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Abstract

Let p, be the n-th prime number and z,, = p'f, — Pn—1pn+1. In this paper, we
study sequences containing the terms of the sequence (z;),>1. The main re-
sult asserts that the series Y°° | x,,/p? is convergent, without being absolutely
convergent.
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We shall use the following notation:

p,, then-th prime number
T = Dp — Pn-1Pn+1 fOrn > 2,
dp = ppy1 — pnforn > 1,

1
Gn = Pt for >1,
Pn On the Sequence

f(x) = g(x) if there existey, ¢, M > 0 such that (P = Pn=1Pnt1)n>2
cf(x) < g(z) < eaf (x) for every z > M.
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It will be our aim here to study the sequenas),~> defined above. Title Page
It was proved in {] that the sequencél,,),>1 iS not nonotone. A similar
result holds for the sequence,),>1 as well. This means that the sequence
(zn)n>2 has infinitely many positive terms, and infinitely many negative terms, PP Y
hence it is not monotone.

Contents

In [1], the so-called method of the triple sieve (due to Vigo Brun) was used < >
to prove that Go Back
n Close
(1.2) Z log — = log x. Quit
pn<z
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Another useful result is proved iri];

(1.2)

the seriesz

n=1

(

dy,
Dn

n
) Is convergent.

On the Sequence
(P2 — Pn—1Pn+1)n>2

Laurentiu Panaitopol

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 4 of 11

J. Ineq. Pure and Appl. Math. 3(4) Art. 53, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:pan@al.math.unibuc.ro
http://jipam.vu.edu.au/

Theorem 2.1. The seriesy”~ , Z—g is convergent, but it is not absolutely con-

vergent.

In order to prove this fact, we need the following lemmas.
Lemma 2.2. For z > —1, we have

332

x4 |z| > |log(1 + x)| > |z| — >

Proof. The inequalities are well known far> 0. Whenz € [—1,0], they take

on the form )

v — 2> —log(l+x) > —x—%.
Let f,g: [-3,0] — R be defined byf(z) = log(1 + z) —z — % andg(z) =

log(1 + x) — = + 22, respectively. We hav¢/'(z) = —% > 0, andg'(z) =

@2+ < 0. Sincef is increasing ang(0) = 0, we getf(z) < 0. On the other
hand, we have'(z) < 0 andg(0) = 0, so thaty(z) > 0. O

Lemma 2.3. The serie$_>* , “—“=L is convergent.

Proof. Denotes, = 3"j_, “=%=!, so that

dn+ " d 1

S, = = .
Pn =2 PkPr—1 2
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. . . . . d2 .
Sincelim,,_, % = 1, it suffices to prove that the serigs;-, —='- is con-

PkPk—1

. d?
vergent. Since—-—
PkPk—1

2
~ (iﬁ) and the terms of the series are positive, it

2
follows that the serie3 >, %=1 andy"> (dH)

2
are simultaneously con-
; PkPk—1 Pk—1
vergent or not. Now just usé.(2) and the proof ends.

. 2 .
Lemma 2.4. The series -, %+ is convergent.

Iz

Proof. Sincez,, = d,d,—1 + p,(d,—1 — d,), it follows that

n dndn— dn— - dn
2.1) 2—2 == Ly ;
hence
xi dydy_y  (do-1 —dp)?
(2.2) 1? <2 ( i + e > )

. . 2 . 2 d2 .
Since the seriey” ]‘f—g is convergent ané’;;1 ~ ==+, it follows that the se-
n n—1

n

. 00 dii . . . . max(diud%—
.rlesznz2 s convergent as well. Thisimplies that the seies —
is also convergent. Since

dydy_,  max(d},d} ) d (dp-1 —dn)®  max(dy,dp_,)
4 2 an 2 < 2 ’
Dy by b bn
we deduce byZ.2) that the seried ", f?% is convergent. ]
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Lemma 2.5. For z > 0 we have

Z_—

pn<w

Proof. In view of LemmaZ2.2, we have

2
n ~— Yn— n ~ Yn— n n n— ]- n
(q q1>+q Gt ] 5 [l 0| 5 |4 ql__(q
gn—1 dn—1 dn—1 dn—1 2 dn
Since
Pnt1 Pn
Gn—Gnt _ pp pua __Tn
Gn—1 pfil p%7
we have
1 *1'2 n n — Yn— n $2
(2.3) —-—Z+’logq >w2’logq Sy
2 p; qn—1 qn—1 qn—1 Pr

Now the desired conclusion follows b¥.(@) and Lemma2.4.

Proof of Theoren2.1. By the relation 2.1) we have

=2 Pk = y—2 Pk

di;

d_
§1+
Dy,

2 52
oo max(d;,dZ_,

Sinceddy—1 < max(di,d;_,), and since the seri€s, -, =
vergent, see the proof of Lemna4, it follows that the serie§ ">,
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convergent too. Consequently the sequeiség, -, defined bys!, = S, d’“i’%*
is convergent. Lemma.3implies that the sequen¢&”),.>1, defined byS! =

n drp—1—dg :
> ko ——— Is convergent as well. It then follows that the sequefttg,>»

is convergent, that is, the serigs >, 1 is convergent.

On the other hand, Lemnia5and the relatiorr—‘I”q‘anl*1

= ‘i—;‘ imply that

£
(2.4) Z p—2 = logx,
pn<T n
hence the series. ° g—g is not absolutely convergent. O
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Since the serie§ "~ ‘“‘ is divergent, it is natural to study what “correction”
does it need to become convergent. In this connection, we prove the following
fact.

Theorem 3.1. The serie -, 2 ‘l‘f);‘ is convergent if and only th > 1.

Proof. We are going to put to use a technique frow [

To begin with, we recall an inequality due to Abel: letb, € R, k € 1,n
such that, ifS; = >7,_, b, thenS; > 0 fori € T,n. Then>"  a;b; =
Si(ay —az) + So(as —ag) + -+ + Sp_1(an—1 — a,) + Spay, which implies the
inequalities

n

(3.1) Za@'bi > a,S, provideda; > --- > a,,
i=1

and

(3.2) Zaibz- <a,S, whena, <---<a,,.

i=1
It follows by (2.4) that there exist; andc; such that) < ¢; < ¢; and

(3.3) c1logx < Z @ < cplogx forall x> 2.

pn<z n
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Fora > 0andn > 1, we denotey; = 1,b; = 0 and fori > 2 a; = @ and

= C—.’ 'Z?' whered > 0is chosen such th&, S,, ..., .S, > 0. Such a choice
IS p035|ble because,,_;., ; ~ logz and 3.3 holds.

It now foIIows by @.1) that) ", log - <C7 '“') > 0, thatis,y ., pg'fg!g -
Y, 'Llog -. Since the serie}_ ", 1 - is convergent forr > 1, we deduce
that the seried "™ lon| ~is convergent as well.

n=2 p2 log®

One can similarly show that there exists> 0 such that

| |2 = 1
Z p2log®i C//;ilogai'

- is divergent fora. < 1, it follows that in this case

Since the serie§_;~, 1
the serie$ >, —x!

2 T leasy; 1S In turn divergent. O
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