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Abstract

We prove the generalized Hyers-Ulam-Rassias stability of a partitioned func-
tional equation. It is applied to show the stability of algebra homomorphisms
between Banach algebras associated with partitioned functional equations in
Banach algebras.
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Let £, andE, be Banach spaces with norihd and||-||, respectively. Consider
f : E1 — E,to be a mapping such thgttz) is continuous int € R for each
fixedz € E;. Assume that there exist constaats 0 andp < [0, 1) such that

1z +y) = @) = FW) < e(ll][” +[lyl]")

forall x,y € E;. Th. M. Rassias/]] showed that there exists a unigReinear
mapping? : £y — FE, such that

Partitioned Cyclic Functional
Equations

2¢
1f(2) = T@)|| < 57—, ll=Il” o a2
forall x € E;. _
Recently, T. Trif [] proved that, for vector spacd$ and W, a mapping VLD LR
f:V — W with f(0) = 0 satisfies the functional equation Contents
et n 4 »»
N p—oCl_of <¥) + n—2Ck1 Z f(z;) < >
=1
— Z f(mil‘i‘“""xik) Go Back
1<iy<-<ip<n k Close
for all xy,...,z, € V if and only if the mappingf : V — W satisfies the Quit
additive Cauchy equatiofix + y) = f(x) + f(y) forall z,y € V. Page 3 of 16

Throughout this paper, I& andlV be real normed vector spaces with norms
||l and||-||, respectively, and let, & andn be positive integers with < p".
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Lemma 1.1. A mappingf : V — W with f(0) = 0 satisfies the functional
equation

11) o x1+---+xpn> . — <xpi_p+1+---+xpi)
( )pf(—pn +p( 1>Zf S
_ka(mz

forall x; = zpnj1, ..., 241 = Tpnyp—1, Tk, ..., 2 € V if and only if the
mappingf : V' — W satisfies the additive Cauchy equatipfx +vy) = f(z) +
f(y) forall z,y € V.

Proof. Assume that a mappinfy: V' — W satisfies {.1). Putz; =z, 25 =y
andzs = --- = x,» = 01in (1.1), then

) ()

a2 (-
el () s ()1 ()]
Puttingy = 0in (1.2),

(1.3) P f (pi) +p(k—1)f (g) =i (7).

Replacingr by kx andy by ky in (1.2),
ne ke +k kx +k
O e R )

+wz+k 1)
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Replacinge by kz + ky in (1.3),

15 ("“;ky) Fplk—1)f (k”” - '“y) — K2 f(z+y).

From (1.4) and (L.5),

= — i Partitioned Cyclic Functional
0= —kf(a +9) + k() + F) e
Hencef is additive. Jae-Hyeong Bae and
The converse is obvious. O Won-Gil Park

The main purpose of this paper is to prove the generalized Hyers-Ulam-

. . . . Title Page
Rassias stability of the functional equatidni).
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From now on, let¥ be a Banach space.

We are going to prove the generalized Hyers-Ulam-Rassias stability of the

functional equation.1). From now onn > 2. For a given mapping : V' —
W, we set

x1+--.+xpn>

(2.1) Df(z1,....xpn) :=p"f ( p"

n—1

p
Ii— +._|_ajl
+p(p2_1)2f(Pp+1 P)
i=1

p

pn

9 Tyt Tigpp2 g
1 p

1=

forall xy = xpni1, ..., Tp21 = Tpnip2 1, Tp2, ..., T € V.

Theorem 2.1.Let f : V. — W be a mapping withf(0) = 0 for which there
exists a functiorp : V?"* — [0, 0o) such that

(2.2) ¢(z)
Sl x x x x
;:Zpigp ., =0,...,0, ..., =,...,=.0,....0| <
— P P N—~— P’ PN~
= S——— p2—ptimes ~———" p2—ptimes
p times ptimes
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and

(2.3) | Df(x1,...,xpm)|| < @(z1,...,2pm)
forall , z1 = xpny1,. .., Ty = Tpnpp2_1, 22, ..., 2,n € V. Then there
exists a unique additive mappifig: V' — W such that
1
(2.4) flx)=T@)| < ————p(x
1£2) = T@) < oy P

for all x € V. Furthermore, iff(tx) is continuous int € R for each fixed
x €V, thenT is linear.

