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Abstract

An inequality of Landau type for functions whose derivatives satisfy Hélder's
condition is studied.
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S.S. Dragomir and C.l. Preda have proved the following theorem ($ee [

Theorem A. Let I be an interval inR and f : I — R locally absolutely
continuous function od. If f € L.(I) and the derivativef’ : I — R satisfies
Holder’s condition

(1.1) 1f' )= f'(s)| < H-|t—s|* forany t,sel,

On Landau Type Inequalities for

whereH > 0 anda € (0,1] are given, thenf’ € L. (I) and one has the Functions with HOlder
Continuous Derivatives

inequalities:
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Theorem 2.1.Let I be an interval andf : I — R function on/ satisfying
conditions of Theorem. Thenf’ € L., (1) and the following inequlities hold:

(2(1+ 2] I - e

it m(I) > 2 <“f”>“+1 (1+1)#,

I
mi T agz )]
if 0<m(l) <2 <@)““ (14 2)a =
where|| - || is theoco-norm on the interval, andm([) is the length of .

In our proof and in the subsequent discussion we use three lemmas.

Lemma 2.2. Leta,b € R, a < b, @ € (0,1]. Then the following inequality
holds:

(2.2) (b—2)*" + (2 —a)* < (b—a)*™, Vr € la,b).

Proof. Consider the functiop : [a, ] — R given by:
y(@) = (b—

We observe that the unique solution of the equation

y(z)=(a+1)[(x—a)" -

I)a+1 + (ZL’ o a>a+1'

(b— )" =0
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b

is xg = “E2 € [a, b]. The functiony/(x) is decreasing ofu, ;) and increasing
on (zy,b). Thus, the maximal values fai(x) are attained on the boundary of

[a,b] : y(a) = y(b) = (b — a)**!, which proves the lemma. O
A generalization of the following lemma is proved ifj]

Lemma2.3.LetA, B > 0 anda € (0, 1]. Consider the functiop,, : (0, c0) —
R given by:
A

(2.3) 9a(\) = 5 +B- X"

Define)\, := (%)ﬁ1 € (0,00). Then for\; € (0, c0) we have the bound
L2+ B-X if 0< X <X

(2.4) Ja(N) =

inf
AE(0,M] (a+ 1) a4t - Aast CBa i A > .

Proof. We have:

A .
) =5 +a-BA

The unique solution of the equatigh(\) = 0, A € (0,00),iS A\ = (%)°%+1 €
(0, 00). The functiong, () is decreasing of0, \,) and increasing of\y, co).
The global minimum fog, (\) on (0, co) is:

1 e
B atl A a+l e a
@9 009 -(5) "8 (1) s

which proves 2.4). ]
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Lemma 2.4.Let A, B > 0 anda € (0,1]. Consider the functiong, :
(0,00) — R andh, : (0,00) — R defined by:

ga()‘) :é—I—B)‘a
(2.6)

Define), := (%)C%+1 € (0,00). Then for); € (0, 00) we have:

inf g,(A) < inf ho(A\) if 0< A <2\
' inf g,(\) = inf ho(N\) if A > 2\

Proof. In Lemmaz2.3, we found that the global minimum fgg, () is obtained
for A = \¢. Similarly we find that the global minimum fdr, () is obtained for
A = 2), and its value is equal to the minimal value@f(\), i.e. ho(2Xo) =
ga()\o)-

The only solution of equation, (\) = hy(A), A € (0,00), IS:

=g

and we can easily check thag < \g < 2)\,. Thus, forA; < Ay we have

ga(A1) < ha(A1) andA€1££1]ga(A) < Ae(%gﬂ ha(A), and the rest of the proof is

obvious. n
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Proof of Theoren2.1. Now we start proving our theorem using the identity:

xT

(2.8) ﬂ@zﬂ@+@—®ﬂ@+/ﬁ%%¢hW&

or, by changinge with « anda with x:
29) fla) = f(2) + (a—2)f(2) + / F(s) — f'())ds:
Analogously, we have far € I:
b
(210) f(b) = f(x) + (b—2)f'(x) + / F(s) — f'(a)ds;

From 2.9) and .10 we obtain:

@11) ()~ f(a) = (b—a)f'(x) + / F(s) — f/(a))ds

a,r €l

a,r € 1.

b,x € 1.

+ /x[f’(s) — f'(x)]ds; a,byx el

and

@12) @) - L0 i) — s
1

s | e - r@lds
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Assuming thab > a we have the inequality:

b
e | 1)~ f@las

/ £(s) = F(@)\ds|.

Sincef’ is of « — H Hdlder type, then:

b
(2.14) / F(s) = f(a)|ds| < B - / s — alods
= / s —x)%ds
H
= -0 brelb>a
(2.15) x)|ds| < H - |s — x|%ds
/ r — 8)%ds
H
— _ 4)otl. T
04+1($ a)® a,r €1, a<uw.
From 2.13, (2.14 and Q.15 we deduce:
1f(b) = f(a)]

@18) |f()| < 52
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H
b—a)(a+1)

1 [(b—z)** 4 (z — a)*™'];

a,bxel, a<x<bh.

Sincef € L (I)then|f(b) — f(a)| < 2-||f]]. Using Lemm&2.2we obviously
get that:

A, H

@17 @<

(b—a); a,byrel, a<x<b.
Denoteb — a = A. Sincea,b € I, b > a, we have\ € (0,m([)), and we can
analyze the right-hand side of the inequali?yl(7) as a function of variable.
Thus we obtain:

217, H

(2.18) | (2)] < N + ]

A% = ga()‘)

for z € I and for every\ € (0, m([)).
Taking the infimum ovei € (0, m(1)) in (2.18, we get:

2.19 "(2) < inf go(N).
(2.19) If(:v)!_AE(g)gn(I))g()

If we take the supremum overc [ in (2.19 we conclude that

2.20 sup [/ (@) =l < inf g, (\).
(2.20) up | ()| = |71 <, _inf - ga(3)
Making use of Lemma&.3we obtain the desired resuf.(). O
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Remark 2.1. Denote\, = [ (1 + = ) ”f”] w1 . Comparing the results of Theo-

remA and Theoren2.1we can see that in the casemfl) > 2), the estimated
values for|| f’|| in both theorems coincide. f < m(/) < 2, the estimated
value for|| f’|| given by @.1) is better than the one given by.@). Namely, using
Lemma2.4we have:

@2 2 oy < S s s ) € 0.0
and
(2.22) [2(1+é)]m~||f||oil-ﬂoil

Wy 2 e mI) € Do, 220).

m@) 2 (et 1)

Remark 2.2. Let the conditions of Theore 1 be fulfilled. Then a simple
consequence of(1]) is the following inequality:

H
a—+1

[(b—a)f'(x) = f(b) + f(a)] < [(b—2)** + (z — a)**];

a,brel, a<x<hbh.

This result is an extension of the result obtained by V.G. Avakumand S.
Aljancic in [7] (see also f)).
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