Journal of Inequalities in Pure and
Applied Mathematics

ON VECTOR BOUNDARY VALUE PROBLEMS WITHOUT
GROWTH RESTICTIONS

volume 6, issue 5, article 137,

2005.
CHRISTOPHER C. TISDELL AND LIT HAU TAN Received 07 April, 2005;
) accepted 08 September, 2005.
School of Mathematics ] )
The University of New South Wales Communicated by: D. Hinton
Sydney 2052, Australia.
EMail: cct@maths.unsw.edu.au
EMail: lithau@maths.unsw.edu.au
Abstract
Contents
44
4
Home Page
Go Back
Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit

113-05


Please quote this number (113-05) in correspondence regarding this paper with the Editorial Office.

mailto:hinton@math.utk.edu
http://jipam.vu.edu.au/
mailto:cct@maths.unsw.edu.au
mailto:lithau@maths.unsw.edu.au
http://www.vu.edu.au/

Abstract

Herein, we consider the existence of solutions to second-order systems of two-
point boundary value problems (BVPS). The methods used involve the topo-
logical transversality approach of Granas et. al. combined with a Bernstein-
Nagumo condition from Gaines and Mawhin. The new results allow the treat-
ment of systems of BVPs without growth restrictions in the third variable. The
new results also are applicable to systems of BVPs that may have singulari-
ties in the right-hand side at the end-points of the interval of existence. Some
examples are presented to illustrate the theory.
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Consider the existence of solutions to the second-order, ordinary differential
equation

(1.1) 2" =F(t,x, 1), t €10,1],

subject to some suitable boundary conditions.

Topological methods, used in proving the existence of solutions to boundary
value problems, such as: the continuation method of Gaines and Maw}hin [
[6]; or the topological transversality method of Granas, Guenther and]ee [
[1C]; generally rely on guaranteeing priori bounds on solutions (and their
derivatives) to the BVP under consideration in such a way that the agmeri
bounds apply to a certain family of BVPs.

A classical issue associated with the preceding discussion is the following
question. How can we ensure anpriori bound on solutions’ derivativeg
to (1.1) with the bound on:’ being in terms of am priori bound on possible
solutionsz? A sufficient condition that guarantees the desmegatiori bound
onz’ is traditionally known as a “Bernstein-Nagumo condition”.

For scalar-valued BVPs, many authors have formulated Bernstein-Nagumo
conditions for (.1), for example: §], [1€], [15], [14], [24], [1], [14], [1€] and
also see references therein.

However, for vector-valued BVPs (i.eF' : [0,1] x R*™ — R"), less is
known about sufficient Bernstein-Nagumo conditions, perhaps to the Bernstein-
Nagumo question becoming more difficult than in the scalar-valued situation
(see P, Remark 1.41] or]”] for more discussion and some examples.)
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Authors such as: Hartmar []; Schmitt and Thompson”[]; Gaines and
Mawhin [6]; Fabry [/]; George and Sutton/[; and George and Yorkd] have
all presented interesting Bernstein-Nagumo conditions for vector BVPs. Their
conditions involved growth-type conditions @nin x’ or the existence of suit-
able Lyapunov functions.

Herein, we consider vector equations of the type

1.2 2" = f(t,z,2), t €[0,1],

wheref : [0,1] x R* — R" and (L.2) is subject to the following boundary
conditions:

(1.3) 2/(0) = g1 (z(0)), 2'(1) = g2(x(1)), (where each g; : R" — R").

Well-known special cases of the rather general boundary conditioBsig-
clude: the Sturm-Liouville boundary conditions

(1.4) az(0) — B2’ (0) = C,vx(1) + §2'(1) = D,
a, 3,7, 0 are constants iiR; C', D are constants iiR";

and the homogenous Neumann boundary conditions
(1.5) Z'(0) =0, z'(1) = 0;

plus variations of the above (see Rematknd3), including nonlinear bound-
ary conditions.

In Section2 we combine the topological transversality method af, [The-
orem 2.6] in conjunction with a general Berstein-Nagumo condition from [
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Proposition 5.1]. The combination leads to novel and quite general existence
theorems for solutions to the above systems of BVPs. In particular, the new re-
sults extend the workings of {] and [5] in the sense that the new results herein
allow the treatment of certain classes of BVPs whereas the theorerq ahgd
[6] may not directly apply.

