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ABSTRACT. In this paper, we study the Baker’s superstability for the following functional equa-
tion

(E (K)) 3 /K F(ako@)k VY dwr (k) = [Bf (@) f (), ©.y € G

ped

whereG is a locally compact groupk’ is a compact subgroup @¥, wg is the normalized
Haar measure ok, ® is a finite group ofK-invariant morphisms ofs and f is a continuous
complex-valued function o& satisfying the Kannappan type condition, forally, z € G

*) /K /K f(zkak™ hyh™")dwi (k)dwg (h) = /K /K f(zkyk™ hah™"dwg (k)dwg ().

We treat examples and give some applications.
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1. INTRODUCTION, NOTATIONS AND PRELIMINARIES

Let G be alocally compact group. Léf be a compact subgroup 6f Letwy be the normal-
ized Haar measure @f. A mappingy : G — G is a morphism of if ¢ is a homeomorphism
of G onto itself which is either a group-homorphism, il§{y) = ¢(z)e(y),z,y € G), or a
group-antihomorphism, i.ex(zy) = ¢(y)e(x), z,y € G). We denote byl/or(G) the group
of morphisms ofG and® a finite subgroup of\/or(G) of a K-invariant morphisms of7 (i.e
¢(K) C K). The number of elements of a finite gro@ywill be designated by®|. The Banach
algebra of bounded measures@rwith complex values is denoted by (G) and the Banach
space of all complex measurable and essentially bounded functio6smnL..(G). C(G)
designates the Banach space of all continuous complex valued functiais e say that a
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function f is a K-central function org if

(1.1) f(kx) = f(zk), z€G, ke K.
In the case wher& = K, a functionf is central if
(1.2) flay) = f(yx) .y eC.

See 2] for more information.
In this note, we are going to generalize the results obtained by J.A. Baker in [8]land [9]. As
applications, we discuss the following cases:
a) K C Z(G), (Z(GQ) is the center ofY).
b) f(hzk) = f(z), h,k € K, x € G (i.e. f is bi-K-invariant (se€e[[3] and [6])).
c) f(hxk) = x(k)f(z)x(h), x € G, k,h € K (x is a unitary character dk) (see[11]).
d) (G, K) is a Gelfand pair (se€|[3],[6] and [11]).
e) G = K (seel[2]).
In the next section, we note some results for later use.
2. GENERAL PROPERTIES
In what follows, we study general properties. etk and® be given as above.
Proposition 2.1. For an arbitrary fixedr € ®, the mapping
b — P,
Y ——PoT
is a bijection.
Proof. Follows from the fact tha® is a finite group. O

Proposition 2.2. Lety € @ andf € C(G), then we have:

) [ fako(hy)k Y dwg (k) = [, f(ako(yh)k™ ) dwk(k), z,ye€ G, he K.
i) If f satisfy [(}), the for aIIz ,y,x € G, we have

/K/Kf(zhﬁp(ykxk_l)h_l)dw;( Ydwr (k //fzhcp chyk~Yh ) dwie (h)dwic (k).

Proof. i) Letp € ¢ and letr,y € G, h € K, then we have
Case 1:If ¢ is a group-homomorphism, we obtain, by replacinigy ko (h) !
| ket o) = [ otk don(h
K

- /K Flako (o)™ ydwie (k)

— [ F(okplyh)b o (k).
K
Case 2:if o is a group-antihomomorphism, we have, by repladiryy ko(h)

/K f (ki (hy) k) duore (k / Flakp(y) (k) dwr (k)
- /K F (ko) p(y)k ) dwr ()

:/Kf(xkgp(yh)k_l)dwK(k)-
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i) Follows by simple computation.

Proposition 2.3. For eachr € ® andx,y € G, we have
@) 3 [ Hlekolr)k o) = 3 [ flokithdon().
ped VK YED
Proof. By applying Propositiof 2|1, we get that wherns iterated ove, the morphism of the
form ¢ o 7 annihilates all the elements &f OJ

3. THE MAIN RESULTS

Theorem 3.1.Let GG be a locally compact group; lek” be a compact subgroup 6f with the
normalized Haar measurey and let® given as above.
Letd > 0andletf € C(G) such thatf satisfies the conditiof*) and the functional inequality

(3.) > [ ko o) = 011 )| < 6, @y €€

Then one of the assertions is satisfied:

(@) If fis bounded, then
|| + /|D|? +4<5|<I>
2|®|

(3.2) [f(z)] <

(b) If fis unbounded, then
i) fis K-central,
i) for=F, foraIITecb
i) [ f(zkyk Vdwg (k) = [, flykak™")dwk (k), z,y € G.

