte inequalities.
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2. Main Results
Lemma 2.1. Supposep > 1, 1

p
+ 1

q
= 1, r > 1, 1

r
+ 1

w
= 1, λ > 0, define the

weight functions̃ω1(w, p, x), ω̃2(w, p, x), ω̃3(w, p, x) as

(2.1) ω̃1(w, p, x) :=

∫ ∞

0

1

xλ + yλ
· x

(p−1)(1−λ
r
)

y1− λ
w

dy, x ∈ (0,∞),

(2.2) ω̃2(w, p, x) :=

∫ ∞

0

1

max {xλ, yλ}
· x

(p−1)(1−λ
r
)

y1− λ
w

dy, x ∈ (0,∞),

(2.3) ω̃3(w, p, x) :=

∫ ∞

0

lnx/y

xλ − yλ
· x

(p−1)(1−λ
r
)

y1− λ
w

dy, x ∈ (0,∞).

Then
ω̃1(w, p, x) =

π

λ sin
(

π
r

)xp(1−λ
r
)−1,

ω̃2(w, p, x) =
rw

λ
xp(1−λ

r
)−1,

ω̃3(w, p, x) =

[
π

λ sin
(

π
r

)]2

xp(1−λ
r
)−1.

Proof. For fixedx, letu = yλ/xλ, then (2.1) turns into

ω̃1(w, p, x) =
1

λ
xp(1−λ

r
)−1

∫ ∞

0

1

1 + u
u−1+ 1

w du
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=
1

λ
xp(1−λ

r
)−1B

(
1

w
,
1

r

)
=

π

λ sin
(

π
p

)xp(1−λ
r
)−1

and similarly, we can prove the others.

Theorem 2.2. Letm ≥ 1, n ≥ 1, pi > 1, 1
pi

+ 1
qi

= 1 for i = 0, 1, 2, 3, 4,

p0 = p, p3 = k, p4 = r; q0 = q, q3 = l, q4 = w andf(σ) ≥ 0, g(τ) ≥ 0. Define
F (s) =

∫ s

0
f(σ)dσ andG(t) =

∫ t

0
g(τ)dτ such that

0 <

∫ ∞

0

sp(1−λ
r
)−1F p

f (s)ds <∞, 0 <

∫ ∞

0

tq(1−
λ
w

)−1Gq
g(t)dt <∞

for σ, τ, s, t ∈ (0,∞). Then

(2.4)
∫ ∞

0

∫ ∞

0

Fm(s)Gn(t)

(lsk/p1 + ktl/p2)(sλ + tλ)
dsdt

≤ E1(m,n, k, r, λ)

{∫ ∞

0

sp(1−λ
r
)−1F p

f (s)ds

} 1
p

×
{∫ ∞

0

tq(1−
λ
w

)−1Gq
g(t)dt

} 1
q

unlessf ≡ 0 or g ≡ 0, whereE1(m,n, k, r, λ) = πmn
λkl sin(π/r)

,

Ff (s) =

{∫ s

0

(Fm−1(σ)f(σ))q1dσ

} 1
q1

and

Gg(t) =

{∫ t

0

(Gn−1(τ)g(τ))q2dτ

} 1
q2

.
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Proof. From the hypotheses, we can easily observe that

(2.5) Fm(s) = m

∫ s

0

Fm−1(σ)f(σ)dσ, s ∈ (0,∞),

(2.6) Gn(t) = n

∫ t

0

Gn−1(τ)g(τ)dτ, t ∈ (0,∞).

From (2.5) and (2.6), applying Hölder’s inequality, equality (2.1) and Young’s
inequality:

ab ≤ ap

p
+
bq

q
,

wherea ≥ 0, b ≥ 0, p > 1, 1
p

+ 1
q

= 1, we obtain

Fm(s)Gn(t)

= mn

(∫ s

0

Fm−1(σ)f(σ)dσ

)(∫ t

0

Gn−1(τ)g(τ)dτ

)
≤ mns1/p1t1/p2

{∫ s

0

(Fm−1(σ)f(σ))q1dσ)

} 1
q1

{∫ t

0

(Gn−1(τ)g(τ))q2dτ)

} 1
q2

≤ mn

(
sk/p1

k
+
tl/p2

l

){∫ s

0

(Fm−1(σ)f(σ))q1dσ)

} 1
q1

×
{∫ t

0

(Gn−1(τ)g(τ))q2dτ)

} 1
q2

.
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Note that

Ff (s) =

{∫ s

0

(Fm−1(σ)f(σ))q1dσ

} 1
q1

, Gg(t) =

{∫ t

0

(Gn−1(τ)g(τ))q2dτ

} 1
q2

.