In Section3 we briefly consider systems of BVPs with singularities in the
right-hand side.

Examples are presented throughout the paper to demonstrate the applicabil-

ity of the new theorems. It appears that no existing theory in the literature is
applicable to the examples given.
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To generate our new topological transversality-based existence theorems, we

consider the following family of BVPs:

(2.1) a@®)z" +b(t)x" + c(t)x = Ag(t,x,2"), t€][0,1],
(2.2) aa(0) + a12'(0) + ae(1) + a2’ (1) = M (2(0), /(0), (1), /(1))
(2.3) boz(0) + b12'(0) + box(1) + bsa'(1) = Ao (2(0),2(0), (1), 2'(1)),

where: A € [0, 1]; a,b, c are continuous functions with(t) # 0 for anyt €
0, 1]; eacha; andb; are constantsj : [0, 1] x R?*" — R™ and each); : R —
R™.

Below we denotd| - || as the usual Euclidean norm afd-) as the usual
inner product orR™.

To streamline the proofs of our results, we will use the following existence
theorem, a vector-variant of ), Theorem 6.1, Chap.ll].

Theorem 2.1. Let g and eachy; be continuous and leR > 0 be a constant
independent ok. If:

(2.4) the family .1)—(2.3) has only the zero solution for = 0; and
(2.5) for X € (0, 1] all possible solutions: € C*([0, 1]; R") to (2.1)—(2.3)
satisfy max {||z(¢)|, [|'(0)[|, =" (O} < R, t€[0,1],

then for\ = 1 the BVP £.1)—(2.3) has at least one solution.
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Theorem 2.2. Let f be continuous and le¥/, N be positive constants with

|C]] + |a|M [[D]| + MM}
2.6 N X )
(29) > ma { G
If
(2.7) a/f >0, v/6 <0, aly+9)+ By #0;
and

(2.8) (z, f(t,z,2")) +[l2'|* > 0, for te[0,1], |zl > M, (x,2") =0;

and

(2.9) (@, f(t,x,2")) >0, for te[0,1], [lz]| <M, [l2] = N,

then (L.2), (1.4) has at least one solution.

Proof. Consider the family of BVPs:

(2.10) " = Nf(t,z,2"), te]|0,1],
(2.11) ax(0) — B2/ (0) = \C,
(2.12) vz(1) + §2'(0) = AD,

for A € [0, 1] and see that this is in the forrd.()—(2.2), with g = f.

Let z be a solution t0Z.10—(2.12). Sincea(y + ¢) + B # 0, note that, for
A = 0, the above family of BVPs only has the zero solution by direct calcula-

tion.
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We show thatZ%.8) and @.7) imply
1l

ol *

1Dl
Iy

Considerr,(t) = ||z(t)]|* for t € [0,1] and lett, € [0, 1] be such that,(t,) =
maxyepo] 7(t). If r1(to) = 0 thenry(t) = 0 for all ¢ € [0,1] and obviously
|lz(t)]| =0 < M forallt € [0,1] and allM > 0, so assume, (t,) > 0 from
now on.

If t, = 0 then

(2.13) |x(t)|| < My = max{ M, } , for te]0,1].

0 > ry(to) = 2(x(0),2(0))
Om;(())—_m) from (2.11)

3
e (4 #(0.00)
= 25l=0 (1 a||x<o>||2)'

(2(0),AC) _ [lz(O)[lic]]

—alz(O)F T laf [«(0)]*

gives||z(0)|| < ||C|I/|«| and we must havgx(t)|| < ||C||/|«| for all ¢ € [0, 1].

If to = 1then0 < /(1) and a similar argument to the cage= 0 gives
l=@)] < || DIl/[~| forall € [0,1].

If to € (0,1) andr(tg) > M? then0 = r|(ty) = 2(x(to),

= 2(x(0),

Thus, by 2.7),

©'(tp)). We also
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have

0> r{(to) = 2 [(x(to), " (o)) + |2/ (t)]|*]
=2 [{(z(to), Mf(to, z(to), 2'(t0))) + [|2' (t0) [|”]
> 2 [(x(to), f(to, 2(to), @' (to))) + ll2'(t) I?]

