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Abstract

The sines of k-dimensional vertex angles of an n-simplex is defined and the
law of sines for k-dimensional vertex angles of an n-simplex is established.
Using the generalized sine law for n-simplex, we obtain some inequalities for
the sines of k-dimensional vertex angles of an n-simplex. Besides, we obtain
inequalities for volumes of n-simplices. As corollaries, the generalizations to
several dimensions of the Neuberg-Pedoe inequality and P. Chiakuei inequality,
and an inequality for pedal simplex are given.
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1. Introduction
The law of sines for triangles inE2 has natural analogues in higher dimensions.
In 1978, F. Eriksson [1] defined then-dimensional sines of then-dimensional
corners of ann-simplex inn-dimensional Euclidean spaceEn and obtained the
law of sines for then-dimensional corners of ann-simplex. In this paper, the
sines ofk-dimensional vertex angles of ann -simplex will be defined, and the
law of sines fork-dimensional vertex angles of ann-simplex will be established.
Using the generalized sine law for simplices and a known inequality in [2],
we get some inequalities for the sines ofk-dimensional vertex angles of ann-
simplex.

Recently, Yang Lu and Zhang Jingzhong [2, 3], Yang Shiguo [4], Leng
Gangson [5, 6] and D. Veljan [7] and V. Volenec et al. [9] have obtained
some important inequalities for volumes ofn-simplices. In this paper, some
interesting new inequalities for volumes ofn-simplices will be established. As
corollaries, we will obtain an inequality for pedal simplex and a generalization
to several dimensions of the Neuberg-Pedoe inequality, which differs from the
results in [4], [5] and [6].
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2. The Generalized Sine Law for Simplices
Let Ai (i = 1, 2, . . . , n + 1) be the vertices of ann-dimensional simplexΩn in
the n-dimensional Euclidean spaceEn, V the volume of the simplexΩn and
Fi(n − 1)-dimensional content ofΩn. F. Eriksson defined then-dimensional
sines of then-dimensional cornersαi of then-simplexΩn and obtained the law
of sines forn-simplices as follows [1]

(2.1)
Fi

n sin αi

=

(n− 1)!
n+1∏
j=1

Fj

(nV )n−1
(i = 1, 2, . . . , n + 1).

In this paper, we will define the sines of thek-dimensional vertex angles of
ann-dimensional simplex and establish the law of sines for thek-dimensional
vertex angles of ann-simplex. LetVi1i2···ik be the(k − 1)-dimensional content
of the(k− 1)-dimensional faceAi1Ai2 · · ·Aik ((k− 1)-simplex) of the simplex
Ωn for k ∈ {2, 3, . . . , n + 1} and i1, i2, . . . , ik ∈ {1, 2, . . . , n + 1}, O and
R denote the circumcenter and circumradius of the simplexΩn respectively.−→
OAi = Rui(i = 1, 2, . . . , n + 1), ui is the unit vector. The sines of thek-
dimensional vertex angles of the simplexΩn are defined as follows.

Definition 2.1. Let αij denote the angle formed by the vectorsui anduj. The
sine of ak-dimensional vertex angleϕi1i2···ik of the simplexΩn corresponding
the(k − 1)-dimensional faceAi1Ai2 · · ·Aik is defined as

(2.2) sin ϕi1i2···ik = (−Di1i2···ik)
1
2 ,
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where

(2.3) Di1i2···ik =

∣∣∣∣∣∣∣∣∣
0 1 · · · 1
1
... −1

2
sin2 αilim

2

1

∣∣∣∣∣∣∣∣∣ (l,m = 1, 2, . . . , k).

We will prove that

(2.4) 0 < (−Di1i2···ik)
1
2 ≤ 1.

If n = 2, the sine of the 2-dimensional vertex angleϕij of the triangleA1A2A3

is the sine of the angle formed by two edgesAkAi andAkAj.
With the notation introduced above, we establish the law of sines for thek

-dimensional vertex angles of ann-simplex as follows.

Theorem 2.1. For ann-dimensional simplexΩn in En andk ∈ {2, 3, . . . , n +
1}, we have

(2.5)
Vi1i2···ik

sin ϕi1i2···ik
=

(2R)k−1

(k − 1)!
(1 ≤ i1 < i2 < · · · < ik ≤ n + 1).

Putϕ12···i−1,i+1,...,n+1 = θi, V12···i−1,i+1,...,n+1 = Fi (i = 1, 2, . . . , n + 1), by
Theorem2.1we obtain the law of sines for then-dimensional vertex angles of
n-simplices as follows.

