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Abstract

In this paper we study the problem of meromorphic function sharing one small
function with its derivative and improve the results of K.-W. Yu and I. Lahiri and
answer the open questions posed by K.-W. Yu.
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By a meromorphic function we shall always mean a function that is meromor-

phic in the open complex plarié. It is assumed that the reader is familiar with
the notations of Nevanlinna theory such®@, f), m(r, f), N(r, f), N(r, ),
S(r, f) and so on, that can be found, for instance A [5].

Let f andg be two non-constant meromorphic functionss C U {oc}, we
say thatf andg share the value IM (ignoring multiplicities) if f —a andg — a
have the same zeros, they share the valG® (counting multiplicities) iff —a
andg — a have the same zeros with the same multiplicities. Wihen oo the
zeros off — a means the poles of (see [)).

Let ! be a non-negative integer or infinite. For ang C U {oc}, we denote
by Ei(a, f) the set of alla-points of f where ana-point of multiplicity m is
countedm times ifm < [l andl + 1 times ifm > [. If Ej(a, f) = Ei(a,g), we
say f andg share the value with weight! (see E], [4]).

f andg share a value with weight! means that, is a zero off — a with
multiplicity m(< 1) if and only if it is a zero ofg — a with the multiplicity
m(< 1), andz is a zero off — a with multiplicity m (> [) if and only if it is a
zero ofg — a with the multiplicity n(> 1), wherem is not necessarily equal to
n.

We write f and g share(a, ) to mean thatf andg share the value with
weight!. Clearly, if f andg share(a, [), thenf andg share(a, p) for all integers
p, 0 < p < [. Also we note thaff andg share a value IM or CM if and only
if f andg share(a,0) or (a, co) respectively (see], [4]).

A function a(z) is said to be a small function gfif a(z) is a meromorphic
function satisfyingl'(r,a) = S(r, f), i.e. T(r,a) = o(T(r, f)) asr — +oo
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possibly outside a set of finite linear measure. Similarly, we definefthadg
share a small functiom IM or CM or with weight! by f — a andg — a sharing
the value) IM or CM or with weight/ respectively.

Bruck [1] first considered the uniqueness problems of an entire function shar-
ing one value with its derivative and proved the following result.

Theorem A. Let f be an entire function which is not constantfland f’ share
the valuel CM and if N (7‘ i) = S(r, f), then% = ¢ for some constant

Y f/
cE C\{O} Meromorphic Function That
Shares One Small Function
Briick [1] further posed the following conjecture. I

Conjecture 1.1. Let f be an entire function which is not constapt( f) be the ST

first iterated order off. If p;(f) < +oc0 andp;(f) is not a positive integer, and

if f and f’ share one value CM, thenf;jj = ¢ for some constant € C\{0}. Title Page
Yang [/] proved that the conjecture is true ffis an entire function of fi- Contents
nite order. Zhang<]] extended Theorem to meromorphic functions. Yuj] <« >
recently considered the problem of an entire or meromorphic function sharing
one small function with its derivative and proved the following two theorems. < >
Go Back

Theorem B ([2]). Let f be a non-constant entire function amd= «(z) be
a meromorphic function such that# 0,00 and7'(r,a) = o(T'(r, f) asr — Close
+oo. If f—aand f*) —a share the valué CM ands (0, f) > 2, thenf = f¥).

Quit
Theorem C ([2]). Let f be a non-constant, non-entire meromorphic function Page 4 of 28
anda = a(z) be a meromorphic function such thatZ 0,00 and7'(r,a) =
0<T(T7 f) asr — +OO If J. Ineq. Pure and Appl. Math. 6(4) Art. 116, 2005
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() fanda have no common poles,
(i) f—aandf® — q share the valu@ CM,
(iii) 49(0, f) 4+ 20(o0, f) > 19 + 2k,
thenf = f*), wherek is a positive integer.
In the same paper Y] further posed the following open questions:
1. Can a CM shared be replaced by an IM shared value?
2. Can the conditior (0, f) > 2 of TheoremB be further relaxed?
3. Can the condition (iii) of Theorer® be further relaxed?

