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Abstract

In this note, we obtain some new generalizations of the Hardy's integral in-
equality by using a fairly elementary analysis. These inequalities generalize
some known results and simplify the proofs of some existing results.
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In [4], Hardy proved the following inequality. | > 1, f > 0 and

F(z) = / o

then

(1.1) /000 (g)pdx <q /000 fP(z)dx

unlessf = 0. The constany = p (p — 1)_1 is the best possible. This inequality
plays an important role in analysis and its applications. It is obvious that, for MehmHe_t Zeki Sf\lgkaya and
parameters, andb such thal) < a < b < oo, the following inequality is also Seevin A

Some Hardy Type Integral
Inequalities

valid
b/ F\P b Title Page
_ p P
(1.2) / (:C) dr < q / fP(x)dz, Contents
where( < f0°° fP(z)dr < oo. The classical Hardy inequality asserts that if <44 44
p > 1 andf is a nonnegative measurable function(anb), then (L.2) is true < >

unlessf = 0 a.e. in(a,b), where the constant here is best possible. This
inequality remains true provided thak o < b < co. Go Back
In particular, Hardy §] in 1928 gave a generalized form of the inequality

Close
(1.1) when he showed that for any # 1,p > 1 and any integrable function _
f(xz) > 00n(0,o00) for which Quit
fom f(t)ydt for m >1, Page 3 of 12
F(z) =
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then

(1.3) /0 () da < < P >p /O T e f @) da

jm — 1|

unlessf = 0, where the constant is also best possible.

Because of their fundamental importance in the discipline over the years
much effort and time has been devoted to the improvement and generalization
of Hardy’s inequalities1.1), (1.2) and (L.3). These include, among others, the
works in [1] - [9].

The objective of this paper is to obtain further generalizations of the classical
Hardy integral inequality which will be useful in applications by using some
elementary methods of analysis. Throughout this paper, the left-hand sides of
the inequalities exist if the right-hand sides exist.
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The following theorems are the main results of the present paper.

Theorem 2.1.Letp > 1, m > 1 be constants. Lef(z) be a nonnegative
and integrable function o0, co) and letz(z) be differentiable in0, co) with
Z'(z) > 0andz(0,) > 0. Letw(x) andr(z) be positive and absolutely contin-
uous functions o0, co). Let

I 2@ wi(z)  _p

1= m—12(x) w(x)

Leta € (0, 00) be fixed and set

Then the inequality

ey [ (@) 2 o () e < (i) / "w(@) 25 (1) de

holds for allb > a.

Proof. Integrating the left-hand side of inequali¥.{) by parts gives

—m—+1 b
1
EOI 7 O+ —1/ 2 Fd
—-m m — @
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b /
/ m1,, () de +— P / AC) FP fde.
x a

-1 2m(x)
Sincem > 1 andF'(b) > 0, we have
N TN R O O R oI
/a ()zme(){l m—lz’(x)w(x)+m—1z’(x)r($)]d
EO) I o [" @)
= w(b)THF (b) + — / zm(:c)F fdx
p k () P=1 £l
m — 1/ zm(x)F fd

Here, using the assumption anwe have
b Z/(l') - l )
| v S @) 5
’ @) oy | L 2@ w@) p @) r(@)]
S/aw(x)zm(x)F(){l 2 y L T8 }d
p ’ () p—1
= m— 1/ m(I)F fdz.

By Hoélder’s inequality,

[ 2 () ([ 2]
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and thus on simplification, we have

/abw(x) 2 e () da < (ﬂ)p/jwﬂfﬁdz.

m—1 2™ (x)

This proves the theorem.

Theorem 2.2.Letp, m, f, z, 2/, w andr be as in Theorer.1. Let

1 1 z@) w(x)  p z(z)r(z)
m—12'(z) wlx) m-—12(x)r(x)

> —>0.

> =

Leta € (0, 00) be fixed and set

Then the inequality

en [ v mwa < (22) [0 2w

holds for allb > «.

Proof. This is similar to the proof of the Theoreml

Theorem 2.3.Letp, m, f, z,2',w andr be as in Theorerd.1. Let

1 z(z) w'(x) p  z(z) r'(z)
m—1z2(x) wlx) m—1z(z)r(x)

1— > —>0.

> =
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Leta € (0, 00) be fixed and set

L rR0I0, e
Fla) = o / i re.)
Then the inequality
waz’(x) P () dx ﬂp waw x)|” dx
ey [wnZmsr s (7)) [ e

holds where

zM ()
[z(0)] " 1 Yt
:w(b)T—i—lF (b)—l—m/o 2 FPdx
P L (@) x P bz’mﬂw P~ g(x)| dx
—m_l/oz w +m_1/0 Fr1 |g(2)] da,
wnere L (@)@ @) 1@ E)E)
g“"):rm( () 2 () )
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Sincem > 1 andF(b) > 0 we have

/Ow(x);;(g)pp(x) [1_ I z(z) w'(z) p  z(x)r'(z) y

m—1z2(z) wx) m-—12(x)r(x) v
ENEC)

b /
p Z(@) po
——F?(b ks
—m+1 ()+m—1/0wzm(:t) fd

b
< b / 27y FP ()| da.

By the assumption oi, we have
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b /
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and thus on simplification, we have

/Obw(:n);,;(g)m (z)dx < (%Y/obwz[:_(gf) ()P da

This proves the theorem. O

Theorem 2.4.Letp, m, f, z, 2/, w andr be as in Theorerf.1. Let

T ) C R ORI €

m—1z2'(x) wlx) m—1z(z)r(x) -

> 0.

Leta € (0, 00) be fixed and set

F(z) :=r(x) [; zz’é;f))f((tt)) dt,

z € (0,00).

Then the inequality

e [wnir@es (20 [ gr

2 (x)

holds where

Proof. This is similar to the proof of the Theorem3. O
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Theorem 2.5.Letp > ¢ > 0, -+ . =1, and m < 1 be real numbers.

Let z(z) be differentiable in(0, co) with z/(z) > 0 and z(0,) > 0, let w(x)
andr(x) be positive and absolutely continuous functiong @), » and let
f:]0,00) — [0, 00) be integrable so that

1 z@)wx) p 1 =z r(x)

1+ -2 >

m—12(z) w(x) qm-—12(x)r(z) =Y

1
A

a.e. for some\ > 0. Letb € (0, o) be fixed and set

F(z) = ! ) / r(t)Z/(t)f(t)dt, z € (0,00).

r(x

Then the following inequality

(2.5) /abw(x) 2) pr o i < (i)p/jw(m) T TR

2m(x) m—1

holds for all0 < a < b.

Proof. This is similar to the proof of the Theoreml O
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