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Abstract

In this paper, we give a new Hardy-Hilbert's integral inequality with some pa-
rameters and a best constant factor. It includes an overwhelming majority of
results of many papers.
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Let L + 1 =1(p > 1), f 20,9 > 0,0 < [ f(x)dr < +00, 0 <
fo g?(x)dx < 400, then we have the well known Hardy-Hilbert inequality

(1.1) j/ 1/1 Zifkﬁfﬂdmdy
o Jo Tty
00 1 00 1
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< i (/ fp(x)dx) (/ g%x)dx) ) On Hardy-Hilbert Integral
sin (%) 0 0 Inequalities with Some

Parameters

and an equivalent form as: Yong Hong
o) [e’¢) p
(1.2) / ( &dx> dy < / fP(z Title Page
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In recent years, many results have been obtained in the research of these two 4« 44
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whereB(r, s) is the -function; and Kuangd] gave:

(1.4) / / x“ry
< — (%) — (q%) (/OOO xl—Afp(x)dx)’l’ (/OOO xl—qu(x)da:>

Recently, Hong4] gave:

Q=
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p

< T /OO m(pfl)(lfx\)fp@)dx_
0

A sin <%>

These results generalize and impro%el) and (L.2) in a certain degree.

In this paper, by introducing a few parameters, we obtain a new Hardy-
Hilbert integral inequality with a best constant factor, which is a more extended
inequality, and includes all the results above and the overwhelming majority of

results of many recent papers.
Our main result is as follows:

Theorem 1.1.1f - +1 =1 (p > 1), @ > 0, A > 0, m,n € R, such that

0<l—-mp<a)0<1l-—ng<a)andf>0,g>0,satisfy

(1.8) 0</ PN+ (0 < o,
0

(1.9) O</ y(ImeNFalm=n) ga(y)\dy < oo,
0

then

(1.10) / / da:dy

< Hyolm. . p.q) ( / x<1-a”+P<“-m>fp<x>dx)”
0

« </ y(l al)+q(m—n) g ( )dy> ’
0
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and

(1—aN)+q(m—n) m>+q<m n) < f(z)
@iy [ L e dx] W

< H/\,Oc(mv n,p, q) / x(l—o&\)-l—p(n—m)fp(x)dm,
0

where
1 1— 1-— 1-— 1-—
H)\,a(manup7Q):_B% ( mp7>\_ mp) B% ( nq7>\_ nq)
(0% (6% (0% [0 (0%
and
~ 1 1-— 1 — 1-— 1-—
H)\,a(ma n,p, Q) =—B ( mp mp) < M )‘ - nq) .
aP o o
Theorem 1.2.1f p > 1, . + ¢ = 1,a > 0, A > 0, m,n € R, such that
O0<l—mp<al\mp+ng=2—al, andf()z g(y) > 0, satisfy
(1.12) 0 </ 2" PTOLEP (1) dr < oo,
0
(1.13) O</ ymPrD=1d (1) dy < oo,
0
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then

o [ [ 4

1 [1— 1—
ddy< B( P\ - mp)
(8% (8%

9 ( / ) x"<p+q>1fp<x>dx)” ([ omosoga)

wozs [ (% f(2) }
as) [ | [T
p(1—mp _l—mp n(p+q P
<JB(O_A ) [ oy

where the constant factorsiB (=22 X\ —1=22) in (1.14 and

o

L Bp (=22 ) — 12m2) in (1.15) are the best possible.
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The weight function is defined as follows

Wralm,n,y) = — - —dux, € (0, +00).
A, ( y) /0 (ZEa—I—ya))‘ m Y ( )

Lemma2.l.lfa>0A>0meR,0<1—m<al,then

1—m 1—m>

1
(2.1) Wralm,n,y) = —y(l_‘”‘)*(”_m)B ( ;A
o «Q o

Proof. Settingt = =, then

1 > 1 —m
W)\,Oé(m,n,y) = _/ ?J(l_a)\)+(n_m)tla _1dt
0

o, T
]. & 1 1-m

— (l*OA}\)“l’(TL*m) —tTildt
! /0 1+t

_ ly(l—cx)\)—l-(n—m)B (1 — m7)\ o 1-— m) .
(0% (8% (6%

Hence 2.1) is valid. The lemma is proved.