Proof.
a) LetX =sup|f|, then we get for alk: € G

|| f(x) f(z)] < |P|X + 9,
from which we obtain that
[D|X? — |[®]X -6 <0,

\(I)\ + V[9] + 400
2|®|
b) i) Letz,y € G, h € K, then by using Propositign 2.2, we find

L F @)1 (hy) — Fyh)| = |[01f (@) £ (hy) — O] (@) (yh)|
< |3 [ Hlakeh)k done(k) — 1F(0) )

such that

< 26.
Sincef is unbounded it follows that(yh) = f(hy), forallh € K,y € G.
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i) Let 7 € @, by using Propositiop 2|3, we get for ally € G
@[ f()I[f o(y) = f()] = [|®1f (2) f(7(y) — [®1f(z) f (y)]

<[y / F ko (r(u)k V) dwr (k) — |@] £(2)F(r(y))

ped

|3 [ Hakv )i () - 19171 0)

Yped

< 2.

Sincef is unbounded it follows thaf o 7 = f, for all 7 € .

iii) Let f be an unbounded solution of the functional inequality|(3.1), suchytisatis-
fies the condition[(*), then, for alt, y € G, we obtain, by using Part i) of Proposition
2.2:

@17(2) ' [ sttt )~ [ f(ykxk‘l)dwx(k)’
_ \|<1>| [RCIE T e

|<I>|/f fykak™" dwK(k:)‘

[ Soen [ fehplakyl o (o)

|<I>|/f Flahyk! dwK(k;)‘

Espeq) / f(zho(ykzk )R ) dwg (h)dwi (k)

rs /f F ko~ m(k)!
< 20.

Sincef is unbounded we get

/K F(okyk™ ) duwog (k) = /K F gk Yo (k), .y € C.

The main result is the following theorem.

Theorem 3.2.Letd > 0 and letf € C(G) such thatf satisfies the conditio [*) and the
functional inequality

(3.3) 3 / [ k)l Ydur (F) — |01 f(@) f(y)| <6, @y € G.
ped

Then either

(3.4) )] < |D| + \/\<I>|2+46|<I> e

2|9|
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or

(B (K) > [ ko don(k) = [B1(@)1(0), 2.5 € G,

ped

Proof. The idea is inspired by the papéer [1].

If fis bounded, by using Theorgm B.1, we obtain the first case of the theorem.

Now let f be an unbounded solution of the functional inequality](3.3), then there exists a
sequencéz, ),y in G such thatf(z,) # 0 andlim,, |f(z,)| = +oc.

For the second case we will use the following lemma.

Lemma 3.3. Let f be an unbounded solution of the functional inequality|(3.3) satisfying the
condition %) and let(z,),cn be a sequence i@ such thatf(z,) # 0 andlim, | f(z,)| = +ooc.
It follows that the convergence of the sequences of functions:

i)
5) en fic S kol Ddwlk) o
f(zn)
to the function
i)
D D L ) L L ) S

f(zn) ’

to the function
x— |O|f(xkT(y)k™') T€® kEK, yeQG,
is uniform.

By inequality [3.1), we have

Y pea Jic fanko(y)k™" ) dwie (k) 5
TEn D[ f(y)] < e

then we have, by letting — +o0, that

- Y vea Jie fznko(y)k ™) dwi (k)

= |®|f(y),

and
L Dpea Ji f (ol (ko (7)) k™) W) doe (1)

n f(zn)
Since by Proposition 2.3, we have

= |®|f(zkT(y)k ™).