Corollary 2.2.

(2.6)
F1

sin θ1

=
F2

sin θ2

= · · · = Fn+1

sin θn+1

=
(2R)n−1

(n− 1)!
.
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If we taken = 2 in Theorem2.1or Corollary2.2, we obtain the law of sines
for a triangleA1A2A3 in the form

(2.7)
a1

sin A1

=
a2

sin A2

=
a3

sin A3

= 2R.

Proof of Theorem2.1. Let aij = |AiAj| (i, j = 1, 2, . . . , n + 1), then

aij = 2R sin
αij

2
,

sin2ϕi1i2···ik(2.8)

= −Di1i2···ik = −

∣∣∣∣∣∣∣∣∣
0 1 · · · 1
1
... − 1

8R2 a
2
ilim

1

∣∣∣∣∣∣∣∣∣
= (−1)k(8R2)−(k−1) ·

∣∣∣∣∣∣∣∣∣
0 1 · · · 1
1
... a2

ilim

1

∣∣∣∣∣∣∣∣∣ (l,m = 1, 2, . . . , k).

By the formula for the volume of a simplex, we have

sin2 ϕi1i2···ik = −Di1i2···ik(2.9)

= (−1)k(8R2)−(k−1)(−1)k2k−1(k − 1)!2V 2
i1i2···ik

=
(k − 1)!2

(2R)2(k−1)
V 2

i1i2···ik .
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From this equality (2.5) follows.
Now we prove that inequality (2.4) holds. Whenk ≥ 2, we havek ≤ 2k−1.

Using the Voljan-Korchmaros inequality [3], we have

(2.10) Vi1i2···ik ≤
1

(k − 1)!

(
k

2k−1

) 1
2

( ∏
1≤l<m≤k

ailim

) 2
k

.

Equality holds if and only if the simplexAi1Ai2 · · ·Aik is regular.
Combining inequality (2.10) with equality (2.5), we get

Vi1i2···ik ≤
(2R)k−1

(k − 1)!
·
(

k

2k−1

) 1
2

( ∏
1≤l<m≤k

sin
αilim

2

) 2
k

(2.11)

≤ (2R)k−1

(k − 1)!
·
(

k

2k−1

) 1
2

≤ (2R)k−1

(k − 1)!
.

Using equality (2.5) and inequality (2.11), we get

0 < (−Di1i2···ik)
1
2 = sin ϕi1i2···ik =

(k − 1)!

(2R)k−1
Vi1i2···ik ≤ 1.

For the sines of thek-dimensional vertex angles of ann-simplex, we obtain
an inequality as follows.
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Theorem 2.3. Let ϕi1i2···ik (1 ≤ i1 < i2 < · · · < ik ≤ n + 1) denote
the k-dimensional vertex angles of ann-simplexΩn in En, andλi > 0 (i =
1, 2, . . . , n + 1) be arbitrary real numbers, then we have

(2.12)
∑

1≤i1<i2<···<ik≤n+1

λi1λi2 · · ·λik sin2 ϕi1i2···ik

≤
n! ·
(∑n+1

i=1 λi

)k
(n− k + 1)!(k − 1)!(4n)k−1

.

Equality holds ifλ1 = λ2 = · · · = λn+1 and the simplexΩn is regular.

By takingλ1 = λ2 = · · · = λn+1 in the inequality (2.12), we get:

Corollary 2.4.

(2.13)
∑

1≤i1<i2<···<ik≤n+1

sin2 ϕi1i2···ik ≤
n! · (n + 1)k

(n− k + 1)!(k − 1)!(4n)k−1
.

Equality holds if the simplexΩn is regular.

To prove Theorem2.3, we need a lemma as follows.

Lemma 2.5. LetΩn be ann-simplex inEn, xi > 0 (i = 1, 2, . . . , n+1) be real
numbers,Vi1i2···is+1 be thes-dimensional volume of thes-dimensional simplex
Ai1Ai2 · · ·Ais+1 for i1, i2, . . . , is+1 ∈ {1, 2, . . . , n + 1}. Put

Ms =
∑

1≤i1<i2<···<ik≤n+1

xi1xi2 · · ·xis+1V
2
i1i2···is+1

, M0 =
n+1∑
i=1

xi,
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then we have

(2.14) M l
s ≥

[(n− l)!(l!)3]s

[(n− s)!(s!)3]l
(n! ·M0)

l−sM s
l (1 ≤ s < l ≤ n).