Hence∫ ∞

0

∫ ∞

0

Fm(s)Gn(t)

(lsk/p1 + ktl/p2)(sλ + tλ)
dsdt

≤ mn

kl

∫ ∞

0

∫ ∞

0

{∫ s

0
(Fm−1(σ)f(σ))q1dσ)

} 1
q1

{∫ t

0
(Gn−1(τ)g(τ))q2dτ)

} 1
q2

sλ + tλ
dsdt

=
mn

kl

∫ ∞

0

∫ ∞

0

1

sλ + tλ

[
Ff (s)

s(1−λ
r
)/q

t(1−
λ
w

)/p

][
Gg(t)

t(1−
λ
w

)/p

s(1−λ
r
)/q

]
dsdt

≤ mn

kl

{∫ ∞

0

∫ ∞

0

F p
f (s)

sλ + tλ
· s

(p−1)(1−λ
r
)

t(1−
λ
w

)
dsdt

} 1
p

×

{∫ ∞

0

∫ ∞

0

Gq
g(t)

sλ + tλ
· t

(q−1)(1− λ
w

)

s(1−λ
r
)

dsdt

} 1
q

=
mn

kl

{∫ ∞

0

ω̃1(w, p, s)F
p
f (s)ds

} 1
p
{∫ ∞

0

ω̃1(r, q, t)G
q
g(t)dt

} 1
q

=
πmn

λkl sin(π/r)

{∫ ∞

0

sp(1−λ
r
)−1F p

f (s)ds

} 1
p
{∫ ∞

0

tq(1−
λ
w

)−1Gq
g(t)dt

} 1
q
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= E1(m,n, k, r, λ)

{∫ ∞

0

sp(1−λ
r
)−1F p

f (s)ds

} 1
p
{∫ ∞

0

tq(1−
λ
w

)−1Gq
g(t)dt

} 1
q

.

This completes the proof.

Theorem 2.3.Letm ≥ 1, n ≥ 1, pi > 1, 1
pi

+ 1
qi

= 1 for i = 0, 1, 2, 3, 4, p0 = p,

p3 = k, p4 = r; q0 = q, q3 = l, q4 = w andf(σ) ≥ 0, g(τ) ≥ 0. DefineF (s) =∫ s

0
f(σ)dσ andG(t) =

∫ t

0
g(τ)dτ such that0 <

∫∞
0
sp(1−λ

r
)−1F p

f (s)ds < ∞,

0 <
∫∞

0
tq(1−

λ
w

)−1Gq
g(t)dt <∞ for σ, τ, s, t ∈ (0,∞). Then∫ ∞

0

∫ ∞

0

Fm(s)Gn(t)

(lsk/p1 + ktl/p2) max{sλ, tλ}
dsdt

≤ E2(m,n, k, r, λ)

{∫ ∞

0

sp(1−λ
r
)−1F p

f (s)ds

} 1
p

×
{∫ ∞

0

tq(1−
λ
w

)−1Gq
g(t)dt

} 1
q

,

unlessf ≡ 0 or g ≡ 0, whereE2(m,n, k, r, λ) = mnrw
λkl

and

Ff (s) =

{∫ s

0

(Fm−1(σ)f(σ))q1dσ

} 1
q1

,

Gg(t) =

{∫ t

0

(Gn−1(τ)g(τ))q2dτ

} 1
q2

.
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Proof. By (2.5) and (2.6), using Hölder’s inequality, equality (2.2) and Young’s
inequality:ab ≤ ap

p
+ bq

q
, wherea ≥ 0, b ≥ 0, p > 1, 1

p
+ 1

q
= 1. We obtain

Fm(s)Gn(t)

