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ABSTRACT. Inthis paper, we investigate the monotonicity of difference results from the G. Seitz
inequality. An application is given, with some resulting inequalities.
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1. INTRODUCTION

For a given positive integet > 2, let X = (z1,29,...,2,), Y = (Y1,%2,---,Yn), U =
(uy,ug,...,u,) andZ = (21, 22,..., 2,) be known sequences of real numbers, and;let
0(=12...,n),T =37 t(G=12..,n) anda; (i,j = 1,2,...,n) be known real
numbers. Define the function§ J, C, W andG by

A(n)éixl—n<ﬁxz>n (x; >0,i=1,2,...,n),
A n 1 n
J(n) = thf(vz) —T.f (Ezth> ;
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wheref is convex function on the intervdlandv; € I(i = 1,2,...,n),
1
n n 2 n
VAN
=1 =1 =1
=1 i=1 i=1

and
A n n n n
G’(n) = <Z aijxizj> (Z aijyiuj> — <Z aijfEin) (Z aijyizj> .
i,j=1 i,j=1 i,j=1 i,j=1
Rade investigated the monotonicity of difference for- G mean inequality, and obtained
the following inequality[[2]

(1.1) A(n) > A(n —1).

P. M. Vast and J. E. P&aric generalized inequality (J.1) to convex functions, and obtained
the following inequality[[4} 5]

(1.2) J(n) > J(n—1).

Recently the first author and Xu Zhang studied inequdlity] (1.2) in depth, and obtained some
inequalities. L.-C. Wang also obtained some applications, one of them is the following inequal-

ity [8]
(1.3) C(n)>C(n—1).
Inequality [1.8) resulted from the Cauchy inequality

(1.4) (2;: :c?) (Z;: yf) > (Z;: :cy>2

In [7], L.-C. Wang proved the following inequality
(1.5) W(n) > W(n—1),

with X andZ both increasing or both decreasing. If oneXobr 7 is increasing and the other
decreasing, then the inequalify ([1.5) reverses.
Inequality [1.5) resulted from the following Chebyshev inequality

(1.6) T, Zn: LiTiz; 2 (i ti%) (z": tizi) ;
i—1 i—1 i—1

with X andZ both increasing or both decreasing. If oneXobr 7 is increasing and the other
decreasing, then the inequalify (1.6) reverses.
Assume that, j,r,s € Nsuchthatl <i < j <nandl <r < s <n, we have

(17) ZT; Ij Zr Zg ZO
Yi Yj Ur  Us
and
a; a
ir is | >
(1.8) ’ajr o |20
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When both[(1.]7) and (1].8) are true, the following inequality by G. Seitz [1] holds:

n n
D QiTizg Y QiYiZ

(1.9) i,]:l > i,jnzl '
Do AT Y iyt
ij=1 ij=1
If
1 1=9
110) X=2 Y=U and a; — T Gj=12. ),
! 0 i)

then inequality[(1J9) changes info ([L.4). If
ti 1=7]

1.11 Y=U=(,1,...,1) and aq;; =
( ) ( ) Qij {O i

then inequality[(1J9) changes info (L.6).

In this paper, we investigate inequalify ([1.9) in depth, obtaining the following main result.
Theorem 1.1. If both inequalities[(1]7) and (1].8) are true, then we have
(1.12) G(n) > G(n—1).

Remark 1.2. If we put (1.10) and[(1.11) intq (1.12), then (1].12) beconeq (1.3)[and (1.5), re-
spectively. Hence| (1.12) is an extension[of|(1.3) (1.5).

2. PROOF OF THEOREM [1.1

Using

<az‘jxizj> (amyzun) = (aijyi2j> (amx@un> (i,j=1,2,...,n—1),

<aijyiuj> <ama:izn) = (aijxiuj> (amyizn> (1,7 =1,2,...,n—1),
and [1.7) —[(1.B), we have

(2.1) Z a;jT;%j Z in iy, — Z a;jYi%j Z Win X iln

3,j=1 4,j=1

§ azijUJE AinTiZn — E azszUJE AinlYiZn
2,7=1 1,j=1

n—1mn n—1 n—1 n—1 n—1

= E E Qi X325 § ApnYrUn — E § AiYiZj § QpnTUn

i=1 j=1 =1 j=1

n—1 n—1 n—1 n—1
+ E E A55Y; Uy E ApnTrzn — E E Qi iU E ApnYkin

i=1 j=1 =1 j=1 k=1
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3
L
s
L
3
L

