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1. Introduction

In [4], Jain, Persson and Upreti studied the generalized Orlicz sgacghich is a
unification of two generalizations of the Lebesduwespaces, namely, th€P-spaces
and the usual Orlicz spacés,. There the authors formulated the spatg giving
it two norms, the Orlicz type norm and the Luxemburg type norm and proved the
two norms to be equivalent as is the case in usual Orlicz spaces. It was shown that
X4 Is a Banach function space X is so and a number of basic inequalities such
as Holder’s, Minkowski’'s and Young’'s were also proved in the framework gf
spaces.

In the present paper, we carry on this study and target some other concepts in the
context of X4 spaces, namely, inclusion, convergence and separability.

The paper is organized as follows: In Sectirwe collect certain preliminaries
which would ease the reading of the paper. The inclusion propeiXyiapaces has
been studied in Sectich Also, an imbedding has been proved there. In Sections

and>5 respectively, the convergence and separability properties have been discussed.
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2. Preliminaries

Let (2, %, 1) be a completer-finite measure space with(2) > 0. We denote

by L°(92), the space of all equivalence classes of measurable real valued functions
defined and finite a.e. di. A real normed linear spack = {u € L°(Q) : |lul|x <

oo} is called a Banach function space (BFS for short) if in addition to the usual norm
axioms,||u|| x satisfies the following conditions:

Generalized Orlicz Spaces

P1. ||lul|x is defined for every measurable functioron 2 andu € X if and only Pankaj Jain and Priti Upret
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P2.0 <u<wvae.=|ullx <|v|x;

P3.0 <u, Tua.e.=||ullx T ||ullx; Title Page

P4. u(E) < oo = ||xellx < oo; Contents

P5. u(E) < 0o = [pu(z)dz < Cpllulx, < >
where E C , xg denotes the characteristic function Bfand Cz is a constant < >

depending only ory. The concept of BFS was introduced by Luxembuj [A
good treatment of such spaces can be found, e.dl]in [

Examples of Banach function spaces are the classical Lebesgue $pates Go Back
p < oo, the Orlicz spaced s, the classical Lorentz spacés,, 1 < p, p < oo, the
generalized Lorentz spacag and the Marcinkiewicz spacéd,,.

Let X be a BFS and-c0 < p < o0, p # 0. We define the spac&? to be the Close
space of all measurable functiofigor which
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in [2], [3], Hardy inequalities (and also geometric mean inequalities in some cases)
have been studied in the context®f spaces. For an updated knowledge of various
standard Hardy type inequalities, one may refer to the monogr&phs] and the
references therein.

A function @ : [0, 00) — [0, 0] is called a Young function if

S
CI)(S) :/0 ¢(t)dt7 Generalized Orlicz Spaces
Pankaj Jain and Priti Upreti
where¢ : [0,00) — [0,00], $(0) = 0 is an increasing, left continuous function vol. 10, iss. 2, art. 37, 2009

which is neither identically zero nor identically infinite ¢i o). A Young function
® is continuous, convex, increasing and satisfies
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®(0) =0, slgrolo(b(s) - Contents
Moreover, a Young functio® satisfies the following useful inequalities: for> 0, < >
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< >
2.1) P (as) < ad(s), !f 0<ax<l Page 5 07,21
O(as) > ad(s), if a>1.
Go Back
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Full Screen
d d
lim () = and lim () =0. Close
s—oo 8§ s—0 8§
Let ® be a Young function generated by the functigrni.e., journal of inequalities
in pure and applied

mathematics

D(s) :/0 P(t)dt . issn: 1443-5750

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

Then the functionl generated by the functiop, i.e.,

W(s) = / ()t

where

¥(s) = sup ¢
d(t)<s

is called the complementary function 4o It is known that¥ is a Young function
and thatd is complementary t@. The pair of complementary Young functiofs
U satisfies Young’s inequality

(2.2) u-v < Pu)+V(v), wu,vel,oc0).
Equality in (2.2) holds if and only if
(2.3) v==>(u) or u=W(v).

A Young function® is said to satisfy the&\,-condition, written® € A,, if there
existk > 0 and7’ > 0 such that

O(2t) < kP(t) forall t >T.

