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ABSTRACT. Letp, be then-th prime number and,, = p2 —p,,_1p,+1. In this paper, we study
sequences containing the terms of the sequéngk,>1. The main result asserts that the series
>0z, /p3 is convergent, without being absolutely convergent.
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1. INTRODUCTION

We shall use the following notation:
pn then-th prime number
Tn = Phy = Pn1Pny1 fOrn > 2,
dp = Ppi1 — pnforn > 1,

= Pl for > 1,
Pn
f(x) < g(x) if there existcy, co, M > 0 such that

af(z) < g(z) < cof (z) forevery x > M.

It will be our aim here to study the sequenas),>» defined above.
It was proved in[[1] that the sequengg,),,>; iS not nonotone. A similar result holds for the
sequencéq,),>1 as well. This means that the sequeiieg),~» has infinitely many positive

terms, and infinitely many negative terms, hence it is not monotone.
In [1], the so-called method of the triple sieve (due to Vigo Brun) was used to prove that

(1.1) >

pn<x

n

dn
Gn—1

log = log .
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2 LAURENTIU PANAITOPOL

This result plays an essential role in the following paragraph of the present paper.
Another useful result is proved inl[4]:

(1.2) the serlesz (p ) is convergent.

2. THE SERIES ) 7

n=2 p
Theorem 2.1. The serie "~ , §—2 is convergent, but it is not absolutely convergent.
In order to prove this fact, we need the following lemmas.

Lemma 2.2. For z > —1, we have

2

T
o+ [o] 2 [log(1 + )| = |2| - 5

Proof. The inequalities are well known far > 0. Whenz € [—1,0], they take on the form

1
27

.23'2
? — 2> —log(l+ ) > —T =
Letf,g: [—3,0] — R be defined by (z) = log(l—l—:lc)—gc—g"’g2 andg(z) = log(1+z)—z+z?,
respectively. We havg’(z) = —% > 0, andg'(z) = % < 0. Sincef is increasing
and f(0) = 0, we getf(xz) < 0. On the other hand, we hay&z) < 0 andg(0) = 0, so that
g(xz) > 0. O

Lemma 2.3. The serie$_* , “=%=L is convergent.

Proof. DenoteS,, = >"j_, %=1, so that

n

d, dz_, 1
Sp=—4) —L ——
Pn kZ:; PrPr—1 2

2
Sincelim,_., 2 = 1, it suffices to prove that the seri¢s;_ 27 G g convergent Since
pn

2
i (dH) and the terms of the series are positive, it follows that the s‘?g
PEPE—-1 Pr—1

and 7, (Zz:i) are simultaneously convergent or not. Now just (1.2) and the proof
ends. O

. 2,
Lemma 2.4. The serie$ ", ¢ is convergent.

PkPk—1

Proof. Sincez,, = d,d,,—1 + pn(d,—1 — d,), it follows that
T dndn—l dn—l - dn
= +

1) 2 P Dn
hence
2 d2d2 dn, _ dn 2
P J25 pn

2
, it follows that the serie§ "~ , d;; is
max(d _)) .

n’n 1

Since the serie}_° | © dy & Is convergent anéu

is also convergent. Since

n

convergent as well. ThIS implies that the se@%‘” 9
(dnfl - dn)2 < max<d3wd721 1)

d?d? max(d?, d?
n Z_l < ( n2 n—l) and - ’
Pn by, 2 pn
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we deduce b2) that the serigs -, f}—i is convergent. O

Lemma 2.5. For z > 0 we have
Gn — 4n-1
gn—1

Z = log x.

pn<w

Proof. In view of Lemmd 2.2, we have

2 2
n — Yn— n — Yn— n n — Yn— 1 n — Yn—
(q QI>+Q Q12‘10gq > | QI__((] Q1)
qn—1 Gn-1 qn—1 qn—1 2 qn—1
Since
qTL - qn*l — Pn Pn—1 — _'r_n
qn—1 pfil p7217
we have
1 l.2 n n — YUn— n :I"2
(2.3) T | O L [ R R Z’logq — I
2 P Gn—1 Gn—1 Gn-1|  Pn
Now the desired conclusion follows by (1L.1) and Lenima 2.4. O

Proof of Theorer 2]1By the relation|[(2.1) we have

P N =2 Pk

oo max(d2,d?_,)

Sincedydy,—1 < max(di,d;_,), and since the seri€s -, ~—n-L° is convergent, see the

proof of Lemm, it follows that the seri®3 ", “%-=! is convergent too. Consequently the

sequences)),>1, defined byS), = >7_, % is convergent. Lemn@.S implies that the
- k

sequenceés)!),>1, defined bys! = >"7_, % is convergent as well. It then follows that the

sequencés,,),>2 is convergent, that is, the serigs ™", o+ Is convergent.

On the other hand, Lemr@.S and the rela*i@g% = ';—’;' imply that
||
(2.4) Z p_2 = log x,
pn<z "
hence the series. ° ) is not absolutely convergent. O

3. THE SERIES 5 12l

n=2 p3 log™ n
Since the serie§ "~ ‘i—;' is divergent, it is natural to study what “correction” does it need
to become convergent. In this connection, we prove the following fact.
Theorem 3.1. The serie$ > , 22| is convergent if and only if > 1.

n=2 p?log%n

Proof. We are going to put to use a technique from [3].

To begin with, we recall an inequality due to Abel: L&t b, € R, k& € 1,n such that, if
S; = 22:1 by, thenSi >0fori e 1,_71 Thenz;;l ab; = Sl(al — (IQ) + SQ((IQ — 6L3) + -+
Sp—1(a@n_1 — ap) + Span, Which implies the inequalities

(3.1) Z a;b; > a,S, provideda; > --- > a,,

i=1
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and

(32) Zalbl < a,S, when a; < - < ay,.
i=1
It follows by (2.4) that there exist; andc, such thab < ¢; < ¢, and

||

(3.3) clogz < Z — < clogz forall z > 2.

pn<z T

Fora > 0andn > 1, we denoter; = 1,b; = 0and fori > 2 a; = bg%z andb; = %-‘;f—;",where

¢ > 0is chosen such that,, S,,...,S, > 0. Such a choice is possible becat{sjg;i@% ~
log 2 and [3-8) holds. o

/ ) . |12
It now follows by ) thad=?, o (% — ‘;f—g‘) > 0, thatis,y ", pz‘fggai <Yy ke

Since the seriey ., T}z is convergent forv > 1, we deduce that the serigs’. , p%f)’;'an is
convergent as well.
One can similarly show that there exists> 0 such that
- ’xl‘z " - 1
——= >C —

ZZ:; p?log™ i ; ilog™ i
Since the serie$"°, @ is divergent fora < 1, it follows that in this case the series
Yo, % is in turn divergent. O
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