Proof. Let
Ty = " =Tp==0, Tpp1 = =Ty =0,
Lp241 = *° = Tp24p = Ty Tp24p4l = * 70 = Xgp2 = 0,
...... ’
xpn,p2+1 = e = .Tpn,p2+p =, I‘pn,p2+p+1 = = Ipn =

in (2.3). Then we get

s () 4o - s - (2]

<o(x,...,z,0,...,0, ... ;x,...,x, 0,...,0)

(2.5)

forall z € V. So one can obtain

1001 (%)

SWQO(IL’,...,IL’, O,...,O, s Ly.oooy I, 0,,0)
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for all z € V. We prove by induction orj that

o [pr(2) s ()

pj xXr x T X
SW@ E,-.-7E707”.70,...,f,...,f,O,...,O

forall x € V. So we get

T T T
P ,0,...,0,...,—,...,—,0,...,())
an (‘0< p pm pm

forallx € V.
Letz be an element ify’. For positive integersandm with [ > m,

& (%f) " (%x) H

X X
=00, = =00,

(2.8)

which tends to zero as — oo by (2.2). So{pff ( )} is a Cauchy sequence
for all x € V. SincelV is complete, the sequen({@’f (}% )} converges for
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all x € V. We can define a mappiig: V' — W by
(2.9 T(z) = lim p’ f (%x) for all xeV.
J—00 p
By (2.3 and @.9), we get
) < 1 1
| DT (z, ... ,xpm)| = }LI?()[)J HDf <EI1, ceey Expn) H
) . 1 1
< jlggop’so (};xl, N ﬁx”">

=0

forall z,...,z,» € V. Hencel'(zy,...,z,») =0forall zy,...,z,» € V. By
Lemma A,T is additive. Moreover, by passing to the limit ia.{) asj — oo,

we get the inequality4.4).
Now let L : V' — W be another additive mapping satisfying

1£(x) — L(z)] < W@“m

forallz € V.

IT() - L) = ¥/ HT (;) ; @x)
( |

9 a2
S@Eoppt? (ﬁx) ’
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which tends to zero as— oo by (2.2). ThusT'(z) = L(z) forall z € V. This
proves the uniqueness df Assume thajf (¢z) is continuous irt € R for each
fixed x € V. The additive mappin@’ given above is the same as the additive
mapping?’ given in [4]. By the same reasoning as][ the additive mapping
T:V — Wislinear. O]

Corollary 2.2. If a mappingf : V — W satisfies
(2.10) 1D (1, ..

for somep > 1 and for allxq, ..., zo» € V, then there exists a unique additive
mapping?’ : V' — W such that

x| < el 4o A [l ]7)

2r—1

(2.11) [l][”

T(z) — < =
for all z € V. Moreover, iff(tx) is continuous int € R for each fixedr € V,
then the functio is linear.

Proof. Sincep(xy, ..., x9n) = e(||z1||P + - - - + ||z2n||P) satisfies the condition
(2.2), Theoren.1says that there exists a unique additive mapfiing” — W
such that

1 ~
I1T(x) = f(@2)] < o)
1 < P P
sk =9 3Cu (- IRaRs
or—lg
=muxup
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forallz € V. O]

Theorem 2.3.Let f : V' — W be a continuous mapping witf(0) = 0 such
that (2.2) and (2.3) for all z1,...,22n € V. If the sequencg2/f (5;z)}
converges uniformly olf, then there exists a unique continuous linear mapping
T:V — W satisfying(2.4).

