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ABSTRACT. By making use of Jack’s Lemma as well as several differential and other inequal-
ities (and parametric constraints), the authors derive sufficient conditions for starlikeness of a
certain class ofi-fold symmetric analytic functions of Koebe type. Relevant connections of the
results presented here with those given in earlier works are also indicated.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES
Let.4 denote the class of functiorfswhich are analytic in thepenunit disk
U={z:2€C and |z] <1}
andnormalizedby

Also, as usual, let

(1.1) S*:{f:feA and m(sz(;)) >0 (zGU)}
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and

QT

arg(i{éz)) <5 (zeIU;0<a§1)}

be the familiar classes atarlike functionsn U andstrongly starlike functions of order in U
(0 < a = 1), respectively. We note that
S*(a)cS* (0<a<l1l) and S8*(1)=S"
We denote byH(«) the class of functiong € A defined by

(1.2) S*(a) = {f :fe A and

(1.3) H(a) = {f feAd and R (az2 J;fléz)) +z ]}/((»:))> >0

(f(z)%();zéU;ag())}’

z

so that, as already observed by Ramesttad. [6], we have the following inclusion relationships

(cf. [6]):

(1.4) H()cS* and H(1)cCS (%)

In fact, a sharper inclusion relationship than the second orje in (1.4) was given subsequently by
Nunokaweet al. [4] as follows:

(1.5) H(1) c & () (ﬁ < %) .

Obradove and Joshi[5], on the other hand, made use of the method of differential inequalities

in order to derive several other related results for classes of strongly starlike functions in
Motivated essentially by the aforementioned earlier works, we aim here at deriving sufficient

conditions for starlikeness of anfold symmetric functionf, (z) of Koebe type, defined by

(1.6) fo(2)i=——— (b20;neN:={1,2,3,...}),
(1—2")

which obviously corresponds to the familiar Koebe function when
n=1 and b=2.

The following result (popularly known akack’s Lemmpawill also be required in the deriva-
tion of our main result (Theorefn) 1 below).

Lemma 1(Jack[2]) Let the(nonconstantfunctionw (z) be analytic inz| < pwithw (0) = 0.
If |w (2)] attains its maximum value on the cirdlg = r < p at a pointz, then

zow' (20) = kw (20) ,

wherek is a real number and > 1.

2. THE MAIN RESULT AND | TS CONSEQUENCES
We begin by proving a stronger result than what we indicated in the preceding section.
Theorem 1. Let then-fold symmetric functiorf, (z), defined by(1.6)), be analytic inU with
fo(2)

z

# 0 (z€U).
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(i) If f,(2) satisfies the inequality
YHE) Zfé(Z)) _anb ( _n_b>< _a_nb>
(2.1) 9‘%(042 fb(Z)+ (2 > R 1 5 1 (z € U),

then f,(2) is starlike inU for

3a+2— VA 3a+ 2+ VA
0>0 and %gn;@%
() 0]

(A =90 —da+14).

(i) If f,(2) satisfies the inequalit{2.1)) with o = 0, that is, if
Zfé(z)) nb
2.2 R >1—-— z2eU),
(2.2) ( fo(2) ) ( )
then f,(z) is starlike inU for 0 < nb < 2.
Proof. (i) Leta > 0andf,(z) satisfy the hypotheses of Theorgm 1. We put
zfi(2) 14 (nb—1)w(z)
fo(2) L-—w(z)
wherew(z) is analytic inU with
w(0)=0 and w(z)#1 (z€U).

Then we have

{£1(2) + 2f ()} fol2) — 2{f}(2)}°
{f(2)}?

_ (=D w'(z) {1 —wz)} +w'(z) {1+ (nb - Dw(2)}
{1 -w()y’ ’

which implies that
AN ORI P nbw'(2)
(2:3) 7 TR (fb(2)> T w())®
On the other hand, we can write
2 [i(2)  mbzw'(2) 1+ (nb— Dw(z) (1 + (nb — 1)@0(,2))2

CRE) T (—w(r)p 1= w(z) 1~ w2
that is,
s fy(z) N nbzw'(z) 1+ (nb— Dw(z)\? . 1+ (nb— Dw(z)
R [{1 —wo)P ( 1= w(z) ) ] r—w(z)

which, in turn, implies that

2 [y'(2) | fo(e) | _nbzu'(z) 1+ (nb—w(2)\”
(2.4) az ) + ) [{1—w(z)}2 + ( = () ) ]

1+ (nb— 1)w(z).

+(1—a) T~ w(2)
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Now we claim thatw(z)| < 1 (z € U). If there exists & in U such that|w(z)| = 1, then
(by Jack’'s Lemma) we have

2ow' (20) = kw(zp) (k=1).

