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ABSTRACT. The sines ok-dimensional vertex angles of ansimplex is defined and the law of
sines fork-dimensional vertex angles of ansimplex is established. Using the generalized sine
law for n-simplex, we obtain some inequalities for the sines-dimensional vertex angles of an
n-simplex. Besides, we obtain inequalities for volumes.aimplices. As corollaries, the gen-
eralizations to several dimensions of the Neuberg-Pedoe inequality and P. Chiakuei inequality,
and an inequality for pedal simplex are given.
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1. INTRODUCTION

The law of sines for triangles iR has natural analogues in higher dimensions. In 1978, F.
Eriksson [1] defined the-dimensional sines of the-dimensional corners of am-simplex in
n-dimensional Euclidean spaé¢#' and obtained the law of sines for thedimensional corners
of ann-simplex. In this paper, the sines bfdimensional vertex angles of an-simplex will
be defined, and the law of sines floidimensional vertex angles of ansimplex will be estab-
lished. Using the generalized sine law for simplices and a known inequality in [2], we get some
inequalities for the sines df-dimensional vertex angles of ansimplex.

Recently, Yang Lu and Zhang Jingzhong![2, 3], Yang Shiguo [4], Leng GanQsbh [5, 6] and
D. Veljan [7/] and V. Volenec et all_[9] have obtained some important inequalities for volumes of
n-simplices. In this paper, some interesting new inequalities for volumessofplices will be
established. As corollaries, we will obtain an inequality for pedal simplex and a generalization
to several dimensions of the Neuberg-Pedoe inequality, which differs from the resultsiin [4], [5]
and [6].
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2 SHIGUO YANG

2. THE GENERALIZED SINE LAW FOR SIMPLICES

Let A; (: = 1,2,...,n + 1) be the vertices of am-dimensional simplex,, in the n-
dimensional Euclidean spaég', V' the volume of the simplef,, and F;(n — 1)-dimensional
content of(2,,. F. Eriksson defined the-dimensional sines of the-dimensional corners; of
then-simplex(2,, and obtained the law of sines farsimplices as follows [1]

n+1
. -nlE
i j= .
(2.1) Tsma = (V) (1=1,2,...,n+1).

In this paper, we will define the sines of thedimensional vertex angles of andimensional
simplex and establish the law of sines for the&limensional vertex angles of ansimplex.
LetV;,i,..., be the(k — 1)-dimensional content of thg: — 1)-dimensional facel; A4, - - - A;,
((k—1)-simplex) of the simplex2,, for k € {2,3,...,n+ 1} andiy, is,...,ip € {1,2,...,n+
1}, O andR denote the circumcenter and circumradius of the simﬁl,exespectively(ffli =
Ru;(i=1,2,...,n+1), u,;is the unit vector. The sines of thedimensional vertex angles of
the simplex?,, are defined as follows.

Definition 2.1. Let «;; denote the angle formed by the vectarsandw;. The sine of a-
dimensional vertex angle;,;,..;, of the simplex(2,, corresponding thék — 1)-dimensional
faceA; A, --- A;, is defined as

(2.2) S Qiyigei = (— Diigeoi)

where
01 1
1

(2.3) Di1i2~~~ik = —%Sin2%% (lum = 1727-~‘7k)'
1

We will prove that
(2.4) 0 < (~Diipiy)? < 1.

If n = 2, the sine of the 2-dimensional vertex anglg of the triangleA; A, A; is the sine of
the angle formed by two edges A, and A, A;.

With the notation introduced above, we establish the law of sines fok ttttmensional
vertex angles of an-simplex as follows.

Theorem 2.1. For ann-dimensional simple®,, in E™ andk € {2,3,...,n+ 1}, we have

Viyig-i (2R)*1
2.5 A — 1<ig<ig<- - <ip < 1).
( ) sin Pirig-iy, (]{7 - ].)' ( =" "2 ST )
Putvia.i1it1,..mt1 = i, Vizictivtmn = F (1=1,2,...,n+1), by Theorel we
obtain the law of sines for the-dimensional vertex angles efsimplices as follows.

Corollary 2.2.

(2.6) A B P R
sinf;  sinf, sin,y1  (n—1)!

