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Abstract

We estimate the £, norm of the n x n matrix, whose ij entry is (i, j)*/[i, ",
where r,s € R, (i, ) is the greatest common divisor of i and j and [i, j] is the
least common multiple of 7 and j.
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Let S = {x1,29,...,2,} be a set of distinct positive integers, and febe
an arithmetical function. LetS), denote ther x n matrix having f evalu-
ated at the greatest common diviger, z;) of x; andz; as itsij entry, that is,
(S)r = (f((zs,2;))). Analogously, let]S]; denote the: x n matrix having
f evaluated at the least common multife, z;] of z; andx; as itsij entry,
that is,[S]; = (f([zi,z;])). The matricegS), and[S]; are referred to as the
GCD and LCM matrix onS associated wittf, respectively. H. J. S. Smith]

. . . On the £, Norm of GCD and
calculateddet(S); when S is a factor-closed set antdt[S]; in a more special Related Matrices
case. Since Smith, a large number of results on GCD and LCM matrices have
been presented in the literature. For general accounts se&elg-].

Norms of GCD matrices have not been studied much in the literature. Some

Pentti Haukkanen

results are obtained ir2] 3, 9, 10, 11]. In this paper we provide further results. Title Page
Letp € Z*. The(, norm of ann x n matrix M is defined as Contents
n n 5 44 44
il = (3l ) & I
i=1 j=1
. . Go Back
Letr, s € R. Let A denote thex x n matrix, whose, j entry is given as o
ose
(11) Qaij = ([Z“]}) y Quit
7]
Page 3 of 17

where (i, j) is the greatest common divisor éfand j and [i, j] is the least
common multiple of andj. Fors = 1, = 0 ands = 0,r = —1, respectively, 3. Ineq, Pure and Appl. Math. 5(3) Art, 61, 2004
the matrixA is the GCD and the LCM matrix ofil, 2,...,n}. Fors =1,r =1 AL RGN
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the matrix A is the Hadamard product of the GCD matrix and the reciprocal
LCM matrix on {1,2,...,n}. In this paper we estimate thg norm of the
matrix A given in (L.1) forall , s € R andp € Z*.
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In this section we review the basic results on arithmetical functions needed in
this paper. For more comprehensive treatments on arithmetical functions and

their estimates we refer taJand [5].
The Dirichlet convolutionf x ¢g of two arithmetical functionsf and g is

defined as
Z f(d)g(n/d).

dn
Let N*, u € R, denote the arithmetical function defined/&%(n) = n* for all
n € Z*, and letE denote the arithmetical function defined/ag:) = 1 for all
n € Z*. The divisor functiomu, u € R, is defined as

(2.1) => d"=(N"xE)(n).

dn
The Jordan totient functiodi,(n), k € Z7, is defined as the number bftuples
ai,as, . ..,ar (mod n) such that the greatest common divisonfa,, . .., ax
andn is 1. By convention,J,(1) = 1. The Mdobius functiory is the inverse
of E under the Dirichlet convolution. It is well known thdt = N* x ;. This

suggests we defing, = N“x  for all u € R. Sincey is the inverse oF’ under
the Dirichlet convolution, we have

(2.2) n' =" Ju(d)

dln

n):n“H(l—p

It is easy to see that
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We thus have
(2.3) 0 < Ju(n) <n"foru>0.
Lemma 2.1.

(@) If s > —1,theny”, _ k* = O(n**).

(b) > k' = O(logn).

(c) If s < —1,thend_,_ k* = O(1).

On the ¢, Norm of GCD and

Lemma2.1follows from the well-known asymptotic formulas fef, see [, Related Matrices
Chapter 3]. Pentti Haukkanen
Lemma 2.2. Suppose that > 1.