Lemma2.2.fa>0,A>0,0<1,a€R,then

© ] _
2.2) / £ gy — O(1), (e — 0).
1

z*e Joo (T4 t)>
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Proof. Since(1 — )/« > 0, for e small enough, such thé{;—ﬁ —ae > 0, then

1 1
© 1 w1 4 1 [ o
/ 1+€/ (1+t>AtT1“€dtdx</ —/ (552 =02) =1 gt
S 0 1 T Jo
1 o0

— 6+a5a—2d
1 -3 —aca /1 v v
1

(1—0—aeca)?
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Proof of Theorenmi..1. By Holder’s inequality and Lemma2a.1, we have
* [ fl@)gy)
G = / / T@9W) 44
o Jo (x%+y*)A Y
I e e B A CO N gly) y"
_/ / [waﬂ/“ oy | |G+ g o | ©Y

oo < {[" [ Gt ] o e}

according to the condition of taklng equality in Holder’s mequallty,%iﬂﬁ takes
equality, then there exists a constahtsuch that

{ fP(x) xnp}/{ 9'(y) qu} =C, a.e. (z,y) € (0, +00)x (0, +00)

(xa + ya)/\ ymp (xa + ya>/\ xrna
it follows that

=

fP(x)2" Pt = Cgi(y)y™P+) = ¢} (constant), a.e(x,y) € (0, +00)x (0, +00)

hence
00
/ x(l—a)\)+p(n—m)fp(x)dx
0

= /OO x(1761/\)+n(p+q)fanmpfp(QE)CM7
0

_ Cl/ :L,(l—oz)\)—np—qul,
0
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1 oo
_ Ol/ m(1—oa)\)—np—quaj + Cl/ x(l—a)\)—np—qux = 400,
0 1

which contradicts1.8) and (L.9). Hence, by 8.1), we have

o[ ) p(”’m}é 1
U e s

1
_ {l/ (=N +pln=m) g (1 —mp oy 1 mp) f”(:c)dx}"
a /o Q@ !

1
1 [ 1-— 1-— q
% {_/ y(lfa)\)Jrq(mfn)B ( nq’ N\ — WQ) gq(y>dy}
a Jo « o

= HA,a<m7n,p7 q) (/ x(l—OC)\)'Fp(n—m)fP(x)dx) P
0

1
o0 q
< (/ y(la)‘)“(m”)gq(y)dy) )
0

Hence (.10 is vaild.
Let5 = [(1 —a)) + g(m —n)]/(1 —q), and

[
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By (1.10, we have
/ y(lfa/\)Jrq(m*n)gq(y)dy
0

:/Ooo yP G (y)dy

- | ]

L @] U @]
[

< Hya(m,n,p,q) ( / x(l_“mp(”_m)fp(ﬂf)dﬂ?) p
0

1

X < / y““"mq(m‘”)ﬁq(y)dyI) ,
0
It follows that

/oo y(l_ax)l-tz(m—n) {/00 f(l‘) )\dl}pdy
0 o (z*+y")

< ﬁ/\,a (ma n,p, Q) / x(lia/\)er(nim)fp(x)dx'
0

Hence, {.11) is valid.
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Proof of Theoreni.2 Since0 < 1 — mp < a\, mp + ng = 2 — a), then

0<1—ng<a,
(1—aX) +pn—m)=n(p+q) —1,
(I —ad)+q(m—n)=mp+q) -1,
1—mp:)\_1—nq.

(0% 0%

By Theoreml.1, (1.14) and (L.15 are valid.
Fore > 0, setting

glenta=el/p 0 > 1.
Jolx) =

0, 0<x <1,
and
y[—m(p+cJ)—6]/q’ y>1;
go(y) =
0, 0<y<1.
We have

(3-2) 0< / 2" PO () de = / oy = 1 < 00,
0 1 €

0 3 0 . 1
33  0< / y" g (y)dy = / yo Ty = < oo
0 1
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[ / l@)oo®) .
o Jo (*+y” )
/ _np+e)+e _ mpt+g)+e dd
— P q T
(x> + yo)> Y Y

(2 +y)
n(p+q)+s *° 1 m(pta)te
=/ /1 e
1
«
1
o

mp 1_7
/ x1+a/ 1+t a adtdx
mt_l_i
[ s
z‘l 1—mt_1_idd
), x1+5 0 (1+t)At T mdtdry

By Lemma2.2, whene — 0, we have

T T S R -
/1 x1+a/0 Tt e = 0(1).

o 1 1- 1— 1 —
/ Rt wm g = B ( P\ - mp) +o(1),
0

« (%
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we have

[t (o 52) ] on)
zé{éB(llfﬂx—li:w>—ouﬂ

:iB(l"mp,A— )(1—0(1)).

Ex « 0%

1—mp

(3.4)

If the constant B (=22, A — 1=2) in (1.14) is not the best possible, then
there exists d < 1p (L2 \ — =12y such that {.14) still is valid when
we replacel B (+ C:”p - 1= m”) by K. By (3.2), (3.3 and @.4), we find

1—mp

%B (1_amp,x— - ) (1 - o(1))

- e b
< ([Taoopgaan) ([T - w2
0 0

Fore — 0%, we havel B (=22 ) — 1=me)
thatK < 1B (=22 )\ —

< K, which contradicts the fact
L ;"p) ItfoIIowsthat Lp (=22 )\ — =02 in (119
is the best possible.