Qi Ak <5Uz'2’jykun + Tp2nYil; — YiZjTrly — xi“ij%)

iy

j=1 k=1,k#i
n—1 /n—-2 n-—1 n—1 n-—2
= + E Q5 Akn, (ZE ZiYrUn + TpenlYil; YizjTrUn xzujykzn)
j=1 i=1 k=2,i<k =2 k=1,i>k
n—1n—-2 n-—1

= Qi Ak <$izjykun + Tp2nYily — YiZj Ty — fl?iujyk:zn>

<
Il
—_
S
Il
—
b
[|
()
Y
A
el

n—1n—-1 n—2

+ E A5 Ain (Ikzjyiun + TiZpYrU; — YrZjTiUp — kaujyizn>
j=1 k=2 i=1k>i

n—1
= E <aijakn - akjain) (xizjykun + Tp2nYilly — YiZj Ty — xiujyk2n>
j=1 1<i<k<n
n—1
. Q35 Ain T; Tk Zj Zn >0
ar; Qg . Uk Ui Uy | —
j=1 1<i<k<n J n || Yi ¥ g
Using

(a,»jm,»zj) (anjynuj) = (aijxiuj> (anjynzj) (i,j=1,2,...,n—1),

(aijyiuj> (anjxnzj) = (aijyizj) (anjxnuj) (1,7 =1,2,...,n—1),
(1.7) — [1.8) and the same method as in the prodf of (2.1), we obtain

(2.2) Z a;jT;%j Z A YnUj — Z AT Z UnjYnZ;

3,j=1 1,j=1

+ E a”ylujg njTnZ; — E a,]y,zjg O T U

3,j=1 3,j=1

n—1n—-1 n-—1

- E E Q5 Ank (xzzjynuk + YiljTn 2l — TiUjYnZk — yzzjajnuk)

1=1 j=1 k=1,k#j

OB ol F| T | FEED
i=1 1<j<k<n
Using
<amyiun> (ajnszn> = (amyizn> (ajnxjun> (1,j =1,2,...,n)
and
<am~ynui> (anj$nzj> = (amynzi> <anjxnuj> (1,7 =1,2,...,n—1),

we obtain

(2.3) Z iniln Z jnTjZn — Z inliZn Z jnT Uy =0

=1 j=1
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and
n—1 n—1 n—1 n—1
(2.4) Z i Yn U Z OnjTnZj — Z (niYnZi Z anjntiy = 0,
i=1 j=1 i=1 J=1
respectively.
Using

(annynun> (anjxnzj) = (anjynzj> <annxnun> (] = ]-a 27 sy — 1)a

(anjynuj) (annxnzn) = (annynzn> <anja:nuj) (1=1,2,...,n—1),
and [1.7) —[(1.B), we have

n n—1 n—1 n
(2.5) E AinYilly E Uy jTn 25 — E U jYnZj E Wi Tiln
=1 Jj=1 j=1 i=1

n—1 n n n—1
+ E Ay jYnUs E AinTiZp — g AinYiZn g QAnjTpU;
j=1 i=1 i=1 J=1
n—1 n—1
+ g aijannxizjynun - E aijannyizjwnun
i,j=1 i,j=1
n—1 n—1
+ § Qi AnnYiUjTnln — § Qi AnpTith;Ynzn
i,j=1 65=1