If we taken = 2 in Theorenj 2.]L or Corollary 2.2, we obtain the law of sines for a triangle
A1 A5 Az in the form

2.7)

a1 Q2 as

= = =2R.
sin Al sin AQ sin Ag
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THE GENERALIZED SINE LAW AND SOME INEQUALITIES FORSIMPLICES 3

Proof of Theorem 2]1Leta;; = |A;A4;] (4,5 = 1,2,...,n+ 1), then

(873
— 2Rsin -2
sin —= 2
01 1
1
(28) sin2 @1122% = _Di1i2~~~ik = — .
) _Wailim
1
0 1 1
_ 2\ —(k—1) _
= (~D*ER*)” [ (lm =1,2,....k)
| -
By the formula for the volume of a simplex, we have
(29) Sin2 Pirig-i, — _Diliz Uk
= (D8R} ()2 (k= )PV,
(k—1)12

From this equality[(2]5) follows.
Now we prove that inequality (2.4) holds. Whén> 2, we havek < 2¢-'. Using the
Voljan-Korchmaros inequality [3], we have

1 ko2 :
(2.10) V"”2""'k§(k_1)1 (Qk_l) ( 1T am-m> :

1<l<m<k

Equality holds if and only if the simpleX;, A;, - - - A;, is regular.
Combining inequality[ (2.70) with equality (2.5), we get

(QR)k_l k % . Oél'ﬂ'm E
(2.11) Vivigein < G- \Z= H sin —
1<l<m<k
(2R)*~ k)2
<
- (k ) Qkfl
k—1
< L (2F) .
~(k—1)
Using equality[(2.p) and inequality (2]11), we get
! k—1)!
0 < (_D’ili2"‘ik)§ ( ) Viliz"'ik <1l

= SIN Yjyigeif, = W
O

For the sines of thé-dimensional vertex angles of ansimplex, we obtain an inequality as
follows.

Theorem 2.3.Lety;,,..i, (1 <3 < iy < --- <1, < n+ 1) denote thé:-dimensional vertex
angles of am-simplex(2,, in £E™, and\; > 0 (: = 1,2,...,n + 1) be arbitrary real numbers,
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then we have

nl- (20"

2.12 Xis iy - A sin? @i < )
( ) 1§i1<i2§ik§n+l 17%2 k s @ 122 — (TL . ]{3 + 1)'(1{3 o 1)!(4n)k—1
Equality holds if\; = Ay = --- = A\, ;1 and the simpleX2,, is regular.

By takingA\; = \y = - -+ = A, 41 in the inequality[(2.12), we get:
Corollary 2.4.

: L (n+ 1)k

2.1 20 i < n )
(2.13) 2. S Pt = 0 T DIk — 1)1 (dn)k

1<y <ig <+ <ip<n+1

Equality holds if the simplef,, is regular.
To prove Theorer 2|3, we need a lemma as follows.

Lemma 2.5. Let 2, be ann-simplex inE™, x; > 0 (i = 1,2,...,n + 1) be real num-
bers,V;,i,....,, be thes-dimensional volume of thedimensional simplex;, A;, - -- A;_,, for
i1,dg, ... i1 € {1,2,...,n+ 1}. Put

7:.9+1

n+1
Ms - Z xilxiz te xis+1‘/i?i2...is+17 MO == Z x’i?
1<i1<to< - <ip<n+1 =1
then we have
— DI(INH3)*
(2.14) M > Ln = D)) (n!- My)'"™*Mi(1<s<I<n).

[(n — $)!(s!)?]!
Equality holds if and only if the intertial ellipsoid of the points, A,, ..., A, with masses
T1,%2,...,Tne IS @ SPhere.

For the proof of Lemmpa 2|5. the reader is referred to [2] or [9].

Proof of Theorer 2|3By puttings = 1,l = k — 1l andz; = \; (i = 1,2,...,n + 1) in the
inequality [2.14), we have

(2.15) ( 3 AiAja§j> s (”_ﬁ;_l)ll)'!](k’f D <n|§x> i

1<i<j<n+l
2
X ) AigAig - A Vilig iy -

1< <ig <+ <ip<n+1

By Theorenj 2.1, we have
(2R)k;—1

SIN Qg wvi, -
Using the known inequality [3]
n+1 2
(2.17) > Aihaj < <ZA> R,
1<i<j<n+1 i=1

with equality if and only if the poinP = Z?jf A;A; is the circumcenter of simple,,.