Equality holds if and only if the intertial ellipsoid of the pointsA1, A2, . . . , An+1

with massesx1, x2, . . . , xn+1 is a sphere.

For the proof of Lemma2.5. the reader is referred to [2] or [9].

Proof of Theorem2.3. By puttings = 1, l = k−1 andxi = λi (i = 1, 2, . . . , n+
1) in the inequality (2.14), we have

(2.15)

( ∑
1≤i<j≤n+1

λiλja
2
ij

)k−1

≥ (n− k + 1)! · (k − 1)!3

[(n− 1)!]k−1

(
n! ·

n+1∑
i=1

λi

)k−2

×
∑

1≤i1<i2<···<ik≤n+1

λi1λi2 · · ·λikV
2
i1i2···ik .

By Theorem2.1, we have

(2.16) Vi1i2···ik =
(2R)k−1

(k − 1)!
sin ϕi1i2···ik .

Using the known inequality [3]

(2.17)
∑

1≤i<j≤n+1

λiλja
2
ij ≤

(
n+1∑
i=1

λi

)2

R2,
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with equality if and only if the pointP =
∑n+1

i=1 λiAi is the circumcenter of
simplexΩn.

Combining (2.15) with (2.16) and (2.17), we obtain inequality (2.12). It is
easy to see that equality holds in (2.12) if λ1 = λ2 = · · · = λn+1 and simplex
Ωn is regular.
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3. Some Inequalities for Volumes of Simplices
Let P be an arbitrary point inside the simplexΩn andBi the orthogonal pro-
jection of the pointP on the(n − 1)-dimensional planeσi containing(n −
1)-simplexfi = A1 · · ·Ai−1Ai+1 · · ·An+1. SimplexΩn = B1B2 · · ·Bn+1 is
called the pedal simplex of the pointP with respect to the simplexΩn. Let
ri = |PBi| (i = 1, 2, . . . , n + 1), V be the volume of the pedal simplex
Ωn, V (i) andV (i) denote the volumes of twon-dimensional simplicesΩn(i) =
A1 · · ·Ai−1PAi+1 · · ·An+1 and Ωn(i) = B1 · · ·Bi−1PBi+1 · · ·Bn+1, respec-
tively. Then we have an inequality for volumes of just definedn-simplices as
follows.

Theorem 3.1.LetP be an arbitrary point insiden-dimensional simplexΩn and
λi (i = 1, 2, . . . , n + 1) positive real numbers, then we have

(3.1)
n+1∑
i=1

λ1 · · ·λi−1λi+1 · · ·λn+1V (i) ≤ 1

nn

[
n∑

i=1

λiV (i)

]n

V 1−n,

with equality if the simplexΩn is regular, P is the circumcenter ofΩn and
λ1 = λ2 = · · · = λn+1.

Now we state some applications of Theorem3.1.
If taking λ1 = λ2 = · · · = λn+1 in inequality (3.1), we have

(3.2)
n+1∑
i=1

V (i) ≤ 1

nn

[
n+1∑
i=1

V (i)

]n

· V 1−n.
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Since the pointP is in the interior of the simplexΩn, then

(3.3)
n+1∑
i=1

V (i) = V ,
n+1∑
i=1

V (i) = V.

Using (3.2) and (3.3) we obtain an inequality for the volume of the pedal sim-
plexΩn of the pointP with respect to the simplexΩn as follows.

Corollary 3.2. Let P be an arbitrary point inside then-simplexΩn, then we
have

(3.4) V ≤ 1

nn
V,

with equality if simplexΩn is regular andP is the circumcenter ofΩn.

Corollary 3.3. Let P be an arbitrary point inside then-simplexΩn, then we
have

(3.5)
n+1∑
i=1

V (i) · V (i) ≤ 1

(n + 1)nn
V 2,

with equality if the simplexΩn is regular andP is the circumcenter ofΩn.

Proof. Let λi = [V (i)]−1 (i = 1, 2, . . . , n + 1) in inequality (3.1); we get

(3.6)
n+1∑
i=1

V (i) · V (i) ≤
(

n + 1

n

)n

V 1−n

n+1∏
j=1

V (j).
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Using the arithmetic-geometric mean inequality and equality (3.3), we have

n+1∑
i=1

V (i) · V (i) ≤
(

n + 1

n

)n

V 1−n

[
1

n + 1

n+1∑
j=1

V (j)

]n+1

=
1

(n + 1)nn
V 2.