4. Can, in general, the condition (i) of Theorérbe dropped?

Let p be a positive integer andc C U {oo}. We useN,, <7~, %) to denote
the counting function of the zeros ¢f— a (counted with proper multiplicities)
whose multiplicities are not greater thanV,, (r, %) to denote the counting
function of the zeros off — a whose multiplicities are not less than+ 1.
And N, (r, %) andN 4, (r, %) denote their corresponding reduced counting

functions (ignoring multiplicities) respectively. We also LM&(T, %) to denote
the counting function of the zeros ¢f— a where a zero of multiplicityn is
countedn times ifm < p andp times ifm > p. Clearly N, (7“, %) =N (7‘, %)
Define

Spla, f) =1 —1li % [ 743)
a, f)=1-limsup ————=~.
P r—>+oop T(T, f)
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Obviouslyé,(a, f) > d6(a, f).
Lahiri [4] improved the results of Zhang]with weighted shared value and
obtained the following two theorems

Theorem D ([4]). Let f be a non-constant meromorphic function ande a
positive integer. Iff and f*) share(1, 2) and

_ 1 1
NG )4 8 (17 ) + 3 (17 ) < O+ oIS
forr € I, where0) < A < 1 and/ is a set of infinite linear measure, then

21 = cfor some constant € C\{0}.

Theorem E ([4]). Let f be a non-constant meromorphic function andbe a
positive integer. Iff and f*) share(1, 1) and

2N(r, f) + Ny (7", m) + 2N (7’, ?> < (A4 o(1)T(r, f(k:))
forr € I, where0 < A < 1 and [ is a set of infinite linear measure, then

f;kizl = ¢ for some constant € C\{O}

In the same paper Lahir#] also obtained the following result which is an
improvement of Theorer@.

Theorem F ([4]). Let f be a non-constant meromorphic function andbe a
positive integer. Also, let = a(z)(# 0,00) be a meromorphic function such
that7'(r,a) = S(r, f). If
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(i) a has no zero (pole) which is also a zero (pole)fadr f*) with the same
multiplicity.

(i) f—aandf® —qshare(0,2) CM,
(iii) 200.%(0, f) + (4 4+ k)O(c0, f) > 5+ k,
thenf = f

In this paper, we still study the problem of a meromorphic or entire function
sharing one small function with its derivative and obtain the following two re- Meromorphic Function That
sults which are the improvement and complement of the results of]Yanid Shares one Small Flinetion
Lahiri [4] and answer the four open questions of Yudh [

Qingcai Zhang
Theorem 1.2.Let f be a non-constant meromorphic function and 1), i(>

0) be integers. Also, let = a(z) (£ 0,00) be a meromorphic function such

thatT'(r,a) = S(r, f). Suppose that — a and f* — a share(0,1). If | > 2 Ve FEEE
and Contents
N 1 « >
(L.1) 2N(r f)+ N2 ( >0 > + Ny ( (f/a),> < (A4 o(1)T(r, f®), 4 X
orl=1and o Back
@2) 2N )+ (1 51 ) 423 (1 77 ) < Ot o750, o

— 0 i _ (k) _
orl=0,i.e.f—aandf a share the valu@ IM and Page 7 of 28

< (A +o(1)T(r, fV),
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forr € I, where0 < A < 1 and/ is a set of infinite linear measure, then

£~ = ¢ for some constant € C\ {0}.

Theorem 1.3.Let f be a non-constant meromorphic function and 1), i(>

0) be integers. Also, let = a(z) (£ 0,00) be a meromorphic function such
that T(r,a) = S(r, f). Suppose thaf — a and f*) — a share(0,1). If [ > 2
and

(1.4) (3+k)O(00, f) + 2024x(0, f) > k + 4, o
Meromorphic Function That
Shares One Small Function
orl=1and With Its Derivative
(1.5) (4+ k)O(00, f) + 3024k(0, f) > k +6, Qnaeal heng
orl=0,i.e. f—aandf® — ashare the valu® IM and Title Page
(1.6) (6 + 2k)O (00, f) + 5d21x(0, f) > 2k + 10, Contents
thenf = . “ dd
< >
Clearly Theoreml.2 extends the results of Lahiri (Theorehand E) to
small functions. Theoremni.3 gives the improvements of TheorethandF, Go Back
which removes the restrictions on the zeros (poleg) of and f(z) and relaxes Close
other conditions, which also includes a result of meromorphic function sharing _
one value or small function IM with its derivative, so it answers the four open Quit
guestions of Yu{]. Page 8 of 28
From Theoreml.2 we have the following corollary which is the improve-
ment of TheorenA. J. Ineq. Pure and Appl. Math. 6(4) Art. 116, 2005
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Corollary 1.4. Let f be an entire function which is not constant. flifand f’
share the value 1 IM and i¥ (7", %) =S(r, f), then% = cfor some constant
c € C\{0}.