Since (.14 is equivalent to{.15), then the constant B? (1-12, ) — 1=m2)
in (1.19 is the best possible. The theorem is proved. O
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When we take the appropriate parameters, many new inequalities can be ob-

tained as follows:

Corollary 4.1. If % + % =
m(l—ak)(p—l)/pf(x)

1(p>1),a>0X>0f>0g>0,and
€ LP(0, +o0), xt=eNa—N/ag(3) € LI(0, 4+00), then

(4.1) / / g dwdy

A

(5) ( ) (/OO x(laA)(pnfp(x)dx)’l’

Cal(d)
“ (/OO a:<1—a*><q—1>gq(x)dx> .
0

@) [ ( [ d:v)pdy

where the constantE(%) F(%)/(QF()\)) in (4.1) and[ <3> F(%)/(aﬂ)\))r
in (4.2) are the best possible.
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al

Proof. If we takem = & — %, n = ¢ — 3—3 in Theoreml.2, (4.1) and ¢.2) can

be obtained. ]

Corollary 4.2. If 14+ = 1(p > 1),A > 0, f > 0,9 > 0andz""N®-V/7 f(z) €

LP(0, 4+00), x=Va=D/ag(z) € L9(0, +00), then

4.3) / / f @) .,
< w (/0 2N () )é (/OO‘J x(lA)(ql)gq(;c)dx>é7

(4.4) /0 i ( /OOO (xffziydx)pdy
M / 0N ()

|n(43)and[ () ()/F ] in (4.4) are

Proof. If we takea = 1 in Corollary4.1, (4.3) and ¢@.4) can be obtained. [J

where T <%> r (3)/1“(

the best possible.

Corollary 43. If 2+ 1 =1(p>1),A>0,p+A—=2>0,¢+A—2>0,
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f>0,g>0,andzN/Pf(x) € LP(0, +00), 217
> °°f(x)9<y)l,

(4.5) /0 /0 —($+y)kdd
PHA=2 g+ A—2 ooxl_xpx)i( ® agi(s x>é

<B( A2 0t )(/ ra) ([T )
oo% oo&x)p

e [ v (/ Grpp ) @

-2 -2 >
< BP (p+)\ ’q+)\ )/ xl—)\fp<l.)dx
0

p q

Vag(z) € LI(0,4+00), then

whereB (i’%, ﬂq”) in (4.5) and B? (1%, %) in (4.6) are the best
possible.

Proof. If we takea =1, m =n = % in Theoreml.2, (4.5) and @.6) can be
obtained. O

Corollary 4.4. If - + 2 =1(p>1),a >0, f >0,9>0,andz""*"?f(z) €
LP(0, +00), x(l_a)/qg(x) € L0, +00), then

on [ [ m
SN S e (o)
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o) /ooo v (/Ooo %dx)pdy
™ ? 00 .
< (a sine (ﬁ) sine <qla)) /0 ot fP(2)dx

Proof. If we takeA = 1, m =n = piq in Theoreml.l, (4.7) and ¢@.8) can be

obtained. n
Corollary 4.5. If J +{ = 1(p > 1), a >0, f > 0,9 2 0, and f(x) € nedualies wih Some.
LP(O ) ( )E Lq(O —|—oo) then Parameters
Yong Hong
(4.9) / / T g,
:L‘a + y
F 1 Title Page
< 1 < / fP(z dfl?> ( / gq(x)d:c> ' , Contents
CYF E 0
44 >
P
(4.10) / / L)ldx dy
0 o (z*+y*)a Go Back
T < Close
P(
= l / f Quit

p age 19 of
wnerer ()1 () /(o7 (1)) in (49 anc {r ()7 (35)/ e ) R
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Proof. If we take A = -, m = n = _- in Theoreml.2, (4.9 and ¢.10 can be
obtained. O

Remark 1. (4.1) and @.2) are respectively generalizations df.¢) and (L.7).
Fora =1in(4.1) and @.2), (1.6) and (L.7) can be obtained.

Remark 2. (4.3) and (4.4) are respectively generalizations df.{) and (1.2) .
Remark 3. (4.5) is the result of [] and [2]. (4.6) is a new inequality.
Remark 4. (4.7) is the result of £]. (1.7) is a new inequality.

Remark 5. (4.9) is a generalization of(.5). (4.10 is a new inequality.

For other appropriate values of parameters taken in Theoiehendl1.2,
many new inequalities and the inequalities @ff [1 =] can yet be obtained.
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