It is easy to see that equality in (3.5) holds if the simplexΩn is regular and the
pointP is the circumcenter ofΩn.

Proof of Theorem3.1. Lethi be the altitude of simplexΩn from vertexAi,
−−→
PBi

= riei, whereei is the unit outer normal vector of thei-th side facefi = A1 · · ·
Ai−1Ai+1 · · ·An+1 of the simplexΩn, andn sin αk be then-dimensional sine of
thek-th cornerαk of the simplexΩn. Wang and Yang [8] proved that

(3.7) n sin αn = [det(ei · ej)ij 6=k]
1
2 (k = 1, 2, . . . , n + 1).

By the formula for the volume of ann-simplex and (3.7), we have

(3.8) V (i) =
1

n!
[det(rlrkel · ek)l,k 6=i]

1
2 =

1

n!

n+1∏
j=1
j 6=i

rj

 · n sin αi.

Using (3.8), (2.1) andnV = hiFi, we get that
n+1∑
i=1

λ1 · · ·λi−1λi+1 · · ·λn+1V (i)

=
1

n!

n+1∑
i=1

n+1∏
j=1
j 6=i

λjrj

 · n sin αi

http://jipam.vu.edu.au/
mailto:sxx@ahieedu.net.cn
http://jipam.vu.edu.au/


The Generalized Sine Law and
Some Inequalities for Simplices

Shiguo Yang

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 14 of 23

J. Ineq. Pure and Appl. Math. 5(4) Art. 106, 2004

http://jipam.vu.edu.au

=
1

n!

n+1∑
i=1


n+1∏

j=1
j 6=i

λjrj

 (nV )n−1

(n− 1)! ·
n+1∏
j=1
j 6=i

Fj


−1

= [(n!)2 · V ]−1

n+1∑
i=1

n+1∏
j=1
j 6=i

λjrjhj

 ,

i.e.

(3.9) (n!)2V
n+1∑
i=1

λ1 · · ·λi−1λi+1 · · ·λn+1V (i) =
n+1∑
i=1

n+1∏
j=1
j 6=i

λjrjhj

 .

Takings = n− 1, l = n in inequality (2.14), we get

(3.10)

n+1∑
i=1

n+1∏
j=1
j 6=i

xj

F 2
i


n

≥ n3n

(n!)2

(
n+1∑
i=1

xi

)(
n+1∏
i=1

xi

)n−1

V 2(n−1).

Let xi = (λirihi)
−1 (i = 1, 2, . . . , n + 1) in inequality (3.10). Then we have

(3.11)

(
n+1∑
i=1

λirihiF
2
i

)n

≥ n3n

(n!)2

n+1∑
i=1

n+1∏
j=1
j 6=i

λjrjhj

F 2
i

 · V 2(n−1).
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Using inequality (3.11) andriFi = nV (i), hiFi = nV , we get

(3.12) V n

[
n+1∑
i=1

λiV (i)

]n

≥ nn

(n!)2
V 2(n−1)

n+1∑
i=1

n+1∏
j=1
j 6=i

λjrjhj

 .

Substituting equality (3.9) into inequality (3.12) we get inequality (3.1). It is
easy to prove that equality in (3.1) holds if simplexΩn is regular,P is the
circumcenter ofΩn andλ1 = λ2 = · · · = λn+1. Theorem3.1 is proved.

Finally, we shall establish some inequalities for volumes of twon-simplices.
As corollaries, the generalizations to several dimensions of the Neuberg-Pedoe
inequality and P.Chiakui inequality will be given.

Let ai (i = 1, 2, 3) denote the sides of the triangleA1A2A3 with area∆, and
a′i (i = 1, 2, 3) denote the sides of the triangleA′

1A
′
2A

′
3 with area∆′, then

(3.13)
3∑

i=1

a2
i

(
3∑

j=1

(
a′j
)2 − 2 (a′i)

2

)
≥ 16∆∆′,

with equality if and only if∆A1A2A3 is similar to∆A′
1A

′
2A

′
3.

Inequality (3.13) is the well-known Neuberg-Pedoe inequality.
In 1984, P. Chiakui [9] proved the following sharpening of the Neuberg-

http://jipam.vu.edu.au/
mailto:sxx@ahieedu.net.cn
http://jipam.vu.edu.au/


The Generalized Sine Law and
Some Inequalities for Simplices

Shiguo Yang

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 16 of 23

J. Ineq. Pure and Appl. Math. 5(4) Art. 106, 2004

http://jipam.vu.edu.au

Pedoe inequality:

(3.14)
3∑

i=1

a2
i

(
3∑

j=1

(
a′j
)2 − 2 (a′i)

2

)

≥ 8

(
(a′1)

2 + (a′2)
2 + (a′3)

2

a2
1 + a2

2 + a2
3

∆2 +
a2

1 + a2
2 + a2

3

(a′1)
2 + (a′2)

2 + (a′3)
2 (∆′)

2

)
,

with equality if and only if∆A1A2A3 is similar to∆A′
1A

′
2A

′
3.

