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1. Introduction

Let ), be the class of functions of the form:

(1.1) flz)=2"P+ iakpzk_p (peN={1,2,..}),
k=1

which are analytic ang—valent in the punctured unit didé* = {z : z € C and
0<|z] <1} =U\{0}.

Similar to [1], we define the following family of integral operatofg; , : Zp —
>, (@>0,8>—1;p € N) as follows:

(4)
(1.2) Qo f(x) = (O‘;fz 1)az—<p+ﬁ> /OZ(1 _ 2)“‘1tﬁ+p‘1f(t)dt
(1.3) (>0, >—-1,peN; fek,):
and

(i)

(14) Q%,f(2)=f(2) (fora=0; 8>-1;peN; feX,).

From(1.2) and(1.1), we have

« _ D F(O&—{—ﬁ) = F(k_{_ﬁ) a Zk—p

(1.6) (>0, 6>-1;peN; feX,).
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Using the relatior{1.5), it is easy to show that

1.7)  2(Q5,f(2) = (a+B8-1)Q5," f(2) — (a+ B +p—1)Q5,f(2).

Definition 1.1. Let > 7 5(n, 0, 1, A) be the class of function € ) which satisfy:

(1.8) Rel(1-)) (M) n N f(z) (Q%,pf(z)> -

Q5 ,9(2) Q5. 9(2) \ @5,9(2)
whereg € »_ satisfies the following condition:
(1.9) Re Qf+g(z) >0 (0<0<1;2z€U),
Qg,p 9(2)

and n and p are real numbers such th&x < n < 1, x > 0 and A € C with
Re{A} > 0.

To establish our main results we need the following lemmas.

Lemma 1.2 ([2]). Let2 be a set in the complex plarié and let the function) :
C? — C satisfy the condition)(iry, s1) ¢ Q for all real ry, sy < — 22 If ¢ is
analytic inU with ¢(0) = 1 and¢(q(2), 2¢'(2)) € Q, z € U, thenRe{q(2)} >

0(zeU,).

Lemma 1.3 (B]). If ¢ is analytic inU with ¢(0) = 1, and if A € C\{0} with
Re{A} > 0, thenRe{q(z) + \z¢/(2)} > a (0 < a < 1) impliesRe{q(z)} >
a+ (1 —a)(2y — 1), wherey is given by

1
v =7Rel) = / (1 + Rty
0
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which is increasing function die{\} and% <~ < 1. The estimate is sharp in the
sense that the bound cannot be improved.

For real or complex numbers b andc (¢ # 0, —1,—2, ... ), the Gauss hyperge-
ometric function is defined by

a-bi+a(a+1)-b(b+1)z_2
1! c(c+1) 2!

(2.10) oFi(a,b;c;2) =1+

We note that the serids.10) converges absolutely far € U and hence represents
an analytic function iU (see, for details,4, Ch. 14]). Each of the identities (as-
serted by Lemma.4 below) is fairly well known (cf., e.g.,4, Ch. 14]).

Lemma 1.4 (4]). For real or complex numbers b andc (¢ # 0, —1,—2,...),

L) (c—0b)

F . e
F(C) 2 1(a7 b7 C7 Z)

(1.11) /Oltbl(l — )1 —t2)dt =

(Re(c) > Re(b) > 0);

(1.12) oF1(a,b;c;2) = (1 —2)7" o F} (Q,C — b;c; Ll) ;
z —
(1.13) o F1(a,b;¢; 2) =9 F1(b,a;¢;2);
and
1
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2. Main Results

Unless otherwise mentioned, we assume throughout this paper that
a>0;0>-1, a+0#1; u>0;,0<n<1; peNand\ > 0.
Theorem 2.1.Letf € > 7 5(n, 0,11, A). Then

(2.1) Re (Qﬁp—f(z)> St BN

Q5,9) ) " 2ula+B-1)+2
where the functiog € ) satisfies the conditiofl.9).

2pn(at+B-1)+A8
2p(atB—1)+Xo

(2.2) a(z) = — [(Qg’pﬂz)) —7]-

Proof. Let~ = and we define the functiopby

1o Q5 ,9(2)
Theng is analytic inU andq(0) = 1. If we set
(2:3) ) = )

then by the hypothesis .9), Re{h(z)} > ¢. Differentiating(2.2) with respect to:
and using the identityl.7), we have

N RN mION L NION
(2.4) (1 A)<Q%7pg(z)> +AQ§;1g(z) (Q%,pg(Z)>

_ A1 —7)
= [(T=)q(z) +~] + dlat -1

2q'(2)h(z).
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Let us define the functioti(r, s) by

— (1 — AL —7)
(2.5) P(r,s) =[(1-9) +ﬂ+;@:gtjj

Using(2.5) and the factthat € >~ 5(n, d, i1, A), we obtain
{¢(4(2),2¢'(2)); 2 € U)} € Q ={w € C': Re(w) > n}.