Proof. By Theoren?.1, there exists a unique linear mappifig V' — W satis-
fying (2.2). By the continuity off, the uniform convergence and the definition
of 7', the linear mapping” : V' — W is continuous, as desired. O
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In this section, lef\ andB be Banach algebras with norrpg| and||-||, respec-
tively.

D.G. Bourgin 3] proved the stability of ring homomorphisms between Ba-
nach algebras. In], R. Badora generalized the Bourgin’s result.

We prove the generalized Hyers-Ulam-Rassias stability of algebra homo-
morphisms between Banach algebras associated with the functional equation Partitioned Cyclic Functional
(1.1)- Equations

Jae-Hyeong Bae and

Theorem 3.1.LetA andB be real Banach algebras, anfl: A — B a mapping Won-Gil Park
with f(0) = 0 for which there exist functiong : A* — [0,00) and ¢ :
A x A — [0, 00) such that(2.2),

Title Page
(3.1) IDf(x1,...,29)] < p(x1,...,29m), Contents
44« 44
_ o 1 < >
(3.2) U(z,y) = ZOQM/J <§x,y) < 00 Go Back
and ’ Close
Quit
(3.3) 1f (zy) = f(2)f W)l < (z,y) Page 12 of 16
forall z,y,z1,...,29n € A, whereD is in (2.1). If f(tx) is continuous in

t € R for each fixedr € A, then there exists a unique algebra homomorphism  ? nea. Pure and Appl. Math. 4(1) Art. 10, 2003
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T : A — B satisfying(2.4). Further, if A andB are unital, thenf itself is an
algebra homomorphism.

Proof. By the same method as the proof of Theorgry one can show that
there exists a unique linear mappiiiy: A — B satisfying ¢.4). The linear
mapping? : A — B was given by

< 1
(3.4) T(x)=lim 2°f | —x
Jj—00 27
Partitioned Cyclic Functional
forall x € A. Let Equations
Jae-H B d
(3.5) R(w,y) = f(z-y) = f(2)f(y) " Won Gil Park
forall x,y € A. By (3.2), we get
Title Page
- 1
(3.6) lim 2R (2—]x, y) =0 Contents
j—o0
forall z,y € A. So 4 dd
. | >
@D Ty = lin2f 5o o Back
. 1 Close
= lim 2 f {(—x) Y
j—00 27 Quit
, 1 1
=lim2 |f| =2 | flyy + R|{ ==,y Page 13 of 16
j—)oo 2.7 2.7
= (m)f(y) J. Ineg. Pure and Appl. Math. 4(1) Art. 10, 2003
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forall z,y € A. Thus
@) 1@ (50) =7 (5)]
1
2

forall z,y € A. Hence

1

39) T2 (550) = T@)10)

forall x,y € A. Taking the limitin 3.9) as; — oo, we obtain
(3.10) T(z)T(y) = T(x)f(y)

forall x,y € A. Therefore,

(3.11) T(zy) =T (x)T(y)

forall z,y € A. SoT : A — B is an algebra homomorphism.
Now assume thak andB are unital. By 8.7),

(3.12) T(y)=T1y) =TQ)f(y) = f(y)

forally € A. Sof : A — B is an algebra homomorphism, as desired. [
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Corollary 3.2. Let f : A — B be a mapping such th&s.2), (3.3) and

(3.13) IDf(z1,. ..,

zon )| < el P 4 - - -+ [lz2n |I7)
for somep > 1 and for all z,y, z1,...,xen € A. If f(tx) is continuous in
t € R for each fixedr € A, then there exists a unique algebra homomorphism

T : A — B such that

2p

1T () = f(@)l] < Ll

forall z € A.

Proof. By Corollary 2.2, there exists a unique linear mappifiig A — B such
that 3.14). By Theorem3.1, the linear mapping’ is an algebra homomor-
phism. O
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