Recently, Leng Gangson [5] has extended inequality (3.14) to the edge lengths
and volumes of twon-simplices. In this paper, we shall extend inequality (3.14)
to the volumes of twon-simplices and the contents of their side faces. As a
corollary, we get a generalization to several dimensions of the Neuberg-Pedoe
inequality. LetAi (i = 1, 2, . . . , n + 1) be the vertices ofn-simplexΩn in
En, V the volume of the simplexΩn andFi(n − 1)- dimensional content of
the (n − 1)-dimensional facefi = A1 · · ·Ai−1Ai+1 · · ·An+1 of Ωn. For two
n-simplicesΩn andΩ′

n and real numbersα, β ∈ (0, 1], we put

(3.15) σn(α) =
n+1∑
i=1

Fα
i , σn(β) =

n+1∑
i=1

(F ′
i )

β
, bn =

n3

n + 1

(
n + 1

n!2

) 1
n

.

We obtain an inequality for volumes of twon-simplices as follows.

Theorem 3.4. For any twon-dimensional simplicesΩn andΩ′
n and two arbi-
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trary real numbersα, β ∈ (0, 1], we have

(3.16)
n+1∑
i=1

Fα
i

(
n+1∑
j=1

(
F ′

j

)β − 2 (F ′
i )

β

)

≥ (n− 1)2

2

[
bα
n

σn(β)

σn(α)
V 2(n−1)α/n + bβ

n

σn(α)

σn(β)
(V ′)

2(n−1)β/n

]
.

Equality holds if and only if simplicesΩn andΩ′
n are regular.

Using inequality (3.16) and the arithmetic-geometric mean inequality, we
get the following corollary.

Corollary 3.5. For any twon-dimensional simplicesΩn andΩ′
n and two arbi-

trary real numbersα, β ∈ (0, 1], we have

(3.17)
n+1∑
i=1

Fα
i

(
n+1∑
j=1

(
F ′

j

)β − 2 (F ′
i )

β

)
≥ b(α+β)/2

n (n2 − 1)(V α (V ′)
β
)(n−1)/n.

Equality holds if and only if simplicesΩn andΩ′
n are regular.

If we let α = β in Corollary3.5, we get Leng Gangson’s inequality [6] as
follows. For anyθ ∈ (0, 1] we have

(3.18)
n+1∑
i=1

F θ
i

(
n+1∑
j=1

(
F ′

j

)θ − 2 (F ′
i )

θ

)
≥ bθ

n(n2 − 1)(V V ′)(n−1)θ/n,

with equality if and only if simplicesΩn andΩ′
n are regular.

To prove Theorem3.4, we need some lemmas as follows.
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Lemma 3.6. For ann-simplexΩn and arbitrary numberα ∈ (0, 1], we have

(3.19)

∏n+1
i=1 F 2α

i∑n+1
i=1 F 2α

i

≥ 1

(n + 1)(n−1)α+1

[
n3n

(n!)2

]α

V 2(n−1)α,

with equality if and only if simplexΩn is regular.

Proof. If taking l = n, s = n−1 andxi = F 2
i (i = 1, 2, . . . , n+1) in inequality

(2.14), we get an inequality as follows

(n + 1)n(n!)2

n3n

n+1∏
i=1

F 2
i ≥ V 2(n−1)

n+1∑
i=1

F 2
i ,

or

(3.20)
(n + 1)nα(n!)2α

n3nα

n+1∏
i=1

F 2α
i ≥ V 2(n−1)α

(
n+1∑
i=1

F 2
i

)α

.

It is easy to prove that equality in (3.20) holds if and only if simplexΩn is
regular. From inequality (3.20) we know that inequality (3.19) holds forα = 1.
Forα ∈ (0, 1), using inequality (3.20) and the well-known inequality

(3.21)
n+1∑
i=1

F 2
i ≥ (n + 1)

(
1

n + 1

n+1∑
i=1

F 2α
i

) 1
α

,

we get inequality (3.19). It is easy to see that equality in (3.19) holds if and only
if the simplexΩn is regular.
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Lemma 3.7. For ann-simplexΩn(n ≥ 3) and an arbitrary numberα ∈ (0, 1],
we have

(3.22)

(
n+1∑
i=1

Fα
i

)2

− 2
n+1∑
i=1

F 2α
i ≥ bα

n(n2 − 1)V 2(n−1)α/n,

with equality if and only if the simplexΩn is regular.

