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ABSTRACT. In this paper, a new subclagg)ﬂ(n, d, u, A) of p—valent meromorphic functions
defined by certain integral operator is introduced. Some interesting properties of this class are
obtained.
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1. INTRODUCTION

Let ), be the class of functions of the form:

(1.1) fz)=z2""+ Zak_pzk_p (pe N={1,2,...}),
k=1

which are analytic ang—valent in the punctured unit didé* = {z : z € C and0 < |z| <
1} = U\{0}.

Similar to [1], we define the following family of integral operataps , : Zp — Zp (v >
0,8 > —1;p € N) as follows:

(4)
(1.2) Q5,f(2) = (O‘;f I 1>az—(p+ﬁ) /0 z(l _ 2 YL p () dt
(2.3) (>0, >—-1;peN; feX,),
and
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(i)

(1.4) Q,f(2) = f(z) (fora=0; 3>—1;peN; fel,).
From (1.2)) and(L.4), we have
o _ o De+B) -~ T(k+0) —p
(1.5) Q5,f(2) =277+ 07 Zr(k+5+a)“k—pzk

(1.6) (a>0; B>—-1;peN; fekx,).

Using the relatiori[1.5)), it is easy to show that

(1.7) 2AQ5,f(2)) = (a+ 8 -1)Q5,' f(2) — (a+ B+p—1)Q5,f(2).
Definition 1.1. Let 37 ;(n, d, u, A) be the class of functions € > which satisfy:

(@SN @56 (@500
(1.8) Re{“ )<Qﬁpg<z>) e (Qﬁpg(z)> }M’

whereg € Zp satisfies the following condition:

Qﬂpg( z)
Qgp 9(2)

andn and x are real numbers such that<n < 1, x > 0 and A € C with Re{\} > 0.

(1.9) R{ }>6 0<d<1;z€l),

To establish our main results we need the following lemmas.

Lemma 1.1([2])). LetQ be a set in the complex plafitand let the function) : C*> — C satisfy
the conditiony (irs, s1) ¢ ) for all real ro, 51 < —1J;T2. If ¢ is analytic inU with ¢(0) = 1 and

W(q(2),2¢'(2)) € Q, z € U, thenRe{q(2)} > 0 (z € U).

Lemma 1.2([3]). If ¢ is analytic inU with ¢(0) = 1, and if A € C'\{0} with Re{\} > 0, then
Re{q(z) + \2¢/(2)} > a (0 < o < 1) impliesRe{q(z)} > a+ (1 — a)(2y — 1), wherey is
given by

1
7 = 7(Re ) :/ (14 01
0

which is increasing function dke{A} and < ~ < 1. The estimate is sharp in the sense that
the bound cannot be improved.

For real or complex numbers b andc (¢ # 0,—1,—2,...), the Gauss hypergeometric
function is defined by
a-bz ala+1)-bb+1)2?
1! c(c+1) 21
We note that the serigf.10)) converges absolutely far€ U and hence represents an analytic

function inU (see, for details, |4, Ch. 14]). Each of the identities (asserted by Lgmma 1.3
below) is fairly well known (cf., e.g./ 14, Ch. 14]).

(1.10) oFi(a,byc;2) =1+

Lemma 1.3([4]). For real or complex numbers, b andc (¢ # 0, —1,-2,...),

(1.11) /1 7L = )1 — t2) %t = —F(b)g((;— )

(Re(c) > Re(b) > 0);

2F1(a'7 ba C, Z)

J. Inequal. Pure and Appl. Matt9(2) (2008), Art. 45, 8 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

p—VALENT MEROMORPHICFUNCTIONS 3

(1.12) oF1(a,b;¢,2) = (1 —2)7" oy (CL,C —b; ¢ %) ;
Z —
(1.13) o Fi(a,b;¢; 2) =9 F1(b,a;¢;2);
and
1

2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout this paper that
a>0;0>-1,a+0#1;, u>0,0<n<1; peNand\ > 0.
Theorem 2.1.Letf € >0 5(n, 0,1, A). Then
I
e f(z 2 — 1)+ X
Re Qi’pf() > p(e+5—1) + : (z€U),
Q5,0 ) " 2mla+ -1+

where the function € 3~ satisfies the conditiofi.9).