The above mentioned concepts of the Young function, complementary Young
function andA,-condition are quite standard and can be found in any standard book
on Orlicz spaces. Here we mention the celebrated monogré&ph3]f

The remainder of the concepts are some of the content} wiich were devel-
oped and studied there and we mention them here briefly.

Let X be a BFS an@ denote a non-negative function o). The generalized

Orlicz classX, consists of all functions € L°(Q) such that

px (u, @) = [|(Jul)||lx < oo,
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For the cas@(t) = t*,0 < p < o0, X, coincides algebraically with the spage
endowed with the quasi-norm

1
lullxe = lllul?ll% -

Let X be a BFS andb, ¥ be a pair of complementary Young functions. The
generalized Orlicz space, denoted ¥y, is the set of alk, € L°(Q2) such that

Generalized Orlicz Spaces
(24) ”qu) = sup H ‘u . ’U‘ HX , Pankaj Jain and Priti Upreti
v
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where the supremum is taken overalkt Xy 1‘9r which px (v; ¥) < 1.

It was proved that for a Young functioh, X4 C X¢ and thatXe is a BFS, with Title Page
the norm @.4). Further, on the generalized Orlicz spatg, a Luxemburg type norm Contents
was defined in the following way

] <« »
. u
(2.5) |ul|p = inf {k >0:px (?, <I>) < 1} : p >
It was shown that with the norn® (5) too, the spaceé(s is a BFS and that the two Page 7 of 21
norms ¢.4) and @.5) are equivalent, i.e., there exists constants, > 0 such that Go Back
(2.6) cillullp < lulle < eoflullp - Full Screen
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3. Comparison of Generalized Orlicz Spaces

We begin with the following definition:

Definition 3.1. A BFS is said to satisfy the-property if for all non-negative func-
tions f, g € X, there exists a constaft< a < 1 such that

Hf + gHX > a(”fHX + HgHX) : Generalized Orlicz Spaces

Remarkl. It was proved in 2] that the generalized Orlicz spadé, contains the Panke Jain and P Upret

. . iy . vol. 10, iss. 2, art. 37, 2009
generalized Orlicz clas&¥s. Towards the converse, we prove the following:

Theorem 3.2.Let® be a Young functionX be a BFS satisfying the-property and

Title P
u € Xo be such thatjul|e # 0. Then—— € X5. e Page
flo Contents
Proof. Letu € X¢. Using the modified arguments used i Lemma 3.7.2], it can
be shown that <« »
- for W) < 1 < >
(31) ||’LL . UHX < HUH@ ) pX(Ua ) = 5
lu|lopx(v; W) ; for px(v;¥) > 1. Page 8 of 21
Let E C Q be such thati(E) < oo. First assume that € X4(12) is bounded and Go 2Edx
thatu(z) = 0forz € Q\ E. Put Full Screen
1
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oo and ||V (|v(z)])|lx < oo which by using £.2) gives:

” (s + it
< (i) .
< 0

On the other hand, using tleproperty of X and @.3), we get that for some > 0

HUH<1> X

W (vDlx

= ||P + U(|v
Talle [ H (7o) ¢ Ml
u
(3.2) zH@(i) +H\If<|v|>ux].
ulle /| x
Applying (3.1) for —— || || , v, we find that
u-v
max(px (v, V), 1) > Talls
X

and therefore, byA 2), we get that

max(px (v, ), 1) > a {

(sl

n ||w<|v|>||x] |
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and the assertion is proved for boundedror general:, we can follow the modified
idea of [LO, Lemma 3.7.2]. O]

In any case

< 00

Remark2. In view of the above theorem, far ¢ X4, there exists: > 0 such that
cu € Xg. In other words, the spack; is the linear hull of the generalized Orlicz

classXs with the assumption oX that it satisfies thé.-property.
We prove the following useful result:

Proposition 3.3. Let® be a Young function satisfying tie-condition(with 7" = 0
if 1(Q2) = o0) and X be a BFS satisfying the-property. ThenXg = Xe.
Proof. Letu € X, ||u|l¢ # 0. By Theoren3.2, we have
1 ~
w=-—— -u€ Xp.
[ulle
SinceX (1) is a linear set, we have

Jullo - w = u € X,
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Let ; and®, be two Young functions. We writé, < ®, if there exists con-
stantsc > 0, 7" > 0 such that

(I)Q(t> < (bl(Ct), tzT
Now, we prove the following inclusion relation:

Theorem 3.4.Let X be a BFS satisfying thé-property and®,, ¢, be two Young
functions such tha®, < ®; andu(2) < co. Then the inclusion

Xo, C Xo,
holds.
Proof. Since®, < ®,, there exists constants;> 0, 7" > 0 such that
(3.3) Do(t) < Dy(ct), t>T.