> 0,

by (2.8), a contradiction. Hence we hayte(to)|| < M for all t, € (0, 1).
Combining all of the above bounds we obtaini1(3.
Letz € C?([0,1]; R") be a solution to.2) with ||z(¢)|| < M, fort € [0, 1].
We now show that4.6) and @.9) imply ||z’(¢)|| < N forall ¢t € [0, 1].
Argue by contradiction by assumindgt,) = ||z'(t)||> — N? > 0 for some
€ [0,1] such thatmax,c17(t) = 7(to). If t¢ = 0 then rearranging the
boundary conditions we obtain

< N,

o)) = | 2=

(0) H < Gl + |a|M
&)

- 1§
and thus-(0) < 0. Similarly,

D M
o) < IR <,

and thus-(1) < 0. So we see that € (0,1).
Now sincer(1) < 0 andr(ty) > 0 we must have a point € [ty, 1) such
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thatr(¢;) = 0 and

0> /(1) = 202'(1), 2" (1))

= 2(a'(t1), M\ (t1, x(t1, 2/ (t1)))
> 0,

forall A € (0, 1] by (2.9), a contradiction.

It is clear to see that once bounds @rand z/ are found, a bound on”
follows naturally, as

la” ()l = IAf(t,a,a) < (2,2
<P for teo1] lle] <M, [o/] <N,

for someP > 0.
So we see that there exists B> 0 with

D
R:max{maX{HCH,M, | H},N, P}+1
|l il

such that 2.5) holds.
Thus, by Theorerd.1, the family €.10—(2.12) has a solution foA = 1. For
A =1, (2.10-(2.12 is equivalent to 1.2—(1.4) and hence the result follows.
O

Example 2.1.Letz = (z;,22) andp = (pi,p2). Consider (.2), (1.4) for
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n = 2, where

f(t7x7p) = f(t7x17x27p17p2)

t €0,1],

( + a4 om

L2777 4+ x3pd + po
( 21(0) ) < z1(0) )
_9 —
2(0) 25(0)
( z1(1) ) ( 4 (1) )
+2 -
(1) 5(1)

There is no growth condition applicable b and thus the theorems of ]],
[21], [4] do not apply. We will apply Theoreth2.
Firstly, for ||z|| > M, with M to be chosen below, and, p) = 0, consider
(x, f(t,2,p)) = 27" + (21p1)° + 211 + 256" + (29p2)* + 2o
=e™P2 (37 + 23] (sincerip; = —xops)

> (0 for any positive choice af/.

S
S osk S S S

For convenience, choosd = 1, thus @.8) holds. Now, for|z|| < 1, ||p| =
N =2 we have
(p, f(t,2,p)) = pr1e™ + 2ip} + pi + pawae™? + w3p; + P
> 4+ e [pray + pats
>2>0 for [z <1, [pl| =2
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thus @.9) holds.

It is easy to see tha®2(6) holds for our choice o/ = 1 and N = 2 and for
the given boundary conditions. Thus Theor2rais applicable and the BVP
has a solution.

Theorem 2.3. Let f be continuous and le¥/, N be positive constants with
(2.14) 2N? > —(z,2'), for |z|| <M, ||2'| = N.
If (2.8) and 2.9) hold then (.2), (1.5) has at least one solution.
Proof. Consider the family of BVPs:
(2.15) 2" =22 —x = \Nf(t,x,2') — 22" — x|, te]0,1],
(2.16) 2'(0) = 0,
(2.17) 7'(1) =0,
for A € [0,1] and see that this is in the form2.()—(2.3) with g(¢,z,2") =
f(t,x,2") — 22" — x.

Let x be a solution to4.19—(2.17). By direct calculation, the only solution
to (2.19—(2.17) for A = 0isz = 0, so 2.4) holds.

Now rearranging4.15 we obtain
(2.18) " =Nt x, 2" ) +2(1 =Nz’ + (1= Nz, tel0,1],

= q(t, z, 2").