2
Now for all realry, s; < —”%, we have

sh(z).

. _ ML=7)81 pope
Re{y(iry, s1)} = v + o i-1) Re h(z)

AL —7)8(1 + 1)
=77 Toulatrf-1)
A1 —7)é
e/ S A ——
= a1
Hence for eaclr € U, ¥(iry, s1) ¢ Q. Thus by Lemmal.2, we haveRe{q(2)} >

0 (z € U) and hence
o H
Re <Qﬁp—f(z)> >v (z€U).

Q%,9(2)
This proves Theorers. 1. O]

Corollary 2.2. Let the functionsf and g be in Zp and letg satisfy the condition
(1.9). If A > 1and

Q5,1 (2) N AQ;;;,lf(z)

=9 Re{“‘”@gmg(@ Q5. 0(7)

}>77 0<n<1;zel),
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then

Q, f() | _nl2(a+B=1)+d+6(—1)
@D Re{m}”— 2a+3—1)+ 0\ =

Proof. We have

QMG [ @6 Q) @,
") {“ Mo, T <z>}+(A Vas,e e

Since\ > 1, making use of2.6) and(2.1) (for u = 1), we deduce that

Q5, f(2) 2@+ B -1+ + 3N —-1)
{Q (z)}”_ 20+ B —1)+ oA (z€U).

el).

O

Corollary 2.3. LetA € C\{0} with Re{A} > 0. If f € > satisfies the following
condition:

Re{(1 = \)(2"Q3,f(2))" + A2PQ5, f(2)(2PQ5,,f ()"} >0 (2 €U),
then
2un(a+ B — 1) + Re{A}

@8)  Re{(FQ5,IC) > S T rey G €U
Further,ifA > 1andf € >_  satisfies
(29)  Ref{(1-XN2"Q5,f(:) +3Q5, f(2)} >n (2 €U),
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then
na+pB-1)+A-1
2@+ 0 —-1)+ A

Proof. The resultg2.8) and(2.10) follow by puttingg(z) = 277 in Theorem2.1
and Corollary?.2, respectively. O

(2.10) Re{z”Q%;lf(z)} >

(ze€U).

Remarkl. Choosingx, A andu appropriately in Corollary.3, we have,

(1) Fora=0,3 # 1and\ = 1in Corollary 2.3, we have

Ref 2 s -1+ 0 rop}sn ceo),

which implies that

Re {="f(2)}" > 22‘27((5__ 11)>++ 11 (z D).

(17) Fora=0,0 # 1,u = 1land X € C\{0} with Re{\} > 0in Corollary 2.3, we
have
)‘p A +1 ¢/
Re {(1 + i1 1)zpf(z) + 71 12” f (z)} > 1,

whichimplies that

2n(B — 1) + Re{A}

Re (1)) > 05— g

(zeU).
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(171) Replacingf by—%’ in the result(i7), we have:

] i g’(@

+ A

~ref 1+ 204 1) .

which implies that

e [FEY 2003 1) + Ref)
i { ’ }> 25— 1) + Re()]

Theorem 2.4.Let A € C with Re{\} > 0. If f € > satisfies the following
condition:

(2.11) Re{(1=N)(2" Q53 ,.f (2))! + Az"Q5 ' f(2) (2P Q5 f(2))" '} >n (2 €U),
then

O BRI )

(ze€U).

(2.12) Re{(2"Q5,f(2))"} > n+ (1 —n)(2p - 1),
where

1 pla+B-1) 1
Proof. Let
(2.14) q(2) = (2"QF . f ()"

Theng is analytic withq(0) = 1. Differentiating(2.1) with respect toz and using
the identity(1.7), we have

(1= N(PQ5, ()" + APQG, f(2)(2P Q5 ,f ()"

A
=q(2) + o

mzq/<z)a
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so that by the hypothesis.11), we have

Re {q(z) + m%/(z)} >n (zeU).

