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1. I NTRODUCTION

For a given positive integern ≥ 2, let X = (x1, x2, . . . , xn), Y = (y1, y2, . . . , yn), U =
(u1, u2, . . . , un) andZ = (z1, z2, . . . , zn) be known sequences of real numbers, and letti >

0 (i = 1, 2, . . . , n), Tj =
∑j

i=1 ti (j = 1, 2, . . . , n) andaij (i, j = 1, 2, . . . , n) be known real
numbers. Define the functionsA, J , C, W andG by

A(n)
4
=

n∑
i=1

xi − n

(
n∏

i=1

xi

) 1
n

(xi > 0, i = 1, 2, . . . , n),

J(n)
4
=

n∑
i=1

tif(vi)− Tnf

(
1

Tn

n∑
i=1

tivi

)
,
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2 LIANG-CHENG WANG AND JIA -GUI LUO

wheref is convex function on the intervalI andvi ∈ I(i = 1, 2, . . . , n),

C(n)
4
=

[(
n∑

i=1

x2
i

)(
n∑

i=1

y2
i

)] 1
2

−
n∑

i=1

xiyi,

W (n)
4
= Tn

n∑
i=1

tixizi −

(
n∑

i=1

tixi

)(
n∑

i=1

tizi

)
,

and

G(n)
4
=

(
n∑

i,j=1

aijxizj

)(
n∑

i,j=1

aijyiuj

)
−

(
n∑

i,j=1

aijxiuj

)(
n∑

i,j=1

aijyizj

)
.

Rade investigated the monotonicity of difference forA − G mean inequality, and obtained
the following inequality [2]

(1.1) A(n) ≥ A(n− 1).

P. M. Vasíc and J. E. Pěcaríc generalized inequality (1.1) to convex functions, and obtained
the following inequality [4, 6]

(1.2) J(n) ≥ J(n− 1).

Recently the first author and Xu Zhang studied inequality (1.2) in depth, and obtained some
inequalities. L.-C. Wang also obtained some applications, one of them is the following inequal-
ity [8]

(1.3) C(n) ≥ C(n− 1).

Inequality (1.3) resulted from the Cauchy inequality

(1.4)

(
n∑

i=1

x2
i

)(
n∑

i=1

y2
i

)
≥

(
n∑

i=1

xiyi

)2

.

In [7], L.-C. Wang proved the following inequality

(1.5) W (n) ≥ W (n− 1),

with X andZ both increasing or both decreasing. If one ofX or Z is increasing and the other
decreasing, then the inequality (1.5) reverses.

Inequality (1.5) resulted from the following Chebyshev inequality

(1.6) Tn

n∑
i=1

tixizi ≥

(
n∑

i=1

tixi

)(
n∑

i=1

tizi

)
,

with X andZ both increasing or both decreasing. If one ofX or Z is increasing and the other
decreasing, then the inequality (1.6) reverses.

Assume thati, j, r, s ∈ N such that1 ≤ i < j ≤ n and1 ≤ r < s ≤ n, we have

(1.7)

∣∣∣∣ xi xj

yi yj

∣∣∣∣ ∣∣∣∣ zr zs

ur us

∣∣∣∣ ≥ 0

and

(1.8)

∣∣∣∣ air ais

ajr ajs

∣∣∣∣ ≥ 0.
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ON CERTAIN INEQUALITIES RELATED TO THE SEITZ INEQUALITY 3

When both (1.7) and (1.8) are true, the following inequality by G. Seitz [1] holds:

(1.9)

n∑
i,j=1

aijxizj

n∑
i,j=1

aijxiuj

≥

n∑
i,j=1

aijyizj

n∑
i,j=1

aijyiuj

.

If

(1.10) X = Z, Y = U and aij =

{
1 i = j

0 i 6= j
(i, j = 1, 2, . . . , n),

then inequality (1.9) changes into (1.4). If

(1.11) Y = U = (1, 1, . . . , 1) and aij =

{
ti i = j

0 i 6= j
(i, j = 1, 2, . . . , n),

then inequality (1.9) changes into (1.6).
In this paper, we investigate inequality (1.9) in depth, obtaining the following main result.