Title Page
(@) Ifu—t>—1,theny, ., = — O(nv=t+1), =
oul) Contents
b) If u —¢t = —1, then 7w = O(logn).
(b) > ken i = O(logn) % N
(b) Ifu—t < —1,theny, _, 28 = O(1). < >
Proof. For allu andt we have Go Back
k - U u—t — u— -
(2.4) ):Zktzdzzd =Y Y g Close
k<n k<n dlk dg<n d<n q<n/d Quit
Now, lett > 1. Then, by Lemma.1(c), Page 6 of 17
1) Z duit. J. Ineq. Pure and Appl. Math. 5(3) Art. 61, 2004
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If u—t > —1, then on the basis of Lemn2al(a)

Z Ou(k) _ O(l)O(nu_t—H).

k;t
k<n

If w—t = —1, then on the basis of Lemnzal(b)

3 ""k—(f) — 0(1)O(logn).

k<n

If u—t < —1, then on the basis of Lemn#al(c)

Ouk—(f) =0(1)0(1).
k<n
[
Lemma 2.3.
(@) Ifu>0,theny, U"T(k) = O(n"logn).

(b) If u =0, then", ., 2&) = O(log?n).

() If u <0, theny, ., 2 = O(logn).

Proof. According to ¢.4) with ¢ = 1 we have

ou(k u—1 -1
N DI

k<n d<n q<n/d
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Thus on the basis of Lemnial(b)

O-u(k) u—1
T O(logn) Zd :
k<n d<n
If w > 0, then on the basis of Lemn#al(a)
ou(k u
% = O(logn)O(n").
k<n

If w = 0, then on the basis of Lemn#al(b)

Z "uk_g’f) = O(logn)O(logn).

k<n

If u < 0, then on the basis of Lemn#al(c)

3 "“k—(f) — O(log n)O(1).

k<n

Lemma 2.4. Suppose that < 1.

(@) If u> 0, theny, _, 2 = O(n'+u).
(b) If u =0, theny, _, 2*)

O(n'"'logn).
(©) If u <0, theny,_, 2 = O(n!).
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Proof. According to ¢.4) we have

ou(k u—t —t
IR S S

k<n d<n q<n/d

Thus on the basis of Lemnial(a)

Z Uuk—ik) = 0O(n'™) Z dvt

k<n d<n On the ¢, Norm of GCD and
Related Matrices

If v > 0, then on the basis of Lemntal(a)
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Gu(k) _ 1—t u
Z Rt O )0(n"). Title Page
k<n
Contents
If « = 0, then on the basis of Lemnzal(b)
44 44
ou(k _
> % = O(n*""O(logn). < >
ksn Go Back
If u < 0, then on the basis of Lemn#al(c) Close
u k QUit
3 “k—(t) = 0(n'~H0(1).
e Page 9 of 17
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In Theorems3.1, 3.2 and 3.3 we estimate thé, norm of the matrixA given
in (1.1). Their proofs are based on the formulas in Sectiand the following

observations.
Since(i, 7)[¢, j| = ij, we have for alp, r, s

n 7’+s

(3.1) 1All% = ZZ Z jm

=1 j=1 =

From 2.2) we obtain

Al = Z — Z =5 2 ol

d|(4.7)
S IED DU SHE) ES
d|i Jd‘]l
[n/d]
J(r+s ) 1
(32) - Z irp Z ij
d|i j=1

Theorem 3.1. Suppose that > 1/p.
(1) If s > 17— 1/p, then||A||, = O(n*~"+1/7).
(2) If s = r — 1/p, then||A||, = O(log"/? n).
(3) If s <7 —1/p, then| 4|, = O(1).
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Proof. Letr > 1/p orrp > 1. Then, by 8.2) and Lemma2.1(c),
B ~ 1 [Jo+sp(d)]
|A[[; = O(1) Zl p=s ; B a—

Assume that + s > 0. Then, by £.3) and @.1),

n

4l =0 Y- 724,

Case l.Lets >r —1/porsp —rp > —1. Then, by Lemma.2(a),
1Al = O(M)O(n=7*1) = O(nr~"#*1)
Case 2.Lets =r —1/por sp —rp = —1. Then, by Lemma.2(b),
||AH£ = O(1)O(logn) = O(logn).
Case 3.Lets <r —1/porsp —rp < —1. Then, by Lemma.2(c),

[A[l; = O(MO(1) = O(1).