Letu € Xg,. Then in view of Theorens.2, there existg: > 0 such thatu € 55@1,
i.e.,px(ku; ®1) < co. Denote

T
O = {x € O fu(z)] < %} .

Then forz € @\ Qy, |u(z)| > <&, i.e.,

k
Zu() = T
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which implies that

k k k
o (Sutoll)| = (S xo + 2 (Eato)) x|
k k
< s (B x|+ o (Eutot) nave
c X ¢ X
< BTl xan lx + 1@ (Klu) D xonen I

) ( Generalized Orlicz Spaces
- CI)Q(T) ||XQ1 ||X + px (k:u, @1) Pankaj Jain and Priti Upreti
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Consequentlyfy € )~(¢2 C Xo,, .., 5u € Xg,. But sinceXsy, is in particular a
- C .
vector space we find thate X4, and we are done. O Title Page

The above theorem states that < &, is a sufficient condition for the alge- Contents
braic inclusionXs, C Xg,. The next theorem proves that the condition, in fact, is

o : . . <« >
sufficient for the continuous imbeddings, — Xe,.
Theorem 3.5. Let X be a BFS satisfying thé-property and®,, ®, be two Young N X
functions such tha®, < ®; andu(2) < co. Then the inequality Page 12 of 21
ulle, < Klulle, Go Back
holds for some constait> 0 and for allu € Xg,. T
Proof. Let ¥; and WV, be the complementary functions respectivelybtoand ®,.
Then®, < &, implies thatl; < ¥,, i.e., there exists constantg 7; > 0 such that Close
Uy (t) < Wy(eqt) for t > T journal of inequalities
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Further, ift < ¢,77, then the monotonicity o¥ gives

, (é) <0 (T).

The last two estimates give that for alt 0

t
(3.4) vy (—) < \Ill(Tl) + \IIQ(t) . Generalized Orlicz Spaces

8] Pankaj Jain and Priti Upreti

vol. 10, iss. 2, art. 37, 2009

By the property (P4) of BFS|xq||x < oo. Denotea = (¥, (T1)|xallx + 1) and
k = <. Clearly0 < o < 1. We know that for a Young functiof® and0 < 3 < 1,

(3.5) O(pt) < pI(t), t>0. Title Page

Contents

Now, letv € )N(% be such thapx(v; ¥;) < 1. Then, using §.5 for 5 = « and
t= @ and (3.4), we obtain that b s

px (%;\Pl) = qul (O‘“’C(l“"”) < >

Page 13 of 21
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using the definition of the generalized Orlicz norm, we obtain

[ulle, = sup [|(Ju(z)v(z))]lx
p(v;¥2)<1
=k sup (u(x)v(x) )
p(v;¥2)<1 k X
<k sup <u(:c)v(x> )
p(F:01)<1 K X
=k sup |Ju(z)w(z)||x
plw;¥1)<1
=k [lulle,
and the assertion is proved. O

Remark3. If ®; and®, are equivalent Young functions (i.@; < ®, and®, < &)
then the normg- ||, and|-[|,, are equivalent.
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4. Convergence

Following the concepts in the Orlicz spafe((2), we introduce the following defi-
nitions.

Definition 4.1. A sequencéu,,} of functions inXe is said to converge ta € X4,
writtenu,, — wu, if

lim ||u, —ulle =0.
n—oo

Definition 4.2. A sequencéu, } of functions inXs is said to converge i®-mean
tou € X if

lim px(u, —u;®) = lim [|®(|u, —u|)|[|x =0.

n—oo

We proceed to prove that the two convergences above are equivalent. In the se-
guel, the following remark will be used.