Z E o Ji ZnhQD k’ilhil dwK h
Z o JK ZnhQO ]{J_lh_l dwi (h

Yed

J. Inequal. Pure and Appl. Math4(5) Art. 104, 2003 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

6 BELAID BOUIKHALENE

combining this and the fact thdtsatisfies the conditiofi {*), we obtain

Zgoecb fK (znhep(z (T(y ))k_lh_l)dwK(h)
dwi (k
Zq,/ f(zn) (k)
> yed Ji fCaktp (y)k ") dwi (F) )
—|P < )
) o = TGl
Since the convergence is uniform, we have
915 [ Flahplk don() - [9F ) 50)| <0
ped
thus holds and the proof is complete. O

4. APPLICATIONS
If K C Z(G), we obtain the following corollary.

Corollary 4.1. Leté > 0 and letf be a complex-valued function éhsatisfying the Kannappan
condition (sed10])

*) f(zzy) = f(zyz), 2,y €@,
and the functional inequality

(4.1) D flre(y) — [0 f(2)f(y)| <6, zyeC.
ped

Then either

@2) ) < PEVEREEL e,

or

(4.3) D flae(y) = ®1f(2)f(y), ©,y€eC.

If G is abelian, then the conditioh|(*) holds and we have the following:
If & = {i} (resp.® = {i,c0}), wherei(z) = x ando(z) = —z, we find the Baker’s stability
see[8] (resp.[9]).

If f(kxzh) = x(k)f(x)x(h), k,h € K andz € G, wherey is a character of{ (see [11]),
then we have the following corollary.

Corollary 4.2. Letd > 0 and letf € C(G) such thatf(kzh) = x(k)f(z)x(h), k,h € K,
z € G,

) /K /K F (kb (o) () dwe () dwe / / F(hyh X6 (h)dwe (k) dwie ()

(4.4) <46, z,y€q.

3 / F(ekp(y))X(k)dwre (k) — 8] £ () £ (3)

ped
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Then either
2 )
(@5) ) < 2 ”2('1)(1'),*4 e
or
(4.6) S [ Hakp)REdon(r) = 91701 0). .5 € G

ped

Proposition 4.3. If the algebrayw x M (G) xxwx is commutative then the conditigr (*) holds.

Proof. Sincef(kxh) = x(k)f(x)x(h), k,h € K, z € G, then we haveqwk x f x xwrx = f.

Suppose that the algebtax « M (G) » Ywg IS commutative, then we get:

/ / Fakykhh=")dwre (K)dwy (h) = / / F(@hyhah= kY dwse (k) dewrc (h)
KJK KJK

= (0, * Xwg * 0y * Xwk * Oz, f)
= (3, * Xwk * 0y * XWk * Og, XWK * [ * XWK)
= (XwWk * 0, % XWi * 0y * XWk * 0y * XWi, [)

= (XWi * 0, * XWi * 0z * XWk * Oy * XWik, [)

= /K /K fykak™ hzh™")dwi (k)dwi (h).

Let f be bi-K-invariant (i.ef (hxk) = f(x),h, k € K,z € G), then we have:
Corollary 4.4. Leto > 0 and letf € C(G) be bi-K-invariant such that for all, y, 2 € G,

*) //fzk;xhy Ydwi (k)dwg (h //fzkyhx dwg (k)dwg (h),
and
(4.7) > [ Hako)dew(h) - 91| <5 2. €G.
ped
Then either
@8) o) <« PEVIEERE e
or
(4.9) > [ fako)don() = @17 ), @y € €.
ped

Proposition 4.5. If the pair (G, K) is a Gelfand pair (i.evx * M (G) * wg IS commutative),
then the conditior| (*) holds.

Proof. We takey = 1 (unit character of{) in Propositiorn} 4.3 (see[[3] and|[6]). O
In the next corollary, we assume th@t= K is a compact group.

Lemma 4.6. If f is central, thenf satisfies the conditiof [*). Consequently, we have

(4.10) /Gf(xtyt_l)dt:/Gf(ytxt_l)dt, r,y €G.
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Corollary 4.7. Leté > 0 and letf be a complex measurable and essentially bounded function
on G such that

(4.11) Z/fxw Yt~ [0]f(2) f(y)| <6, 2y €.
ped

Then

(4.12) o) < B VIRE+ AR

2|®|

Proof. Let f € L.,(G) be a solution of the inequality (411), th¢ris bounded, if not, therf
satisfies the second case of Theofen 3.2 which impliesftlimtcentral (i.e the conditiorj (*)
holds) andf is a solution of the following functional equation

(4.13) Z/ [ttt = 911 (@) f(), 2y € G.
ped
In view of the proposition in[[5], we have thdtis continuous. Sincé&; is compact, then the
proof is accomplished. O
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