Combining [(2.1p) with[(2.16) andl (2.]17), we obtain inequality (R.12). It is easy to see that
equality holds in[(2.1]2) i, = A\, = --- = A,41 and simplex,, is regular. O
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3. SOME INEQUALITIES FOR VOLUMES OF SIMPLICES

Let P be an arbitrary pointinside the simpl€x andB; the orthogonal projection of the point
P onthe(n—1)-dimensional plane; containing(n—1)-simplexf; = Ay -+ A; 1 A1 - Apa.
SimplexQ), = BB, - - - B, is called the pedal simplex of the poiRtwith respect to the sim-
plexQ),. Letr; = |PB;| (i = 1,2,...,n + 1), V be the volume of the pedal simpl€,, V(i)
andV (i) denote the volumes of two-dimensional simplice®,,(i) = A; - -- A;_ 1 PAi 1 - -+ Apya
andQ,,(i) = By --- B;_1PB;,, - - - B, 11, respectively. Then we have an inequality for volumes
of just definedr-simplices as follows.

Theorem 3.1. Let P be an arbitrary point insiden-dimensional simplex?, and \; (i =

1,2,...,n+ 1) positive real numbers, then we have
n+1 1 n n

(3.1) Z A A A Apa V(0) < o [Z NV (@) | v,
i=1 =1

with equality if the simple%,, is regular, P is the circumcenter of2,, and\; = \y = -+ =
Antl-

Now we state some applications of Theoien] 3.1.

If taking A\; = Ao = --- = \,4 in inequality 3.1), we have
ntl 1 n+l n
(3.2) D V) < — vy v
=1 =1
Since the poinf is in the interior of the simpleg,,, then
n+1 n+1
(3.3) V)=V, Y V@)=V
=1 =1

Using (3.2) and[(3]3) we obtain an inequality for the volume of the pedal sinfpleaf the
point P with respect to the simpleR,, as follows.

Corollary 3.2. Let P be an arbitrary point inside the-simplex(,,, then we have
— 1
(3.4) V<=V,
n?’l
with equality if simpleX2,, is regular andP is the circumcenter df,,.

Corollary 3.3. Let P be an arbitrary point inside the-simplex(2,,, then we have
n+1

(3.5) ZV(@') V(i) < (—v

with equality if the simple&,, is regular andP is the circumcenter df2,,.
Proof. Let \; = [V(i)] ! (i = 1,2,...,n + 1) in inequality [3.1); we get

n+1 . n+ 1 n n+1
(3.6) > V() - V(i) < ( - ) ViRV G).
i=1 j=1
Using the arithmetic-geometric mean inequality and equality (3.3), we have
n+1 n n+1 n+1
N T/ n+1 1—-n 1 1 2
. < —
>ve o s () v X0 e
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It is easy to see that equality in (B.5) holds if the simplgxis regular and the poin® is the
circumcenter of),,. O

Proof of Theorer 3]1Let &, be the altitude of simplef,, from vertexA,, ]?551 = r,;e;, Where
e; is the unit outer normal vector of theth side facef;, = A;--- A;,_1A;,1--- A, Of the
simplex(2,,, and™ sin o, be then-dimensional sine of thé-th cornerqy, of the simplexs?,,.
Wang and Yand [8] proved that

(3.7) "sin o, = [det(e; - ej)ij;ék]% (k=1,2,...,n+1).

By the formula for the volume of an-simplex and[(3]7), we have

n+1
(3.8) V(i) = ; [det(rrre; - ek)lk#]% % Hrj - sin oy
J#i
Using (3.8),[(2.1) andV" = h,; F;, we get that
n+1
Z)q Aic1Aig1 - A1V (4)
n+1 n+1
= Z H Ajr; | - " sina;
i
-1
n+1 n+1 n+1
n'z H)\T] (nV)" (n—l)!-HFj
\ Hﬁl ];éz
n+1 n+1
= [(n)*- V7 Y H Airihy | s
=1 Hﬂ
i.e.
n+1 n+1 n+1
(3.9) (n)2vV Z/\l Aicadist A V(i) = H/\ rih,
=1 J;tz
Takings = n — 1, [ = nin inequality [2.14), we get
n+l [ nt1 ! 30 [n+l nel O\ 1
(3.10) Z ij F? Z (Z x,) (H xz> V2An=b),
=1 i— =1