(2.1)

Proof. Lety = %, and we define the functiopby

1 (@@
(22) Q<Z) - 1 — [(ngpg(2)> /y] .
Theng is analytic inU andq(0) = 1. If we set
Q5 ,9(2)
2.3 hiz) = 22277

then by the hypothesifi.9), Re{i(z)} > 4. Differentiating (2.2)) with respect to: and using
the identity(1.7)), we have

(@G Qe ()
24 {1-X) ( ) A0 (Qg,,,gcz))

Q%,9(2)
— (0= ) 4]+ G ().

Let us define the functioti(r, s) by

(2.5) w(r,s)=[1—~r+~]+ ,u A=) sh(z).

(a+p-1)
Using and the factthaf € Y7 ;(n, 0, 1, \), we obtain
{(q(2),2¢'(2));z € U)} € Q={w € C: Re(w) > n}.
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1 2
Now for all realry, s; < —+52

, we have
A1 —7)s1
pla+5-1)
AL —7)d(1 +13)
=TT a5 1)

Re{d(irz, 1)} =7 + Reh(z)

AL —=7)
“oula+p-1) T
Hence for each € U, v (iry, s1) ¢ . Thus by Lemma 1]1, we havee{¢(z)} > 0 (2 € U)
and hence X .
Re (gg’;gg;) >v (z€l).
This proves Theorem 2.1. O

Corollary 2.2. Let the functiong andg be mZ and letg satisfy the condltlo. fA>1
and

. Qi,f(2) @5, f(2) .
(2.6) R {(1 )Qﬁpg(z) +)\Qg;19(2)} >n (0<n<1l;zel),
then
Q5. f(2) 2+ B-1)+38]+6(A—1)
(2.7) {Q (z)}>7_ 20+ —1)+0A (z€0).

Proof. We have
N PRIO) Q5,f(2) | @5, f(2) Qfpf ()
=< (1—-N)== A—
25,0 { R TE R TR E ) AR wTE)
SinceX > 1, making use of2.6) and(2.1) (for . = 1), we deduce that

Q5, f(2) Cn2(a+B—1)+68]+5(A=1)
fe {Qﬁpg()}yy_ 2(a+ 3 —1)+5A

(ze€U).

(ze€U).

0
Corollary 2.3. LetA € C\{0} withRe{A} > 0. If f € }_  satisfies the following condition:

Re{(1 = N)(z"Q5,f ()" + AFQG f(2)(2PQ5,f ()"} >0 (2 €U),

then
2um(a+ 5 — 1) + Re{\}
p)Q I3
(2.8) Re{(2PQ3,f(2))"} > 2o+ 7 —1) + Re{\} (ze€U).
Further,if \ > 1andf € Zp satisfies
(2.9) Re{(1 = X)2"Q5,f(2) + A\z"Q5, f(2)} >n (2 €U),
then
. Mma+F—1)+A—1
pyo—1
(2.10) Re{z"Q5, f(2)} > ot A—D A (ze€U).
Proof. The results)2.8) and(2.10) follow by puttingg(z) = 2~? in Theoreni 2.1 and Corollary
[2.9, respectively. O
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Remark 1. Choosingx, A andy appropriately in Corollary 23, we have,
(i) Fora =0,6 # 1 and\ = 1 in Corollary[2.3, we have

1 Zf'(Z)} (pr(z))“} >n (2€U),

I“{Ei7{5+p_1+ i)

which implies that

2um(B—1) +1
(G —1) 11 (zeU).

(it) Fora=0,6#1,u = 1andX € C\{0} with Re{A} > 0in Corollary[2.3, we have

Re{t+ 2o r(a) + 27 ) b >

Re {2 f(2)}" >

g—1
whichimplies that

Re {7 ()} > 2n(8 — 1) + Re{A}

2(8— 1)+ Re{A}
(171) Replacingf by—ZT{” in the result(:i), we have:

Zp+1f,2 "
] v ( )+p<ﬂA_1)Zp+1f (2)}>?7 (0<n<l;z€l),

(z € U).

—Re{[1+ 7ip+1)
which implies that
() L 20(B—1) + RefA}
'4“{ P }>2W—U+Rd&
Theorem 2.4.Let\ € CwithRe{A} > 0. If f € > satisfies the following condition:
(211)  Re{(1—-N("Q5,f(2))" + \"Q5, () (PQ5,f ()"} >n (2 €U),
then

(ze€U).

(2.12) Re{(2"Q5,/(2))"} >n+ (1 —n)(2p - 1),
where

1 (a4 —1) 1
(213) P = §2F1 <1,1,W+1,§> .
Proof. Let
(2.14) q(2) = (2"Qj ,f (2))".