Theorem 1.1. If both inequalities (1.7) and (1.8) are true, then we have

(1.12) G(n) ≥ G(n− 1).

Remark 1.2. If we put (1.10) and (1.11) into (1.12), then (1.12) becomes (1.3) and (1.5), re-
spectively. Hence, (1.12) is an extension of (1.3) and (1.5).

2. PROOF OF THEOREM 1.1

Using (
aijxizj

)(
ainyiun

)
=
(
aijyizj

)(
ainxiun

)
(i, j = 1, 2, . . . , n− 1),

(
aijyiuj

)(
ainxizn

)
=
(
aijxiuj

)(
ainyizn

)
(i, j = 1, 2, . . . , n− 1),

and (1.7) – (1.8), we have

n−1∑
i,j=1

aijxizj

n−1∑
i=1

ainyiun −
n−1∑
i,j=1

aijyizj

n−1∑
i=1

ainxiun(2.1)

+
n−1∑
i,j=1

aijyiuj

n−1∑
i=1

ainxizn −
n−1∑
i,j=1

aijxiuj

n−1∑
i=1

ainyizn

=
n−1∑
i=1

n−1∑
j=1

aijxizj

n−1∑
k=1

aknykun −
n−1∑
i=1

n−1∑
j=1

aijyizj

n−1∑
k=1

aknxkun

+
n−1∑
i=1

n−1∑
j=1

aijyiuj

n−1∑
k=1

aknxkzn −
n−1∑
i=1

n−1∑
j=1

aijxiuj

n−1∑
k=1

aknykzn
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=
n−1∑
i=1

n−1∑
j=1

n−1∑
k=1,k 6=i

aijakn

(
xizjykun + xkznyiuj − yizjxkun − xiujykzn

)

=
n−1∑
j=1

(
n−2∑
i=1

n−1∑
k=2,i<k

+
n−1∑
i=2

n−2∑
k=1,i>k

)
aijakn

(
xizjykun + xkznyiuj − yizjxkun − xiujykzn

)

=
n−1∑
j=1

n−2∑
i=1

n−1∑
k=2,i<k

aijakn

(
xizjykun + xkznyiuj − yizjxkun − xiujykzn

)

+
n−1∑
j=1

n−1∑
k=2

n−2∑
i=1,k>i

akjain

(
xkzjyiun + xiznykuj − ykzjxiun − xkujyizn

)

=
n−1∑
j=1

∑
1≤i<k<n

(
aijakn − akjain

)(
xizjykun + xkznyiuj − yizjxkun − xiujykzn

)
=

n−1∑
j=1

∑
1≤i<k<n

∣∣∣∣ aij ain

akj akn

∣∣∣∣ ∣∣∣∣ xi xk

yi yk

∣∣∣∣ ∣∣∣∣ zj zn

uj un

∣∣∣∣ ≥ 0.

Using (
aijxizj

)(
anjynuj

)
=
(
aijxiuj

)(
anjynzj

)
(i, j = 1, 2, . . . , n− 1),

(
aijyiuj

)(
anjxnzj

)
=
(
aijyizj

)(
anjxnuj

)
(i, j = 1, 2, . . . , n− 1),

(1.7) – (1.8) and the same method as in the proof of (2.1), we obtain

n−1∑
i,j=1

aijxizj

n−1∑
j=1

anjynuj −
n−1∑
i,j=1

aijxiuj

n−1∑
j=1

anjynzj(2.2)

+
n−1∑
i,j=1

aijyiuj

n−1∑
j=1

anjxnzj −
n−1∑
i,j=1

aijyizj

n−1∑
j=1

anjxnuj

=
n−1∑
i=1

n−1∑
j=1

n−1∑
k=1,k 6=j

aijank

(
xizjynuk + yiujxnzk − xiujynzk − yizjxnuk

)

=
n−1∑
i=1

∑
1≤j<k<n

∣∣∣∣ aij aik

anj ank

∣∣∣∣ ∣∣∣∣ xi xn

yi yn

∣∣∣∣ ∣∣∣∣ zj zk

uj uk

∣∣∣∣ ≥ 0.