Now, assume that+ s < 0. Sincer > 1/p, we haves < r — 1/p and thus
we consider Cas@. Sincer + s < 0, then(i, j)"+*» < 1 and thus on the basis

of (3.1) we have

n n
lAl <Y i > i
i=1 j=1
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Sincerp > 1, we obtain from Lemma.1(c)

[A[[; = 0(1)O(1) = O(1).

Theorem 3.2. Suppose that = 1/p.
(1) If s > 0, then||Al|, = O(n*log? n).
(2) If s = 0, then||A|, = O(log®? n).
(3) If s < 0, then||Al|, = O(log?? n).
Proof. From (3.2) with rp = 1 we obtain

[n/ d]

1All7 = Z Z S"’“ Z—

i=1 dli
By Lemmaz2.1(b),
AllP = 1 |JSP+1
[A[[; = O(log n Z Z
1=1 d|i
Assume thatp + 1 > 0. Then, by(2.3) and(2.1),

4l = Oogmy 3 722

=1
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Case 4.Assume that > 0 or sp > 0. Then, by Lemma.3(a),

|A||2 = O(log n)O(n** log n) = O(n** log®n).

Case 5.Assume that = 0 or sp = 0. Then, by Lemma.3(b),
|A||l? = O(log n)O(log? n) = O(log® n).

Case 6.Assume that < 0 or sp < 0. Then, by Lemma.3(c),
|Al|> = O(log n)O(log n) = O(log?n).

Now, assume thatp + 1 < 0. Thens < 0 and thus we consider Case
Sincesp+ 1 < 0 andrp = 1, then(i, j)"*+*)? < 1 and thus on the basis o (1)

we have . .
lAllp <> iy i
i=1 j=1

Sincerp = 1, we obtain from Lemma.1(b)

|A]lZ = O(logn)O(log n) = O(log®n).

Theorem 3.3. Suppose that < 1/p.
(1) If s > —r + 1/p, then||A||, = O(n>"+1/7),
(2) If s = —r + 1/p, then|| A||, = O(n=2+2/» log"/? n).
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(3) If s < —r +1/p, then|| A, = O(n~2+2/7),
Proof. Letr < 1/porrp < 1. By (3.2) and Lemma&2.1(a),

Jrs
4l = 0= ZW,Z’ :

Assume that + s > 0. Then, by £.3) and @.1),

A = o=y Tt
i=1

Case 7.Lets > —r + 1/por (r + s)p — 1 > 0. Then, by Lemma.4(a),

A2 = O(n'~)O(n LHrs)p=1-rpy — O (pl+sp=rp),
Case 8.Lets = —r +1/por (r+s)p — 1= 0. Then, by Lemma.4(b),

IA[]5 = O(n'=)O(n' """ logn) = O(n*~*"logn).
Case9.Lets < —r+1/por(r+s)p—1 < 0. Then, by Lemma.4(c),

[A]P = O(n'~™")O(n'~"") = O(n**').

Now, assume that+ s < 0. Thens < —r + 1/p and thus we consider Case
9. Sincer + s < 0, then(s, 7)"+*» < 1 and thus on the basis d3.(l) we have

n n
IAl <Y > i
i=1 j=1
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Sincerp < 1, we obtain from Lemma&.1(a)

4l = O )0m'=") = O )

O
Corollary 3.4.
@) (15, 5)]l, = O(n'*'/7) whenp > 2.
(b) 1I(i.4)]l, = O(n*log n) whenp = 1. On the £, Norm of GCD and
(C) H[Zhﬂ Hp = O<n2+2/p) Whenp 2 L. Pentti Haukkanen
(@) (15, 5)/[i; 3]l = O(n'/?) whenp > 2.
Title P
() [1(:7)/li> 1ll, = O(nlog® n) whenp = 1. —
Contents
Proof.
44 44
(a) Taker =0,s =1, p > 2 in Case7 of Theorem3.3. p >
(b) Taker =0,s =1, p = 1in Case3 of Theorem3.3. p—
(c) Taker = —1,s =0, p > 1 in Cased of Theorem3.3. Close
(d) Taker = s =1, p > 2in Casel of Theorem3.L Quit
(e) Taker = s = p =1 in Case4 of Theorem3.2 Page 15 of 17
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