Theng is analytic withg(0) = 1. Differentiating ([2.14)) with respect to: and using the identity
(1.7), we have

(1= N(PQ5, ()" + APQ5, f(2)(2P Q5 f ()"

A 24/ (2)

IQ(Z)+—M(Q+5_1

so that by the hypothes{g.11)), we have

Re {q(z) + m,zq'(z)} >n (zel).

In view of Lemmg 1.P, this implies that
Re{q(2)} >n+ (1 =n)(2p = 1),
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where
—1

1 Re{\}
p = p(Re{A}) =/ (1 +t7ﬁb(a+ﬁ—1)> dt.
0
PuttingRe{\} = A\; > 0, we have
! 1 -1 — 1 [e3
p—/ (Htm) A ) 1)/ (14 u) a5
0 )\1 0
Using (1.11]), (1.12)), (1.13) and(|1.14)), we obtain

1 -1 1
/)_—2F1<1,1;—N<a+6 )—1—1'—).

2 A "2
This completes the proof of Theor¢m[2.1. O
Corollary 2.5. LetA € RwithA > 1. If f € > satisfies
(2.15) Re {(1 - X)2"Q5,f(2) + )\ZpQg;lf(z)} >n (z€U),
then

Re(z" Q3 () > 0+ (1= )2 - 1) (1-5) GOl

1 a+06—-1 1
mz—Qﬂ(LLL—ﬁ—J+L—)

where

2 A "2
Proof. The result follows by using the identity

(2.16) APQG f(2) = (1= N)2PQ5,f(2) + APQ5, f(2) + (A = 1)2PQF , f(2).

Remark 2. We note that, forn = 0,3 =2and\ = p > 0in Corollary@, that is, if

(2.17) Re {(1 =N fF)N + AT ) )T >0 (2 eU),

then(2.8) implies that

(2.18) Re{(f(2))} > 2110 (zev),

whereas, iff € ) satisfies the conditio then by using Theore@A, we have
Re{(z"f(2))*} > 2(1 = In2)n+ (2In2—1) (2 €U),

which is better tharf2.18)).

Theorem 2.6. Suppose that the functiorfsandg are in ) andg satisfies the condltlo..
If

Q' 1) @l a-ms
(249 {Q () @%ma}> Narp-1 “EU
for somen (0 < n < 1), then

Qﬁpf(z) .
(2.20) Re {Qgpg(z)} >n (z€U)

and

(2.21)

{Q f(z)} R e R et R

@5, 9(2) 2+ -1
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Proof. Let

1| Q5,f(2)
2.22 = -7l .
(2.22) q(2) = — [Qg,pg(z) 77]
Thengq is analytic inU with ¢(0) = 1. Setting
2.23 U),
(2.23) ¢(z) = Qﬁpg() (z€U)

we observe that fron)1.9), we haveRe{¢(z)} > § (0 < 0 < 1) in U. A simple computation
shows that

(1—1n)zq(2) Q5, [(2) _ Q5,1(2)

a+p-1 ?z) = Q5,9(2)  Qf,9(2)
=1(q(2), 2¢'(2)),
where .
b9 = L)

Using the hypothesi§2.19), we obtain

{(a(2), 2d' ()i z €Uy c = {w €€ Rew> _2(54:57]&51)} '

1+r§

Now, for all realr,, s; < ——2, we have

s1(1 —n) Re{g(2)}
a+p3—-1

o~ )31+ 13)

- 2a+p-1)

—(1—n)d

T 2a+B-1)
This shows thaw(m,sl) ¢ Q) for eachz € U. Hence by Lemm-l We hawre{q(z)} >
0 (z € U). This proves(2.20)). The proof of(2.21]) follows by using(2.20) and (2.21) in the

identity:
Q3,1 f(2) Q' () @0 L [@3,1¢)
R{@Mm>} R{Q ) %w@} R{%w@}'

This completes the proof of Theor¢gm]2.6. O

Re {4 (irg, s1)} =

Remark 3.
(i) Fora = 0andg(z) = 27?7 in Theoren' we have

—(1—n)s

Re {21! f'(2) + pz" f(2)} >~ (zel),

whichimplies that
Re{z"f(2)} >n (z€U)
and

(zeU).
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(¢¢) Puttinga = 0, 8 = 2 in Theorenj 2J6, we get that, if
Ro{LELOEVIE) S} S (o

zg'(2) +(p+1g(2)  g(2) 2
then 1)
Re{g(z)} >n (z€U)
and

)+ D) n2+8)
e { )+ 0+ Dgl2) } >y el
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