Using (
ainyiun

)(
ajnxjzn

)
=
(
ainyizn

)(
ajnxjun

)
(i, j = 1, 2, . . . , n)

and (
aniynui

)(
anjxnzj

)
=
(
aniynzi

)(
anjxnuj

)
(i, j = 1, 2, . . . , n− 1),

we obtain

(2.3)
n∑

i=1

ainyiun

n∑
j=1

ajnxjzn −
n∑

i=1

ainyizn

n∑
j=1

ajnxjun = 0
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and

(2.4)
n−1∑
i=1

aniynui

n−1∑
j=1

anjxnzj −
n−1∑
i=1

aniynzi

n−1∑
j=1

anjxnuj = 0,

respectively.
Using (

annynun

)(
anjxnzj

)
=
(
anjynzj

)(
annxnun

)
(j = 1, 2, . . . , n− 1),(

anjynuj

)(
annxnzn

)
=
(
annynzn

)(
anjxnuj

)
(j = 1, 2, . . . , n− 1),

and (1.7) – (1.8), we have(
n∑

i=1

ainyiun

n−1∑
j=1

anjxnzj −
n−1∑
j=1

anjynzj

n∑
i=1

ainxiun

)
(2.5)

+

(
n−1∑
j=1

anjynuj

n∑
i=1

ainxizn −
n∑

i=1

ainyizn

n−1∑
j=1

anjxnuj

)

+

(
n−1∑
i,j=1

aijannxizjynun −
n−1∑
i,j=1

aijannyizjxnun

)

+

(
n−1∑
i,j=1

aijannyiujxnzn −
n−1∑
i,j=1

aijannxiujynzn

)

=

(
n−1∑
i=1

ainyiun

n−1∑
j=1

anjxnzj −
n−1∑
j=1

anjynzj

n−1∑
i=1

ainxiun

)

+

(
n−1∑
j=1

anjynuj

n−1∑
i=1

ainxizn −
n−1∑
i=1

ainyizn

n−1∑
j=1

anjxnuj

)

+

(
n−1∑
i=1

n−1∑
j=1

aijannxizjynun −
n−1∑
i=1

n−1∑
j=1

aijannyizjxnun

)

+

(
n−1∑
i=1

n−1∑
j=1

aijannyiujxnzn −
n−1∑
i=1

n−1∑
j=1

aijannxiujynzn

)

=
n−1∑
i=1

n−1∑
j=1

ainanj

(
yiunxnzj + xiznynuj − xiunynzj − yiznxnuj

)
+

n−1∑
i=1

n−1∑
j=1

aijann

(
xizjynun + xnznyiuj − yizjxnun − xiujynzn

)
=

n−1∑
i=1

n−1∑
j=1

(
aijann − ainanj

)(
xizjynun + xnznyiuj − yizjxnun − xiujynzn

)
=

n−1∑
i=1

n−1∑
j=1

∣∣∣∣ aij ain

anj ann

∣∣∣∣ ∣∣∣∣ xi xn

yi yn

∣∣∣∣ ∣∣∣∣ zj zn

uj un

∣∣∣∣ ≥ 0.

J. Inequal. Pure and Appl. Math., 5(2) Art. 39, 2004 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


6 LIANG-CHENG WANG AND JIA -GUI LUO

By (2.1)-(2.5) and definition ofG(n), we have

G(n)−G(n− 1) =

(
n−1∑
i,j=1

aijxizj +
n∑

i=1

ainxizn +
n−1∑
j=1

anjxnzj

)

×

(
n−1∑
i,j=1

aijyiuj +
n∑

i=1

ainyiun +
n−1∑
j=1

anjynuj

)

−

(
n−1∑
i,j=1

aijxiuj +
n∑

i=1

ainxiun +
n−1∑
j=1

anjxnuj

)

×

(
n−1∑
i,j=1

aijyizj +
n∑

i=1

ainyizn +
n−1∑
j=1

anjynzj

)

−

(
n−1∑
i,j=1

aijxizj

n−1∑
i,j=1

aijyiuj −
n−1∑
i,j=1

aijxiuj

n−1∑
i,j=1

aijyizj

)

=

(
n−1∑
i,j=1

aijxizj

n−1∑
i=1

ainyiun −
n−1∑
i,j=1

aijyizj

n−1∑
i=1

ainxiun

)