By setting
w(zp) = e (06 <2m),
we thus find that
0 (o2 1020) fb<zO>)
( folzo) © " Folz0)

nbzow'(zg) +<1—|—(nb—1) w(zp ))2]+(1_&)1+(nb—1)w(20))

(1 —w(zg))? 1 —w(z) 1 —w(z)

[ nbke'® (nb — 1) + (nb—1)é
- < (l—ei9)2+( 1— et )] 1—a 1— et )

o (-2 ) oa(-2)

4 sin?

sincek = 1.
If we let
A, ) o () (o)
(2.5) R (azo Fo(z0) + 20 o)) =4 + 11 5 1 5
= i [a(nb)® — (B + 2)(nb) + 4]
—9(nb) (2,
then
I(nb) <0 (M <ap< BOF2EVA 9a2—4a+4> |
200 2c0
Thus we have
> Jy (20) AEN )) <
(2.6) %(azo Fo(z0) + 2 T2 (z0) <0 (z € U)
(M << d2t2+VA A;ZQQQ_MH),
2a 2c

which is a contradiction to the hypotheses of Thedrém 2.
w(z)| < 1 for all z in U. Hencef,(z) is starlike inU, thereby proving the
assertion (i) of Theoref 1.
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(i) The proof of the assertion (ii) of Theorem 1 was given by FudLal [1], and so we omit
the details here. O

Corollary 1. The following inclusion relationship holds true

fo(2) fo (2)
(fb(z) #+0; z€U; ozi())} cS”

z

Hb(a)::{fb:fbeA and %(az2 é/(z)—l—zfl;(z))>0

for then-fold symmetric functiorf, (=) defined by(L.6)).

3. APPLICATIONS OF DIFFERENTIAL |INEQUALITIES

In this section, we apply the following known result involving differential inequalities with
a view to deriving several further sufficient conditions for starlikeness of.tf@d symmetric

function f, (=) defined by[(1.6).
Lemma 2 (Miller and Mocanul[3]) Let© (u,v) be a complex-valued function such that
©:D—-C (DcCxC),
C being(as usua) the complex planeand let
U = Uy + Uz and v =uv; + iv,.

Suppose that the functidd (u, v) satisfies each of the following conditions

(i) © (u,v) is continuous irD;

(i) (1,0) e DandMR (O (1,0)) > 0;

(i) MR (O (tug,vq)) = 0forall (iug,v;) € D such that

0w ().

Let
p(2) =1+piz+pz®+ -
be analytic(regular) in U such that

(p(2),20/ (2)) €D (2 €T).
RO ((p(2),20/(2)) >0 (€U,

then
R(p(z)) >0 (z€U).

Let us now consider the following implication:

m(azz f<(>)+§8) >y (1_%’)) (1_‘17””)
(3.1) :>5R<(z fZEZQu) >0
(rem - (1) (1-557) < mazn iz,
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If we put

- ()

then [3.1) is equivalent to

(3.2) ;| (% ()} 2 (2) + a{p ()}

F (o) {p () + (1—”71’) (1—0‘7”17)>>0

= R(p(z)) >0 (z€U).

By setting
p(z)=u and zp'(z) =,
and letting
1% 4 92 9

it is easy to show that, for
az0 and pu=1,
we have
(i) ©(u,v)is continuous i = (C\ {0}) x C;
(i) (1,0) e Dand
__ 3anb nb an?b?

R(O(1,0)) = T3 >0

anb nb anb
- 11— — 1— — 1.
T (-9) (1-%) <

Thus the conditions (i) and (ii) of Lemn& 2 are satisfied. Moreover, for

since

1
(iug,v1) € D suchthat v < — 5 (1+u3),
we obtain

, a _ (1—p)m
9 _ I=p)/p
9‘{( (ZUQ,Ul)) . |us| V1 COS —Q,U
b n anb
1 — 1 K anb (1Mo (o
+ (1 — ) |ug| " cos (QM) + 5

< - QK(l + u2) Jus| T sin (%) + o ug| ™ cos (g)

o
b b
F-a)ul cos () + 5 (12
il

which, upon puttingus| = s (s > 0), yields
(3.3) i)ﬁi(@ (iu27@1)) S O(s),
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where

« ™ s
(3.4) B(s) := ——(1+ s?)sT=H/# gin (—) + as** cos (—)
() 2u( ) o .

b b b
+ (1 — a)s'/m cos(%)—i—%—(l—%) <1—%>.

Remark. If, for some choices of the parametersu, andnb, we find that
D(s) <0 (s >0),

then we can conclude fro.3) and Lemmé| that the corresponding implicatiof8.1]) holds
true.

First of all, for the choice:
pw=1 and nb=2,
we obtain
Theorem 2. If the n-fold symmetric functiorf, (=) , defined by(1.6) and analytic inU with
fo (2)
z
satisfies the following inequality

G REY o
(3.5) R (&z H02) +z fb(Z)) > =5 (z € U),

then f, € S* for any reala 2 0.
Proof. For . = 1 andnb = 2, we find from [3.4) that

40 (zeD),

@(s):—gas2§0 (s e R),

which implies Theorer|2 in view of the above remark. O
Next, for
a= -, nb=3+ 3, and =2,
we get
Theorem 3. If the n-fold symmetric functiorf, () , defined by(1.6) and analytic inU with
fb(z)#o (z €U,

z
satisfies the following inequality

2 5 fi(z) | fi(2)
(3.6) 9‘{(52 m+sz(2))>0 (z€U),

()5 v

w(B)es ()
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Proof. By setting

a= -, nb=3++3, and pu=2
in (3.4), we have
Q)(s)——ﬂ<0 (s> 0)
- 6\/% = )
which leads us to Theorem 3 just as in the proof of Thedgrem 2. O
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