We show that|z(t)|| < M forall ¢ € [0,1] and allX € (0, 1]. Considen(t) =
|z(¢)||* for ¢t € [0,1] and lett, € [0, 1] be such that(t;) = max,ep;7(t) >
M2,
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If t, = 0 then the boundary conditions give(0),
(2.8) we have

0 <2 [{x(0), £(0,2(0),2'(0))) + [|="(0 )H ‘], andso

0 < 2X [(2(0), £(0,2(0),2'(0))) + [|2"(0)|]’] , for X € (0, 1]
[<x(0>,A (0,2(0), 2'(0))) + 2(1 — A){(0),27(0))

= Nlz(0)]* + [|l2"(0)]1?]

(0),2(0))) + [|="(0)|?]

,2"(0)) + [l (0)]]

2'(0)) = 0. Therefore, by

I
Lo—
—~
8
—~
@)
~— —
lw) /-\
>
—~
=
8

— 7,,//(0)7

sor/(t) is strictly increasing fot near 0. Thereforé = /(0) < /(t) for ¢t near
0. This means that(t) is increasing for near 0, that is;(0) < r(¢) and hence
7(0) # maxejo,1) r(t).

If £, = 1 then a similar argument to the case fpr= 0 gives||z(1)|| < M.

If to € (0,1) then an identical argument to the proof of Theor2mgives
|z(t0)|| < M. Hence we hav@z(t)|| < M forallt € [0, 1].

Consider solutions: € C?([0, 1]; R") with ||z(¢)|| < M for ¢t € [0,1]. We
now show thatZ.9) imply ||2/(¢)|| < N forall ¢ € [0, 1].

Argue by contradiction by assuming(ty) = ||z'(t)||*> — N? > 0 for some

€ [0,1] such thatmaxcp 171 (t) = r1(to). The boundary conditions give
r1(0) < 0 andry(1) < 0. So we see that, € (0,1). Now sincer;(1) < 0 and
r1(to) > 0 we must have a pointy € [ty, 1) such that- (¢;) = 0 and

0> v (1) = 20 (t2), 2" (1))

= 2(z'(t1), gr(x(t1), z(t1), 2 (t1)))
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= M/ (1), f(tr, x(tr), 2" (1)) +2(1 = N[ ()[]* + (1 = M)a(t), 2/ ()
ftya(t), 2’ (1)) + (1= N2N? = (a(tr), 2" (t))]

for all A € (0, 1], a contradiction.

Hence we havéz'(t)|| < N fort¢ € [0, 1].

Sincea priori bounds are now obtained anandz’, thea priori bound on
2" naturally follows as in the proof of Theorem?2.

Hence, by Theorerf.1, the family ¢.19—(2.17) has a solution fon = 1,
which is identical to the BVP1(.2), (1.5 and hence the result follows. [

Example 2.2. Consider the scalar BVP1(2), (1.5 where f is given by the
right-hand side of
(2.19) = (z+1+2)e, telo1].

It is not difficult to show thag2.19) satisfieq2.8), (2.9) and(2.14) for M = 3/2
andN = 2. Thus, by Theorem.3we conclude that the scalar B R.19), (1.5
has at least one solution.

Theorem 2.4.Let f, g; andg, be continuous and let/, N be positive constants
such that

2.20 N> , .
2.20) e { o o)l o e (o)1}

If

(2.21) (z,01(2)) > 0, (2,02(2)) <0, forall |z]> M,

and (2.9), (2.9 hold, then {.2), (1.3 has at least one solution.
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Proof. Consider the family of BVPs:

(2.22) 2" =2 —x = \Nf(t,z,2) — 22 —x], te]|0,1],
(2.23) 2'(0) = Agi(2(0)),

(2.24) (1) = Ag2(2(0)),

for A € [0, 1].

Let z be a solution to4.22—(2.24). See that, foi = 0, the above family of
BVPs only has the zero solution.

We show thaf|x(t)|| < M, fort € [0,1]. Considerr,(t) =
t € [0,1] and lett, € [0, 1] be such that; (ty) = max 40,1y r1(t) > M.