+

(
n−1∑
i,j=1

aijannxizjynun −
n−1∑
i,j=1

aijannyizjxnun

)

+

(
n−1∑
i,j=1

aijyiuj

n−1∑
i=1

ainxizn −
n−1∑
i,j=1

aijxiuj

n−1∑
i=1

ainyizn

)

+

(
n−1∑
i,j=1

aijannyiujxnzn −
n−1∑
i,j=1

aijannxiujynzn

)

+

(
n−1∑
i,j=1

aijxizj

n−1∑
j=1

anjynuj −
n−1∑
i,j=1

aijxiuj

n−1∑
j=1

anjynzj

)

+

(
n−1∑
i,j=1

aijyiuj

n−1∑
j=1

anjxnzj −
n−1∑
i,j=1

aijyizj

n−1∑
j=1

anjxnuj

)

+

(
n∑

i=1

ainyiun

n∑
j=1

ajnxjzn −
n∑

i=1

ainyizn

n∑
j=1

ajnxjun

)

+

(
n−1∑
i=1

aniynui

n−1∑
j=1

anjxnzj −
n−1∑
i=1

aniynzi

n−1∑
j=1

anjxnuj

)

+

(
n∑

i=1

ainyiun

n−1∑
j=1

anjxnzj −
n−1∑
j=1

anjynzj

n∑
i=1

ainxiun

)

+

(
n−1∑
j=1

anjynuj

n∑
i=1

ainxizn −
n∑

i=1

ainyizn

n−1∑
j=1

anjxnuj

)
≥ 0,
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i.e., inequality (1.12) is true. This completes the proof of theorem .

3. APPLICATIONS

Let E be a convex subset of an arbitrary real linear spaceK, and letf : E 7→ (0, +∞). f is
an exponential convex function onE, if and only if

(3.1) f
(
tu + (1− t)v

)
≤ f t(u)f 1−t(v)

for anyu, v ∈ E and anyt ∈ [0, 1]. f is an exponential concave function onE, if and only if
the inequality (3.1) reverses (see [4]).

For anyu, v ∈ E(u 6= v) andαki, βki ∈ [0, 1], we letxki = αkiu + (1 − αki)v andyki =
βkiu + (1− βki)v (k = 1, 2; i = 1, 2, . . . , n; n > 2). Define a functionL by

L(n) =
n∑

i,j=1

aijf(x1i)f(x2j)
n∑

i,j=1

aijf(y1i)f(y2j)−
n∑

i,j=1

aijf(x1i)f(y2j)
n∑

i,j=1

aijf(y1i)f(x2j).

Proposition 3.1. Let f be an exponential convex (or concave) function onE and inequality
(1.8) be true. Fork = 1, 2 and every pair of positive integersi andj such that1 ≤ i < j ≤ n,
if

(3.2) αki ≤ βki ≤ αkj and αkj − αki = βkj − βki,

then we have

(3.3) L(n) ≥ L(n− 1).

Proof. (1) Supposef is an exponential convex function onE. For k = 1, 2 and1 ≤ i <
j ≤ n, from (3.2), we haveβkj = αkj + βki − αki ≥ αkj.

Case 1.Whenαki < βki ≤ αkj < βkj, we taket = βki−αki

βkj−αki
, then1 − t =

βkj−βki

βkj−αki
.

Hence, we have

(3.4) tykj + (1− t)xki = βkiu + (1− βki)v = yki.

From (3.1) and (3.4), we have

(3.5) f(yki) ≤ f t(ykj)f
1−t(xki).

From (3.2), we get the other form oft and1− t: t =
βkj−αkj

βkj−αki
and1− t =

αkj−αki

βkj−αki
. Then

we have

(3.6) (1− t)ykj + txki = αkju + (1− αkj)v = xkj.

From (3.1) and (3.6), we have

(3.7) f(xkj) ≤ f 1−t(ykj)f
t(xki).

From (3.5) and (3.7), we obtain

(3.8)

∣∣∣∣ f(xki) f(xkj)
f(yki) f(ykj)

∣∣∣∣ ≥ 0.

Case 2.Whenαki = βki (or αkj = βkj), by (3.2), then we haveαkj = βkj (or αki =
βki). Hence, the equality of (3.8) holds.