In view of Lemmal.3, this implies that

Re{q(’Z)} > n + (1 - 77)(2/) - 1)7 p-Valent Meromorphic Functions
Where M.K. Aouf and A.O. Mostafa
1 Re{\} -1 vol. 9, iss. 2, art. 45, 2008
p = p(Re{A\}) = / (1 + tu(af/@‘—l)) dt
0
PuttingRe{\} = \; > 0, we have Title Page
1 A -1 -1 1 platBo1) Contents
p—/ <1+tm> dt—M/(leu)luill 1du
0 A1 0 <4 »
Using(1.11), (1.12), (1.13) and(1.14), we obtain < >
) 1 F(l 1'u(a+ﬁ—1)+1‘1) Page 11 of 16
= 5 241 sy T N PP B
2 A1 2 Go Back
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where

1 a+p3-1 1
p=3 2F1 (1,1;(—5)‘1‘1;5)'

Proof. The result follows by using the identity
(2.16) \2PQ5, f(2) = (1 = AN)2PQ5,f(2) + APQF, f(2) + (A = 1)2PQF , f(2).
O

Remark2. We note that, forv = 0, 3 = 2 and\ = p > 0 in Corollary2.3, that is, if
(217)  Re{(1 =N )+ AT f @) ()T >0 (2 €U),
then(2.8) implies that

2n+1

(2.18) Re{("f(2))*} > (z€U),

whereas, iff € > satisfies the conditiof.17) then by using Theorem.4, we
have
Re{(2"f(2))*} > 2(1 = In2)n+ (2In2 1) (2 €U),

which is better thari2.18).

Theorem 2.6. Suppose that the functionsand g are in Zp and g satisfies the
condition(1.9). If

(2.19)

{@ f(Z)_Q%,pf(Z>}>_ A=) o

Q5, 9(2)  Qf,9(2) 20a+p—-1)
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for somen (0 <17 < 1), then

Q5,f(2)
(2.20) Req —=£——>b >n (zeU)
QﬂJ)g(Z)
and
a—1
2 - 1 6 - (5 -Valent Meromorphic Functions
(221)  Re Qi’flf(z) S nlatB=1)+9] (z € U). prvalent Meromorphic Funct
Qﬁ,p g(z) 2(@ + ﬁ — 1) M.K. Aouf and A.O. Mostafa
vol. 9, iss. 2, art. 45, 2008
Proof. Let
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Using the hypothesig.19), we obtain

—n)o
{(q(2),2¢'(2));z € U} CQ = {w € C:Rew > —2(5414_—;)_1)} )
Now, for all realry, s; < —”2’”3, we have
s1(1 —n) Re{¢(2)}

Re{v(irg, s1)} =

a+ -1
o ==t +r3)
- 2a+p5-1)
o —(A-nd
“2(a+p-1)
This shows that)(iry, s1) ¢ € for eachz € U. Hence by Lemmad..2, we have

Re{q(2)} > 0 (z € U). This proves(2.20). The proof of(2.21) follows by using
(2.20) and(2.21) in the identity:

QL) Q56 @8, fe L [@5,00)
I{{Q <>} R‘{@Mg@> @%ma} I‘{Q%mw}'

This completes the proof of Theore®. O

Remarks.
(1) Fora = 0andg(z) = z7? in Theorem?2.6, we have

—(1—n)o

Re {271 f'(2) + p2P f(2)} > 5

(z €U),
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whichimplies that

and

Re{"f(2)} >n (2€U)

Re {1 f(2) + (p+ B — D)7 ()} > MEU = 12> =0 e

(77) Puttingae = 0, 8 = 2 in Theoren?.6, we get that, if

then

and

SO+ fO) | —0-np
Re{zgf<z>+<p+1>g<z> g<z>}> ;. el
BN
Re{g<z>}>” (e l)

)+ o4 DA 02t 8) 6
29+ + Dg(2) } T el

Re

p-Valent Meromorphic Functions
M.K. Aouf and A.O. Mostafa
vol. 9, iss. 2, art. 45, 2008

Title Page
Contents
44 44
< >
Page 15 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

References

[1] E. AQLAN, J.M. JAHANGIRI AND S.R. KULKARNI, Certain integral oper-
ators applied to meromorphic p-valent functiodspf Nat. Geom.24 (2003),
111-120.

[2] S.S. MILLER AND P.T. MOCANU, Second order differential equations in the
complex plane). Math. Anal. Appl 65 (1978), 289-305.

[3] S. PONNUSAMY, Differential subordination and Bazilevic functioRsoc. In-
dian Acad. Sci(Math. Sci.), 105 (1995), 169-186.

[4] E.T. WHITTAKER AND G.N. WATSON, A Course of Modern Analysis: An
Introduction to the General Theory of Infinite Processes and of Analytic Func-
tions; With an Account of the Principal Transcendental Functidfeurth Edi-
tion, Cambridge University Press, Cambridge, 1927.

p-Valent Meromorphic Functions
M.K. Aouf and A.O. Mostafa
vol. 9, iss. 2, art. 45, 2008

Title Page
Contents
44 44
< >
Page 16 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

	Introduction
	Main Results