J#i

Letx; = (\;irih;) ™' (i = 1,2,...,n+ 1) in inequality [3.1D). Then we have

ntl n3n n+l [ n+l
(3.11) (Z/\Tlh}ﬂ) > 2 Z H)‘TJ F? P21

=1 j=1
J#i
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THE GENERALIZED SINE LAW AND SOME INEQUALITIES FORSIMPLICES 7

Using inequality|(3.11) and, F; = nV' (i), h;F; = nV, we get

n n+1 n+1

T
Z WV ( ) Z H )\jT‘jh]‘
i=1

n+1
=1

S AV ()
1=1
J#i

Substituting equality] (3]9) into inequality (3]112) we get inequality|(3.1). It is easy to prove that
equality in [3.1) holds if simpleX2,, is regular,P is the circumcenter of2,, and\; = A\, =
.-+ = A\p41. Theorenj 311 is proved. O

Finally, we shall establish some inequalities for volumes of tw&implices. As corollar-
ies, the generalizations to several dimensions of the Neuberg-Pedoe inequality and P.Chiakui
inequality will be given.

Leta; (i = 1,2, 3) denote the sides of the trianglg A, A3 with areaA, anda; (i = 1,2, 3)
denote the sides of the trianglg A} A} with areaA’, then

3 3
(3.13) > a? (Z (a))” 2 (a;f) > 16AN,

i=1 j=1

(3.12) 1

with equality if and only ifAA; A; Az is similar toA A} AL AL,
Inequality [3.1IB) is the well-known Neuberg-Pedoe inequality.
In 1984, P. Chiakui[9] proved the following sharpening of the Neuberg-Pedoe inequality:

(3.14) Y a? (Z (a})* —2 (a;)2>

i=1 =1

ai + a3+ aj (ah) + (ah)® + (

with equality if and only ifAA; A, As is similar toA A} AL AS.

Recently, Leng Gangsonl[5] has extended inequdlity [3.14) to the edge lengths and volumes
of two n-simplices. In this paper, we shall extend inequality (3.14) to the volumes ofitwo
simplices and the contents of their side faces. As a corollary, we get a generalization to several
dimensions of the Neuberg-Pedoe inequality. Heti = 1,2,...,n + 1) be the vertices of
n-simplex(2,, in E™, V the volume of the simple&,, and F;(n — 1)- dimensional content of
the (n — 1)-dimensional facg; = Ay - -+ A;_1A;41 - - - Ay Of ©,,. FOr twon-simplices2,, and
¥ and real numbers, 5 € (0, 1], we put

n+1 n+1 3 nt 1 1
(315)  ou(@) =S F o) =3 (F), b, ( ) |

: 1 nl?
=1

N2 1\2 1\2 2 2 2
> g <(a1) + (a5)” + (as) A2 ajy +a; + CL:’,a/ )2 (A’)2> ’
3

We obtain an inequality for volumes of twesimplices as follows.

Theorem 3.4. For any twon-dimensional simpliceQ,, and(2/, and two arbitrary real numbers
a, 3 € (0,1], we have

(3.16) fj Ee (f} ()" -2 <F;>ﬁ>

i=1 j=1

(n — 1)2 ao—n(ﬁ) (n—1)a/n O'n(O{) n2(n—1)8/n
S {"amw b e V)

Equality holds if and only if simplice8,, and(2/, are regular.
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Using inequality [(3.16) and the arithmetic-geometric mean inequality, we get the following
corollary.

Corollary 3.5. For any twon-dimensional simpliceQ,, and(2/, and two arbitrary real numbers
a, 3 € (0,1], we have

n+1 n+1
(3.17) ZFO‘ (Z ) (F’Z’)5> > bglori-ﬂ)/Q(nQ . 1)(Va (V/)B)(n_l)/n.

7j=1
Equality holds if and only if simpliceS,, and(2/, are regular.

If we let o = (3 in Corollary[3.5, we get Leng Gangson'’s inequality [6] as follows. For any
0 € (0,1] we have

n+1 n+1
(3.18) 2E (Z ~2(F) ) > b (n? = (VY

with equality if and only if simplices,, andS2, are regular.
To prove Theorer 3|4, we need some lemmas as follows.