= mn

(∫ s

0

Fm−1(σ)f(σ)dσ

)(∫ t

0

Gn−1(τ)g(τ)dτ

)
≤ mns1/p1t1/p2

{∫ s

0

(Fm−1(σ)f(σ))q1dσ)

} 1
q1

{∫ t

0

(Gn−1(τ)g(τ))q2dτ)

} 1
q2

≤ mn

(
sk/p1

k
+
tl/p2

l

){∫ s

0

(Fm−1(σ)f(σ))q1dσ)

} 1
q1

×
{∫ t

0

(Gn−1(τ)g(τ))q2dτ)

} 1
q2

.

Note

Ff (s) =

{∫ s

0

(Fm−1(σ)f(σ))q1dσ

} 1
q1

,

Gg(t) =

{∫ t

0

(Gn−1(τ)g(τ))q2dτ

} 1
q2

.

Hence∫ ∞

0

∫ ∞

0

Fm(s)Gn(t)

(lsk/p1 + ktl/p2) max{sλ, tλ}
dsdt

≤ mn

kl

∫ ∞

0

∫ ∞

0

{∫ s

0
(Fm−1(σ)f(σ))q1dσ)

} 1
q1

{∫ t

0
(Gn−1(τ)g(τ))q2dτ)

} 1
q2

max{sλ, tλ}
dsdt
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=
mn

kl

∫ ∞

0

∫ ∞

0

1

max{sλ, tλ}

[
Ff (s)

s(1−λ
r
)/q

t(1−
λ
w

)/p

][
Gg(t)

t(1−
λ
w

)/p

s(1−λ
r
)/q

]
dsdt

≤ mn

kl

{∫ ∞

0

∫ ∞

0

F p
f (s)

max{sλ, tλ}
s(p−1)(1−λ

r
)

t(1−
λ
w

)
dsdt

} 1
p

×

{∫ ∞

0

∫ ∞

0

Gq
g(t)

max{sλ, tλ}
t(q−1)(1− λ

w
)

s(1−λ
r
)

dsdt

} 1
q

=
mn

kl

{∫ ∞

0

ω̃2(w, p, s)F
p
f (s)ds

} 1
p
{∫ ∞

0

ω̃2(r, q, t)G
q
g(t)dt

} 1
q

=
mnrw

λkl

{∫ ∞

0

sp(1−λ
r
)−1F p

f (s)ds

} 1
p
{∫ ∞

0

tq(1−
λ
w

)−1Gq
g(t)dt

} 1
q

= E2(m,n, k, r, λ)

{∫ ∞

0

sp(1−λ
r
)−1F p

f (s)ds

} 1
p
{∫ ∞

0

tq(1−
λ
w

)−1Gq
g(t)dt

} 1
q

.

This completes the proof.

Theorem 2.4. Letm ≥ 1, n ≥ 1, pi > 1, 1
pi

+ 1
qi

= 1 for i = 0, 1, 2, 3, 4,

p0 = p, p3 = k, p4 = r; q0 = q, q3 = l, q4 = w andf(σ) ≥ 0, g(τ) ≥ 0. Define
F (s) =

∫ s

0
f(σ)dσ andG(t) =

∫ t

0
g(τ)dτ such that

0 <

∫ ∞

0

sp(1−λ
r
)−1F p

f (s)ds <∞,

0 <

∫ ∞

0

tq(1−
λ
w

)−1Gq
g(t)dt <∞
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for σ, τ, s, t ∈ (0,∞). Then∫ ∞

0

∫ ∞

0

ln(s/t)

(sλ − tλ)(lsk/p1 + ktl/p2)
Fm(s)Gn(t)dsdt ≤ E3(m,n, k, r, λ)

×
{∫ ∞

0

sp(1−λ
r
)−1F p

f (s)ds

} 1
p
{∫ ∞

0

tq(1−
λ
w

)−1Gq
g(t)dt

} 1
q

,

unlessf ≡ 0 or g ≡ 0, whereE3(m,n, k, r, λ) = π2mn
λ2kl(sin(π/r))2

,

Ff (s) =

{∫ s

0

(Fm−1(σ)f(σ))q1dσ

} 1
q1

,

Gg(t) =

{∫ t

0

(Gn−1(τ)g(τ))q2dτ

} 1
q2

.