If to = 0 then

0 = 7/ (to) = 2(2(0),2(0))
= 2(z(0), Ag1(2(0))) from (2.17)
>0

a contradiction.

If t, = 1then0 < /(1) and a similar arguement to the cage= 0 gives
another contradiction.

If to € (0,1) such thatr; () > M? then0 = r}(ty) = 2(z(to), 2’ (to)) and
0 > r{(to) with a contradiction arising by2(8) as in the proof of Theorera.3.
Hence we havéz(ty)|| < M forall ¢ty € (0,1).

Consider solutions € C?([0,1];R") to (2.22 with |z(t)|| < M for t €
[0, 1]. We now show that4.20) and @.9) imply ||/(¢)|| < N for all ¢ € [0, 1].
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Argue by contradiction by assumindgt,) = ||z'(t,)||> — N? > 0 for some
to € [0, 1] such thatmaxcp 1 7(t) = r(to). By (2.20 we haver(0) < 0 and
r(1) < 0in a similar fashion to the argument in the proof of Theora So
we see that, € (0,1). Now sincer(1) < 0 andr(ty) > 0 we must have a
pointt; € [to, 1) such that(¢;) = 0 and0 > »/(¢;) with a contradiction being
reached as in the proof of Theorens.

Hence we havéz'(t)|| < N for ¢ € [0, 1].

Sincea priori bounds are now obtained anandz’, thea priori bound on

2" naturally follows as in the proof of Theorein2. On Vector Boundary Value
Hence, by Theorer.1, the family £.15—(2.17) has a solution foA = 1, Problems Wiout Growh
which is just the BVP 1.2), (1.4) and hence the result follows. O _ _
Chrlstop_her C. Tisdell and
Remark 1. Theoren?.4may be generalised to treat Q) subject to Hit Hau Tan
(2.25) 2'(0) = gs(x(0),2'(0), 2(1), 2'(1)) Title Page
(226) $/<1) = g4<$(0>,l'/(O),x(l),l'l(l)) Contents
in the following way. <« Y3
Let f, g3 and g4 be continuous and le¥/, N be positive constants. Suppose < >
eachg;(h, 1, j, k) is bounded on the sé?, where
A Go Back
= ) n . < i < ; 2n
D i={(h,i,j.k) € R : ||| < M, [j]| < M, (i, k) € R*"} Close
and Quit

Page 16 of 24
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If (2.9), (2.9 hold and

(h,g3(h,i,j,k)) >0, for h#0, (i,j,k) € R*"
(j,94(h,i, 5, k)) <0, for j#0, (h,ik)eR"™

then the BVR1.2), (2.29, (2.26) has at least one solution.

Remark 2. Itis also clear that by combining the relevant bounding inequalities
used in each of the Theorems in this section, the treatme(it.8f subject to
any of the following boundary conditions is possible:

On Vector Boundary Value
Problems Without Growth
Restictions

/ _ / _
Z (O) - 07 7x<1) + o El) o D’ 7/6 < 0’ Christopher C. Tisdell and

ax(0) — p2'(0)=C, 2/(0)=0, a/8>0, Lit Hau Tan
2'(0) =0, 2'(1) = g2(2(0)),
2'(0) = g1(x(0)), /(1) =0, Title Page
Contents
and so on.
. : 44 44
Remark 3. In Theoremg.2-2.4the inequality £.9) could be reversed and the
existence theorems would still hold. However, for brevity we omit the statement < >
of these new results. Go Back
Close
Quit
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In this final section we consider systems of BVPs that may have singularities in
the right-hand side. Consider

(3.1) " =nt)f(t, z,2"), tel0,1],

subject to any of the boundary conditioris3—(1.5. Herel/n : [0,1] —
[0, 00) is continuous withy > 0 on (0, 1), n is integrable or{0, 1] andn may

be singular at = 0 or att = 1. Probably the most famous type of BVP On Vector Boundary Value

involving singularities in the right-hand side is the Thomas-Fermi equation, Pmb'emseVSVtiitcht%ur:SGmth