Lemma 3.6. For ann-simplex(2,, and arbitrary number € (0, 1], we have
n+1l 2« 3n &
F; 1
(319) H > n ‘/'Q(n—l)oc7
ZHH an (n + 1)(n71)a+1 (n!)2
with equality if and only if simplef,, is regular.

Proof. If taking I = n, s = n — 1 andz; = F? (i = 1,2,...,n + 1) in inequality [2.14), we
get an inequality as follows

n n+1
(”+1 2 i 2 2(n—1) = 2
or
no 2an+1 n+1
(3.20) URIUNIS | (ZW)
nna
i=1

It is easy to prove that equality if (3]20) holds if and only if simp{&xis regular. From in-
equality [3.2D) we know that inequality (3]19) holds for= 1. Fora € (0, 1), using inequality
(3.20) and the well-known inequality

n+1 1 n+1 é
3.21 F2> ([ —— S g2
G21) LR (W; z ) |

we get inequality{(3.79). It is easy to see that equality in (3.19) holds if and only if the simplex
Q,, is regular. O

Lemma 3.7. For ann-simplex(2,,(n > 3) and an arbitrary numbew € (0, 1], we have

n+1 2 n+1
(322) (Z _F'Za) -9 Z F‘Z?@ > bz(nQ _ 1)‘/2(”_1)&/“,
i=1 i=1

with equality if and only if the simple®,, is regular.

For the proof of Lemmp 37, the reader is referred 1o [6].
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Lemma 3.8. Leta; (i = 1,2,3) and A denote the sides and the area of the triangle A, A3),
respectively. For arbitrary number € (0, 1], denote by\, the area of the triangl€ A, A2 A;) .,
with sidesa$* (i = 1, 2, 3), then the following inequality holds

(3.23) A2 > — ; (EN)
16 \ 3
For o # 1, equality holds if and only if; = a; = as.
For the proof of Lemmpa 3|8, the reader is referred to [9].

n+1 n+1
Lemma 3.9. Let numbers;; > 0,y; >0 (i =1,2,...,n+1), 0, = > x;, 0, = > vy;, then
= =1

Tn <g —QZx) —7 ((a;f—QZgﬁ)] :

n+1

(3.24) Tno, — ZszyZ 2 —

with equality if and only if

Yi_ Y _ Y
xy B X3 - B $n+1.
Proof. Inequality [3.24) is
o n+1 n+1 n+1

(3.25) —Z:c +—Zyz >2szyz

Now we prove that inequallt@S) holds. Using the arithmetic-geometric mean inequality, we
have

O_/

—a] +—y122:czyz (i=1,2,...,n+1).

n n

Adding up those: + 1 inequalities, we get inequality (3.25). Equality jn (3.25) holds if and
only if 7227 = Z2y? (i = 1,2,...,n+1),i.e

Yi_ Y2 Y1 _ Oy

T1 T2 Tn+1 On

O

Proof of Theorer 3]4Forn = 2, consider two trianglesA; A, A;), and (A} A,A%)z. Using
inequality @) and Lemn@.& we have

/ (6) ﬁ0'2(a) NG
(3.26) a’ )7 —2(a)” >—[ba2 A B2 (AN
Z Z W) 23 M am )
Equality in {3.26) holds if and only if; = a, = a3 anda) = a), = af. Hence, inequality (3.16)
holds forn = 2.
Forn > 3, takingz; = F?, y; = (F.’)ﬁ (1=1,2,...,n+ 1) ininequality ), we get

(2

n—+1 n+1
(3.27) Z Fe (Z —2(F) )

7=1

i=1
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n 2 n+1
1) o (3) | [Ea .
Z - n § Ea o 2 E E e}
2 0”(a> i=1 i=1

1 onl) <nz+1 (F.’)ﬂ>2 —2 HZH F¥
a,(8) ' ~

=1

Using inequality[(3.2]7) and Lemma 8.7, we get
n+1 n+1 2
Zﬂa (Z (F}/)ﬁ) > n®—1 [bgag(ﬁ) VZ(n—l)a/n + bgMVQ(n—l)ﬁ/n} )
i=1

— 2 on(@) ol (B)
Hence, inequality] (3.16) is true for > 3. Forn > 3, itis easy to see that equality in (3]16)
holds if and only if two simplice$?,, ando?, are regular. Theorem 3.4 is proved. 0J
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