Proof. From (2.5) and (2.6), by Hölder’s inequality, equality (2.3) and Young’s
inequality: ab ≤ ap

p
+ bq

q
, wherea ≥ 0, b ≥ 0, p > 1, 1

p
+ 1

q
= 1, and

using a similar method of proof to that of Theorem2.2, the result can be clearly
seen.

Theorem 2.5. Letmi ≥ 1, pi > 1,
∑n

i=1
1
pi

= 1, 1
pi

+ 1
qi

= 1, andfi(σi) ≥
0 for σi ∈ (0, xi), wherexi are positive real numbers and defineFi(ti) =∫ ti

0
fi(σi)dσi, for ti ∈ (0, xi), i = 1, 2, . . . , n. Then

(2.7)
∫ x1

0

∫ x2

0

· · ·
∫ xn

0

∏n
i=1 F

mi
i (ti)∑n

i=1
ti
pi

dt1dt2 · · · dtn
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≤
n∏

i=1

D(mi, xi, pi)

{∫ xi

0

(xi − ti)
(
F̃i(ti)

)qi

dti

} 1
qi

,

unlessf ≡ 0 or g ≡ 0, whereD(mi, xi, pi) = mix
1
pi
i , F̃i(ti) = Fmi−1(ti)fi(ti).

Proof. From the hypotheses, we know that

(2.8) Fmi
i (ti) = mi

∫ ti

0

F
(mi−1)
i (σi)fi(σi)dσi, ti ∈ (0, xi).

Then

(2.9)
n∏

i=1

Fmi
i (ti) =

n∏
i=1

mi

∫ ti

0

Fmi−1
i (σi)fi(σi)dσi.

Using Hölder’s inequality, we have∫ ti

0

Fmi−1
i (σi)dσi ≤ t

1
pi
i

{∫ ti

0

(Fmi−1
i (σi)fi(σi))

qidσi

} 1
qi

(2.10)

, t
1
pi
i

{∫ ti

0

(
F̃i(σi)

)qi

dσi

} 1
qi

.

By (2.9) and (2.10) it follows that

n∏
i=1

Fmi
i (ti) ≤

n∏
i=1

mit
1
pi
i

{∫ ti

0

(
F̃i(σi)

)qi

dσi

} 1
qi

.
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Applying Young’s inequality

n∏
k=1

|ak| ≤
n∑

k=1

1

pk

|ak|pk ,

where1 < pk <∞,
∑n

k=1
1
pk

= 1, we observe that

∏n
i=1 F

mi
i (ti)∑n

i=1
ti
pi

≤
n∏

i=1

mi

{∫ ti

0

(
F̃i(σi)

)qi

dσi

} 1
qi

.

Integrating overti from 0 to xi wherei runs from1 to n, and using the Hölder’s
inequality, we get∫ x1

0

∫ x2

0

· · ·
∫ xn

0

∏n
i=1 F

mi
i (ti)∑n

i=1
ti
pi

dt1dt2 · · · dtn

≤
n∏

i=1

mi

[∫ xi

0

(∫ ti

0

(
F̃i(σi)

)qi

dσi

) 1
qi

dti

]

≤
n∏

i=1

mix
1
pi
i

[∫ xi

0

(∫ ti

0

(
F̃i(σi)

)qi

dσi

)
dti

] 1
qi

=
n∏

i=1

D(mi, xi, pi)

{∫ xi

0

(xi − ti)
(
F̃i(ti)

)qi

dti

} 1
qi

This completes the proof.
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Remark 1. In the special case whenp1 = p2 = · · · = pn = n, the inequality
(2.7) reduces to the following inequality,

(2.11)
∫ x1

0

∫ x2

0

· · ·
∫ xn

0

∏n
i=1 F

mi
i (ti)∑n

i=1 ti
dt1dt2 · · · dtn

≤ 1

n

n∏
i=1

D(mi, xi)