n—1 n—1 n—1 n—1
- E AinYiUn § ApjlnZj — E AnjYnzj E Qi LUy,
i=1 J=1 j=1 i=1

n—1 n—1 n—1 n—1
+ E anjynqu QinTiZn — § amyian anjxnuj
j=1 i=1 i=1 j=1
n—1 n—1 n—1 n—1
+ g g Qi A Ti 25 YnUn — g g Q5 ApnYiZjTnUnp
=1 j=1 =1 j=1
n—1 n—1 n—1 n—1
+ E E Qi ApnYiUj Ty Zn — E E Q5 Apn LU Yn Zn
i=1 j=1 i=1 j=1
n—1 n—1
= E E ainanj (yiunxnzj + xiznynuj — l’iunyan — yzZnInU]>
i=1 j=1
n—1 n—1
+ g E Qi Ann (-Tzz]ynun + Tpan¥Yily — YiZjTplny — xiujynzn>
i=1 j=1
n—1 n—1
- § E (aijann - ainanj> (xizjynun + Tnznlilly — YiZjTnpUp — %ijnzn)
i=1 j=1
n—1 n—1
- - Qpj  App Yi Yn Uj Up |
=1 j5=1
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By (2.1)-(2.5) and definition of#(n), we have

n—1 n n—1
Gn)—Gn—-1)= E ;T2 + E AinTiZn + E Ui T2
3,j=1 =1 j=1
n—1 n n—1
X E az]yzuj + E AinYiUn + E an]ynu]
4,j=1 i=1 j=1
n—1 n n—1
— g ;T + E Qi TiUpy + g A T Uj
1,7=1 i=1 7=1
n—1 n n—1
X E a;;Yi%; + E AinYiZn + E AnjYn’j
i,7=1 i=1 j=1
n—1 n—1 n—1 n—1
- E QAijTi%5 g AijYitty — g ATl E AijYizj
1,7=1 i,7=1 3,7=1 3,5=1
n—1 n—1 n—1 n—1
= E QT 25 E inY;Un — E ;Y Z5 E Qi LUy,
1,7=1 =1 3,j=1 =1
n—1 n—1
+ § aijannxizjynun - E aijannyizjxnun
i,j=1 i,j=1
n—1 n—1 n—1 n—1
+ g QijYiUj g AinTiZn — E Qi TiUj § AinYiZn
i,7=1 =1 3,5=1 =1
n—1 n—1
+ E aijannyiujxnzn - g aijannxiujynzn
i,j=1 i,j=1
n—1 n—1 n—1 n—1
+ g QijT;Z; § AnjYnUj — g Qi iUy E (njYnZzj
1,7=1 j=1 i,j=1 j=1
n—1 n—1 n—1 n—1
+ E ;YU E pjTnZj — g ;Y% E (U TpUj
1,7=1 j=1 1,7=1 j=1
n n n n
+ E AinlYiln E AinljZn — E AinYizZn E Ajn LUy
=1 7j=1 =1 j=1
n—1 n—1 n—1 n—1
+ E AniYnl; E anjxnzj - § AniYnz; E anjxnuj
=1 7=1 =1 j=1
n n—1 n—1 n
+ E AinYiUn E ApjlnZj — E AnYnZj E QinZiln
=1 7j=1 j=1 =1
n—1 n n n—1
+ E anjynuj E QinTiZn — E AinYiZn E anjxnuj
j=1 i=1 =1 j=1
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i.e., inequality[(1.12) is true. This completes the proof of theorem .

3. APPLICATIONS

Let E be a convex subset of an arbitrary real linear sfacend letf : £ — (0, +00). f is
an exponential convex function di, if and only if

(3.D) F(tut (1= 1p) < F@)F )

foranyu,v € E and anyt € [0,1]. f is an exponential concave function én if and only if
the inequality[(3.]L) reverses (séé [4]).

For anyu,v € E(u # v) anday;, Bk € [0, 1], we letxy; = agu + (1 — ag)v andyy; =
Briv+ (1 — Be)v (k=1,2;i=1,2,...,n;n > 2). Define a function. by
L(n) = ) i fen) f(wa) Y aigfyna) f(ys) = Y asi @) Fyo5) D i f(yni) flsg).

i,j=1 ij=1 i,j=1 4=1
Proposition 3.1. Let f be an exponential convex (or concave) functionfoand inequality

(1.8) be true. Foik = 1,2 and every pair of positive integetsand j such thatl < i < j < n,
if

(3.2) g < Pri < o and o — g = By — B
then we have
(3.3) L(n) > L(n—1).

Proof. (1) Supposef is an exponential convex function div Fork = 1,2 and1 < i <
J < n,from (3.2), we haves,; = au; + Bri — ari > ;.