From Theorenil.3we have

Corollary 1.5. Let f be a non-constant entire function and= a(z) (# 0, 00)
be a meromorphic function such thatr,a) = S(r, f). If f —aand f*® —a
share the value 0 CM an#{0, f) > 1, orif f — a and f*) — a share the value
0IMands(0, f) > %, thenf = ).

Clearly Corollaryl.5is an improvement and complement of Theor@m
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Lemma 2.1 (see4]). Let f be a non-constant meromorphic functidnbe a
positive integer, then

N, <r, %) < N,k (r, %) +EN(r, f) + S(r, ).

This lemma can be obtained immediately from the proof of Lemma 2.3 in

[4] which is the special cage= 2. Meromorphic Function That
Shares One Small Function

Lemma 2.2 (see]). Let f be a non-constant meromorphic functionbe a With Its Derivative

positive integerP(f) = a, f"+a,_ 1 /" '+ - -+a, f wherea, is a meromorphic Qingcai Zhang
function such tha®'(r,a;) = S(r, f) (i =1,2,...,n). Then

T(r,P(f)) =nT(r, )+ 5(r, f)-

Title Page
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1.2

Lethg,G:f—thenF—l_ ¢ G — 1_f<)“ Sincef — a and
f® — q share(0,1), F andG share(1,1) except the zeros and poles af:).
Define

F// F/ G/l G/
(3.1) H= (F_QF—J_(E_QG—J’

We have the following two cases to investigate.
Case 1.H = 0. Integration yields

1 1
(3.2) F—lZCG—1+D’
whereC and D are constants and' # 0. If there exists a pole, of f with
multiplicity p which is not the pole and zero afz), thenz, is the pole ofF’
with multiplicity p and the pole of> with multiplicity p + k. This contradicts
with (3.2). So

(3.3) N(r, f) < N(ra)+ N (r, 2) — S(r, f),
S(r, f), N(r, G)=S(rf).

(3.2 also showd” and G share the value 1 CM. Next we proize= 0. We first
assume thab # 0, then

N(r,F) =

1 D(G-1+%)
(34) F—1" G-1
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So

(35) N <7", G——i—k%> = N(T, F) = S(?", f)

If £ + 1, by the second fundamental theorem atid) (3.5 andS(r,G) =

S(r, f), we have

T(r,G) < N(r,G) +N(r,é) + N (r, G_1+%) + S(r,Q)
<N (r, é) +S(r, f) < T(r,G) + S(r, f)
So
(3.6) T(r,G)=N (r, é) + S(r, f),
ie.

T(r, f(k)) =N (7‘, L)) + S(r, f),

this contradicts with conditions.(1), (1.2) and (L.3) of this theorem.

If £ =1, from (3.4) we know
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then

Noticing thatF” = <,

(3.7)

By Lemma2.2and (3.3) and (3.7), then

(3.8) 2T&j):T(nf<f—<1+é)a>)+5@j)

SoT(r, f) = S(r, f), this is impossible. Henc® = 0, and&=2

1
g ( -+ D)

f(k)
T (r, T) + S(r, f)

1 1
F—1—-—= = —_.
(J) C
G = % we have
1 c f®

)+ 500

§N<n1)+kN0jy+ﬂnﬂ

f
<T(r, f) +5(r, f).

Mo — & Thisis just the conclusion of this theorem.

f—a
Case 2.H #0.

From (3.1) it is easy to see that(r, H) = S(r, f).

Meromorphic Function That
Shares One Small Function
With Its Derivative

Qingcai Zhang

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 13 of 28

J. Ineq. Pure and Appl. Math. 6(4) Art. 116, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:qingcaizhang@yahoo.com.cn
http://jipam.vu.edu.au/

Subcase2.1 [ > 1. From (3.1) we have
(3.9) N(r,H)
— — 1 — 1 — 1
< N(r, F)+ Ng N + N " E + N "G

+N( ;,)JFNO( é/)+N(ra)+N( (11)

whereN, (r, 2;) denotes the counting function of the zerog'6fvhich are not LT IS e D VS
the zeros o and F' — 1, and N, ( T, F,) denotes its reduced form. In the same With Its Derivative
way, we can defind/ (r, G,) and N, (r, & ). Letz, be a simple zero of — 1 Qingcai Zhang

buta(zy) # 0, 0o, thenz, is also the simple zero @f — 1. By calculatingz, is
the zero off, so