(n(t) = 1/\/1, f(t,z,2') = 2*/?) which appears in the study of electron distri-

bution in an atom1T ] Christopher C. Tisdell and
In view of the proof of [l 7, Theorem 1.5] and![/, Theorem 0.1], in order to S

prove the existence of solutions ®.1) subject to 2.2), (2.3), it is sufficient to _

show that: Title Page

(i) all solutions to Contents

(3.2) a(t)z" +b(t)x' + c(t)x = M(t)g(t,z, "), t€|0,1], <« >

(3-3) apx(0) + a12(0) + asx(1) + aza’(1) = A1 (2(0), 2(0), z(1), (1)), < >

(3.4) boz(0) + by2'(0) + bax(1) + b3’ (1) = Mbo(2(0), 2'(0), z(1), 2'(1)), F—

satisfy Close

max{||z(t)] |l ()]} < R, € [0,1], ou

for someR > 0, independent ok € (0, 1]; and
(ii) that for A = 0, the family 3.2—(3.4) has only the zero solution. Then, for
A = 1, the BVP (3.2—(3.4) will have at least one solution i6" ([0, 1]; R™).
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(This solution will also be irC?((0, 1); R™) because solutions t& () are abso-
lutely continuous ono, 1] and satisfy §.2) almost everywhere.) Above,and
eachy); are as in Sectiof.

There are only minor modifications needed in the proofs of Seditm
obtain thea priori bounds on solutions t®3(1) and therefore we only present
the statement of the new theorems for brevity.

Theorem 3.1. Letn be as above and let be continuous. Let/, N be positive
constants satisfyin?.6) If (2.7), (2.8) (2.9) hold then(3.1), (1.4) has at least

P On Vector B dary Val
one solution. P?oblicmosrw?tllflr_(])u?gm\?vtuhe
Theorem 3.2. Letn be as above and let be continuous. Let/, N be positive Restictions
constants satisfyin@2.14). If (2.8) and (2.9) hold then(3.1), (1.5) has at least Christopher C. Tisdell and
one solution. Lit Hau Tan
Theorem 3.3. Letn be as above and let, g; and g, be continuous. Let/, N _
be positive constants su¢@.20) holds. If (2.21) holds and(2.8), (2.9) hold, Title Page
then(3.1), (1.3) has at least one solution. Contents
Example 3.1. Let f and the boundary conditions be defined as in Example pp >
2.1 Considern(t) = 1/+/t. Then by TheorerB.1 the singular BVP under
consideration has at least one solutiore C''([0, 1]; R™) N C?((0,1); R™). < ’
Example 3.2.Letx = (x,22) andp = (p1,p2). Consider 8.1), (1.4) for Go Back
n =2, wherey(t) = 1/v/t Close

f(t,flf,p) :f(t7x17x2aplap2) Quit

_ (z1 + p1)k(t, 21, 22, p1, p2) Ctepl. Page 19 of 24
(22 + p2)k(t, z1, 22, p1, p2)
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There is no growth condition applicable b and thus the theorems of ],

[21], [4], [14], [2(] do not apply.
We claim that the singular BVP has a solutiofk is continuous and satisfies

k(tax17$27pl7p2) > 07 for all (t>$17372ap17p2) € [Oa 1] X Rz X RZ)

for someM < N such that(2.6) and (2.7) hold.
We will apply Theorers. 1
Firstly, for ||z|| > M and(z, p) = 0, consider

(z, f(t,x,p)) = k(t, 21,32, p1,p2) [21 + 25 + 21p1 + T2p2]
= k(t, 21,2, p1, pa)[7] + 23] (sincexip; = —wsps)
> (0 for any positive choice af/.

Thus @.8) holds. Now, foi|z|| < M, ||p|| = N we have

(p, f(t,x,p)) = k(t, 1,22, p1,p2) P11 + Paws + p} + pi]
> k(t, 21, 2, p1, p2) [N? + prvy + pata)
>0 for [[z]| <M, p| =N,

for any choice ofV such thatNV > M, thus ¢.9) holds.

Thus by Theorerf.1the singular BVP under consideration has at least one
solutionz € C'([0,1]; R™) N C%((0,1); R™),

On Vector Boundary Value
Problems Without Growth
Restictions

Christopher C. Tisdell and
Lit Hau Tan

Title Page
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