Case 1.Whenay; < B < agj < By, We taket = % thenl — ¢ = %.
Hence, we have
(3.4) tye; + (1 — )z = Briv + (1 — Bri)v = Y-
From (3.1) and[(3]4), we have
(3.5) Fyre) < i) f 7 (@)
\I/:vr:?a) we get the other form ofind1 —¢: t = 6’“; ki andl —t = gkj Z’“ Then
(3.6) (1 —t)ypj + teg = agju+ (1 — agj)v = x;.
From (3.1) and[(316), we have
(3.7) Farg) < F74 ) fH ()

From (3.5) and[(3]7), we obtain

f(w)  f(arg) ‘
3.8 71> 0.
(3.8) I (i) f(ykj) B

Case 2.Whenay; = (i (Or ai; = Siy), by (3.2), then we have,; = G, (Or oy =

Br:)- Hence, the equality of (3.8) holds.

Foranyl <i< j<nandanyl <r < s <n,by(3.8), we obtain
(39) ‘ f Ilz xlj H f er (xQS) ‘ > 0
ylz ?Jl] ?/27» (?/25) -
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(2) Let f be an exponential concave function 8h Then [3.5),[(3]7) and (3.8) reverse.
Hence,[(3.P) is still valid.

Replacingz;, yi, z; andu; in Theorenf 111 withy (x1;), f(y1:), f(22:) and f(yx) (i =
1,2,...,n), respectively, we obtaif (3.3). This completes the proof of Proposition 3.1.
0]

Remark 3.2. In Propositionf 3.1, whet is a real interval, we only need
T < Ypi <z and Xy — Tk = Yui — Yk

wherek = 1, 2,14, j are every pair of positive integers such that ¢ < j <n, xy;, Trj, Yri, Yrj €
I.

In order to verify Propositioh 3]4, the following lemma is necessary.

Lemma 3.3. Lete, d : [a,b] — R (b > a) be the monotonic functions, both increasing or both
decreasing. Furthermore, let: [a, b] — (0, +00) be an integrable function. Then

(3.10) / bq(x)c(x)dx / bq(:n)d(:v)d:v < / bq(x)dx / bq(x)c(x)d(x)dx.

If one of the functions afor d is increasing and the other decreasing, then the inequality (3.10)
reverses. (sef2,[3]).

Letp : [a,b] — (0,+00) be continuousy : [a,b] — (1,+0c0) be monotonic continuous.
Define a function\/ by

M(n) = ah™ ()™ (2) Y~ a;h D (2)h ) ()
2% i,J

_ Z ai;h* 0 (2) R+ () Z aiih 9 ()R (1),
1,J i,J
wherek,l,m,w € N,i,j=1,2,...,nand

b x
(3.11) h:Re—RY,  hz)= / (1) (g(t)) dt (seelB5)).
Proposition 3.4. Let the inequalities in (1]8) hold. K < [, m < wor k > [, m > w, then we
have
(3.12) M(n) > M(n—1).

Proof. For (3.11), by continuity op andg, we may change the order of derivation and integra-
tion. By direct computation, we get

b
(3.19 h@) = [ p(0) (9(0)" (g (0)" .
For every pair of integers j such thatt < < j <n,whenk <, replacey, candd in Lemma
byp(t) (g(t))* (Ing(¢))**", (Ing(#))’ " and(In g(t))'*, respectively. Usind (3.13), we get
(3.14) AEFD ()R () > REFD () RUHD (1),

By (3.14), we have

e 1) s

hUFD (z) R () ‘ > 0.
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Similarly we obtain

h(m+r) (l’) h(m+s)(x) -0
h(w—&—r) (.T) h(w—i—s) (ZE) - Y
wherer, s are pair of integer such that< r < s < n andm < w.

Replacingr;, v, z andu, in Theoren 1L by "+ (), A4+ (z), b0+ () andh(®+9) (z) (i =
1,2,...,n), respectively, we obtaif (3.].2).

By Lemmg 3.8, whert > [ andm > w, both [3.1) and (3.16) reverse. Hence, the product
on the left for both[(3.15) andl (3.]L6) is still nonnegative, hence, by Theforgm 1.7, (3.12) is also
satisfied.

This completes the proof of Propositipn|3.4. O

(3.16)
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