For the proof of Lemma3.7, the reader is referred to [6].

Lemma 3.8. Let ai (i = 1, 2, 3) and ∆ denote the sides and the area of the
triangle (A1A2A3), respectively. For arbitrary numberα ∈ (0, 1], denote by
∆α the area of the triangle(A1A2A3)α with sidesaα

i (i = 1, 2, 3), then the
following inequality holds

(3.23) ∆2
α ≥

3

16

(
16

3
∆2

)α

.

For α 6= 1, equality holds if and only ifa1 = a2 = a3.

For the proof of Lemma3.8, the reader is referred to [9].

Lemma 3.9. Let numbersxi > 0, yi > 0 (i = 1, 2, . . . , n + 1), σn =
∑n+1

i=1 xi,
σ′n =

∑n+1
i=1 yi, then

(3.24) σnσ
′
n − 2

n+1∑
i=1

xiyi

≥ 1

2

[
σ′n
σn

(
σ2

n − 2
n+1∑
i=1

x2
i

)
+

σn

σ′n

(
(σ′n)

2 − 2
n+1∑
i=1

y2
i

)]
,
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with equality if and only if

y1

x1

=
y2

x2

= · · · = yn+1

xn+1

.

Proof. Inequality (3.24) is

(3.25)
σ′n
σn

n+1∑
i=1

x2
i +

σn

σ′n

n+1∑
i=1

y2
i ≥ 2

n+1∑
i=1

xiyi.

Now we prove that inequality (3.25) holds. Using the arithmetic-geometric
mean inequality, we have

σ′n
σn

x2
i +

σn

σ′n
y2

i ≥ 2xiyi (i = 1, 2, . . . , n + 1).

Adding up thosen + 1 inequalities, we get inequality (3.25). Equality in (3.25)
holds if and only ifσ

′
n

σn
x2

i = σn

σ′
n
y2

i (i = 1, 2, . . . , n + 1), i.e.

y1

x1

=
y2

x2

= · · · = yn+1

xn+1

=
σ′n
σn

.

Proof of Theorem3.4. Forn = 2, consider two triangles(A1A2A3)α and(A′
1A

′
2A

′
3)β.

Using inequality (3.14) and Lemma3.8, we have

(3.26)
3∑

i=1

aα
i

(
3∑

j=1

(
a′j
)β − 2 (a′i)

β

)
≥ 1

2

[
bα
2

σ′2(β)

σ2(α)
∆α + bβ

2

σ2(α)

σ′2(β)
(∆′)

β

]
.
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Equality in (3.26) holds if and only ifa1 = a2 = a3 anda′1 = a′2 = a′3. Hence,
inequality (3.16) holds forn = 2.

For n ≥ 3, takingxi = Fα
i , yi = (F ′

i )
β (i = 1, 2, . . . , n + 1) in inequality

(3.24), we get

n+1∑
i=1

Fα
i

(
n+1∑
j=1

(
F ′

j

)β − 2 (F ′
i )

β

)
(3.27)

=

(
n+1∑
i=1

Fα
i

)(
n+1∑
i=1

(F ′
i )

β

)
− 2

n+1∑
i=1

Fα
i (F ′

i )
β

≥ 1

2

σ′n(β)

σn(α)

(n+1∑
i=1

Fα
i

)2

− 2
n+1∑
i=1

F 2α
i


+

σn(α)

σ′n(β)

(n+1∑
i=1

(F ′
i )

β

)2

− 2
n+1∑
i=1

F 2β
i

 .

Using inequality (3.27) and Lemma3.7, we get

n+1∑
i=1

Fα
i

(
n+1∑
i=1

(
F ′

j

)β) ≥ n2 − 1

2

[
bα
n

σ′n(β)

σn(α)
V 2(n−1)α/n + bβ

n

σn(α)

σ′n(β)
V 2(n−1)β/n

]
.

Hence, inequality (3.16) is true forn ≥ 3. For n ≥ 3, it is easy to see that
equality in (3.16) holds if and only if two simplicesΩn and σ′n are regular.
Theorem3.4 is proved.
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