Remark4. Let ® andWV be a pair of complementary Young functions. Then in view
of Young’s inequality £.2), we obtain foru € Xo, v € Xy
luvlllx < [[@(ul)llx + [1¥(v)lx
= px(u; ®) + px(v; V)
so that
Julle < px(u; @) +1.
Now, we prove the following:

Lemma 4.3. Let ® be a Young function satisfying the,-condition(with 7" = 0 if
1(2) = o) andr be the number given by

)2 if ()
@y T_{‘I)(T)||XQ||X+2 (@) <

o0,
.
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If there exists amn € N such that
(4.2) px(u; @) < k™™,

wherek is the constant in thé\,-condition, then

lulle <27™r.

Proof. Letm € N be fixed. Consider first the case wheff2) < oo and denote Generalized Orlicz Spaces

Com Pankaj Jain and Priti Upreti
Ql = {ZB = Q:2 |U(ZE)| S T} : vol. 10, iss. 2, art. 37, 2009

Then forz € ;, we get

(4.3) O(2™u(x)|) < ®(T) Title Page
and forz € Q \ €, by repeated applications of tie,-condition, we obtain Contents
m m <« >
(4.4) (2" |u(z)]) < K" O(Ju(z)]).
< >

Consequently, we have using.f) and ¢.4)

P2 u(z))]|x = [P™(Ju(z)])xa, + 2™ |u(z)])xo\0: || x Page 16 of 21

< 2" (Ju(@)]))xeu llx + (22" [u(@)) x| x Go Back
< O(T)|xeullx + £™[|@(Ju(z) )] x Full Screen
< ©(T)lIxellx + £ px (u; @) Close
< O(T)|xellx +1
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sincer = 2 for u(€2) = oo. Thus in both cases we have
2" fu(z)])]x <7 —1
which further, in view of Remark gives
12" u(@)lle <7

or
ulle <27r

and we are done. O
Let us recall the following result frond]:
Lemma4.4.Letu € Xg. Then
px(u; @) <l if Jlulle <1
and
px(u; @) = ullg i Julle > 1,
where||u||;, denotes the Luxemburg type norm on the spégeayiven by ¢.5).

Now, we are ready to prove the equivalence of the two convergence concepts
defined earlier in this section.

Theorem 4.5. Let ® be a Young function satisfying ti,-condition. Let{u,} be
a sequence of functions igy. Thenw, converges ta: in Xg if and only if u,
converges inb-mean tou in Xe.

Proof. First assume that, converges inb-mean tou. We shall now prove that
u, — u. Givene > 0, we can choose: € N such that > 2~™r, wherer is as
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given by ¢.1). Now, sinceu,, converges inb-mean tou, for thism, we can find an
M such that

px (U, —u; @) < k™™ for n> M
which by Lemmai.3implies that

llun, —ulle <27"r <e for n>M

and we get that,, — u.

Conversely, first note that the two norrig|, and |-||;, on the spaceXs are
equivalent and assume, in particular, that the constants of equivalengeare.e.,
(2.6) holds.

Now, letu,,,u € X so that

[tn — ulle < c1.
Then @.6) gives

[un —ullg <1
which, in view of Lemmal.4 and again.6), gives that

px (g — u; @) < |lu, — ullg

1
< —llun —ulle -
C1

The ®-mean convergence now, immediately follows from the convergencésin
O
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5. Separability

Remark6. It is known, e.g., see7] Theorem 3.13.1], that the Orlicz spate(?)

is separable ifb satisfies the\,-condition (withT = 0 if x(Q2) = 0). In order to
obtain the separability conditions for the generalized Orlicz spageve can depict

the same proof with obvious modifications except at a point where the Lebesgue
dominated convergence theorem has been used.

In the framework of general BFS, the following version of the Lebesgue domi-
nated convergence theorem is known, see &,¢?oposition 3.6].

Definition 5.1. A functionf in a Banach function spac¥ is said to have an abso-
lutely continuous norm X if || fx g, || x — 0 for every sequencgr,, }°° , satisfying
E, — ¢ p-a.e.

Proposition A. A functionf in a Banach function spac& has an absolutely con-
tinuous norm iff the following condition holds; whenever{n = 1,2,...} andg
are u-measurable functions satisfying,| < |f| for all » and f,, — ¢ p-a.e., then

[fn = gllx — 0.
Now, in view of Remarks and Propositio we have the following result.
Theorem 5.2. Let X be a BFS having an absolutely continuous norm énble a

Young function satisfying th&,-condition (with7 = 0 if x(2) = 0). Then the
generalized Orlicz spac& is separable.
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