For any1 ≤ i < j ≤ n and any1 ≤ r < s ≤ n, by (3.8), we obtain

(3.9)

∣∣∣∣ f(x1i) f(x1j)
f(y1i) f(y1j)

∣∣∣∣ ∣∣∣∣ f(x2r) f(x2s)
f(y2r) f(y2s)

∣∣∣∣ ≥ 0.
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(2) Let f be an exponential concave function onE. Then (3.5), (3.7) and (3.8) reverse.
Hence, (3.9) is still valid.

Replacingxi, yi, zi andui in Theorem 1.1 withf(x1i), f(y1i), f(x2i) andf(y2i)(i =
1, 2, . . . , n), respectively, we obtain (3.3). This completes the proof of Proposition 3.1.

�

Remark 3.2. In Proposition 3.1, whenE is a real intervalI, we only need

xki ≤ yki ≤ xkj and xkj − xki = ykj − yki,

wherek = 1, 2, i, j are every pair of positive integers such that1 ≤ i < j ≤ n, xki, xkj, yki, ykj ∈
I.

In order to verify Proposition 3.4, the following lemma is necessary.

Lemma 3.3. Let c, d : [a, b] 7→ R (b > a) be the monotonic functions, both increasing or both
decreasing. Furthermore, letq : [a, b] 7→ (0, +∞) be an integrable function. Then

(3.10)
∫ b

a

q(x)c(x)dx

∫ b

a

q(x)d(x)dx ≤
∫ b

a

q(x)dx

∫ b

a

q(x)c(x)d(x)dx.

If one of the functions ofc or d is increasing and the other decreasing, then the inequality (3.10)
reverses. (see[2, 3]).

Let p : [a, b] 7→ (0, +∞) be continuous,g : [a, b] 7→ (1, +∞) be monotonic continuous.
Define a functionM by

M(n) =
n∑
i,j

aijh
(k+i)(x)h(m+j)(x)

n∑
i,j

aijh
(l+i)(x)h(w+j)(x)

−
n∑
i,j

aijh
(k+i)(x)h(w+j)(x)

n∑
i,j

aijh
(l+i)(x)h(m+j)(x),

wherek, l, m, w ∈ N, i, j = 1, 2, . . . , n and

(3.11) h : R 7→ R+, h(x) =

∫ b

a

p(t)
(
g(t)

)x

dt (see [5]).

Proposition 3.4. Let the inequalities in (1.8) hold. Ifk < l, m < w or k > l, m > w, then we
have

(3.12) M(n) ≥M(n− 1).

Proof. For (3.11), by continuity ofp andg, we may change the order of derivation and integra-
tion. By direct computation, we get

(3.13) h(n)(x) =

∫ b

a

p(t) (g(t))x (ln g(t))n dt.

For every pair of integersi, j such that1 ≤ i < j ≤ n, whenk < l, replaceq, c andd in Lemma
3.3 byp(t) (g(t))x (ln g(t))k+i, (ln g(t))j−i and(ln g(t))l−k, respectively. Using (3.13), we get

(3.14) h(k+i)(x)h(l+j)(x) ≥ h(k+j)(x)h(l+i)(x).

By (3.14), we have

(3.15)

∣∣∣∣ h(k+i)(x) h(k+j)(x)
h(l+i)(x) h(l+j)(x)

∣∣∣∣ ≥ 0.
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Similarly we obtain

(3.16)

∣∣∣∣ h(m+r)(x) h(m+s)(x)
h(w+r)(x) h(w+s)(x)

∣∣∣∣ ≥ 0,

wherer, s are pair of integer such that1 ≤ r < s ≤ n andm < w.
Replacingxi, yi, zi andui in Theorem 1.1 byh(k+i)(x), h(l+i)(x), h(m+i)(x) andh(w+i)(x)(i =

1, 2, . . . , n), respectively, we obtain (3.12).
By Lemma 3.3, whenk > l andm > w, both (3.15) and (3.16) reverse. Hence, the product

on the left for both (3.15) and (3.16) is still nonnegative, hence, by Theorem 1.1, (3.12) is also
satisfied.

This completes the proof of Proposition 3.4. �
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