{∫ xi

0

(xi − ti)
(
F̃i(ti)

) n
n−1

dti

}n−1
n

whereD(mi, xi) = mix
1
n
i . Moreover, (i) (2.11) reduces to Theorem1.3 which

belongs to Pachpatte forn = 2; (ii) whenm1 = m2 = · · · = mn = 1, (2.11)
turns into

(2.12)
∫ x1

0

∫ x2

0

· · ·
∫ xn

0

∏n
i=1 Fi(ti)∑n

i=1 ti
dt1dt2 · · · dtn

≤ 1

n

n∏
i=1

D(mi, xi)

{∫ xi

0

(xi − ti)(fi(ti))
n

n−1dti

}n−1
n

Theorem 2.6. Let fi, Fi be as in the above theorem,p > 1, 1
pi

+ 1
qi

= 1,
let pi(σi) be positive function defined forσi ∈ (0, xi), and definePi(ti) =∫ ti

0
pi(σi)dσi for ti ∈ (0, xi),wherexi are positive real numbers. Letφi be

real-valued, nonnegative, convex, and sub-multiplicative function defined on
R+ = [0,∞), i = 1, 2, . . . , n. Then

(2.13)
∫ x1

0

∫ x2

0

· · ·
∫ xn

0

∏n
i=1 φi(Fi(ti))∑n

i=1
ti
pi

dt1dt2 · · · dtn
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≤
n∏

i=1

L(xi, pi)

{∫ xi

0

(xi − ti)

[
pi(ti)φi

(
fi(ti)

pi(ti)

)]qi

dti

} 1
qi

,

where

L(xi, pi) =

(∫ xi

0

[
φi(Pi(ti))

Pi(ti)

]pi

dti

) 1
pi

.

Proof. Applying Jensen’s inequality and Hölder’s inequality, it is clear to ob-
serve that

φi(Fi(ti)) = φi

(
Pi(ti)

∫ ti
0
pi(σi)

fi(σi)
pi(σi)

dσi∫ ti
0
pi(σi)dσi

)

≤ φi(Pi(ti))

Pi(ti)

∫ ti

0

pi(σi)φi

(
fi(σi)

pi(σi)

)
dσi

≤ φi(Pi(ti))

Pi(ti)
t

1
pi
i

{∫ ti

0

[
pi(σi)φi

(
fi(σi)

pi(σi)

)]qi

dσi

} 1
qi

.

Using Young’s inequality, we obtain that∏n
i=1 φi(Fi(ti))∑n

i=1
ti
pi

≤
n∏

i=1

φi(Pi(ti))

Pi(ti)

{∫ ti

0

[
pi(σi)φi

(
fi(σi)

pi(σi)

)]qi

dσi

} 1
qi

.

Integrating both sides of the above inequality overti from 0 to xi with i running
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from i to n, and applying the Hölder inequality, we get∫ x1

0

∫ x2

0

· · ·
∫ xn

0

∏n
i=1 φi(Fi(ti))∑n

i=1
ti
pi

dt1dt2 · · · dtn

≤
n∏

i=1

[∫ xi

0

φi(Pi(ti))

Pi(ti)

(∫ ti

0

[
pi(σi)φi

(
fi(σi)

pi(σi)

)]qi

dσi

) 1
qi

dti

]

≤
n∏

i=1

{∫ xi

0

[
φi(Pi(ti))

Pi(ti)

]pi

dti

} 1
pi
{∫ xi

0

(∫ ti

0

[
pi(σi)φi

(
fi(σi)

pi(σi)

)]qi

dσi

)
dti

} 1
qi

=
n∏

i=1

{∫ xi

0

[
φi(Pi(ti))

Pi(ti)

]pi

dti

} 1
pi
{∫ xi

0

(xi − ti)

[
pi(ti)φi

(
fi(ti)

pi(ti)

)]qi

dti

} 1
qi

=
n∏

i=1

L(xi, pi)

{∫ xi

0

(xi − ti)

[
pi(ti)φi

(
fi(ti)

pi(ti)

)]qi

dti

} 1
qi

This completes the theorem.
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