Title Page
1 1 1
(3.10) Ny <T, ja 1) <N (T, ﬁ) + N(r,a)+ N (r, 5) ‘<Contents'>
< N(r,H)+ S(r, f).
< >
Noticing thatVy) (1, &) = Ny (1, &) + S(r, f), we have o Back
— 1 1 — 1 Close
3.11) N — | =N N
e () ) o)
— — 1 _ 1
<N(r, F)+ N (T,F_1)+N(2 (r’F—l) Page 14 of 28
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— 1 — 1
N — N —
() ()

+N< ;,>+N0< G,>+S(rf)

By the second fundamental theorem a®d {) and notingN (r, F) =
S(r, f), then
312) T(nG) < NG+ N (r~)+¥ (r,——
. r, T, G r, G 1
— N() (T, é) +S<T,G)
<2N(r,F)+ N 1 +N 1 +N
r G @2\ G (2
— 1 — 1
+ N T’F—l + N T,F_l
— 1
+ Ny <T’F> + S(r, f)
Whilel > 2,

N(r,G)+
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" T(r,G) < 2N(r, F) + N (ré) +N2< ;) + S0 f),

T(r, f¥) < 2N(r, f) + N; ( >0 ) + N, ( ) +5(r, f).

1
(f/a)

This contradicts with1.1).

Whilel =1, (3.13 turns into

— 1 — 1 — 1 — 1
N(g (7",?) +N(l+1 (T,ﬁ) +N(2 (T,F_l) +N0 T’F)

Similarly as above, we have

T(r, f¥) < 2N (r. f)+N2( f%’“) L oN (r, ﬁ) T S(r, f).

This contradicts with1.2).

Subcase2.2 [ = 0. Inthis caseF andG share 1 IM except the zeros and
poles ofa(z).

Let z be the zero of” — 1 with multiplicity p and the zero ofi — 1 with
multiplicity ¢. We denote bWé) (r, +) the counting function of the zeros of
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F — 1 wherep = g =
F — 1 wherep = ¢ >

1; by Nﬁj (r, &) the counting function of the zeros of
2; by N, (r, &) the counting function of the zeros of

F — 1 wherep > ¢ > 1, each point in these counting functions is counted only

once. In the same way, we can defiNg (r, &), N

is easy to see that

o (r, ) and N, (r, ). It

(r, Gl—l) + S0 f),

— 1 — 1
(3.14) N (r, - 1) =N <T,G_ 1) +S(r, f)
o 1) 1 ——=(2 1
_NE(a—F_1>+NE <T’F—1)
LN L)Vw L) s )
L ryF_l L T,G—l r,
From (3.1 we have now
(3.15) N(r,H)
< N(r,F)+N AN L) w !
< T, (2 T‘,F (2 T,G L T’F—l

N
=
@
| —
—_
N———
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In this case, §.10 is replaced by

(3.16) Ny (n e 1_ 1) < N(r,H) + S(r, f).

From 3.14), (3.15 and @3.16), we have

_ 1 — — 1 — 1 —(2 1
N < N(r,F)+ N — N — N
(r, o 1) < N(r,F)+ N (7", F) + N (T’G) + Ng (T,F_ 1)
1

Meromorphic Function That
N N Shares One Small Functi
+ 29 (r g ) + 2 (n e ) e e
— 1 — 1 Qingcai zh
(L) o (n L) + st
_ _ 1 _ .
<N F)+2N (r,— | +2N |, Title Page
F G-1
] ) Contents
+ N (T‘,a)ﬂLNo (T,a)‘FS(T,f)- <« >
By the second fundamental theorem, then ¢ >
) ) Go Back
_ _ — 1
T(r,G) < N(r,G)+ N <7°>E) + N (7"7 o 1) — No (7”, @) +5(r, G) Close
<N )+ 2N (r L) =W (r, ] L
S 2N &)+ nE )T\ G Page 18 of 28
— 1 — 1
+ N(2 (T7 a) + 2Ny <7’, a_1 + S(Ta f) J. Ineq. Pure and Appl. Math. 6(4) Art. 116, 2005
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From Lemma2.1for p = 1,k = 1 we know

N( é/)<zv2( é)+ﬁ(r,e)+5(r,e).

So
T(r,G) <4N(r,F) 4+ 3N, ( é) + 2N (r, %) +S(r, f),

T(r, f®) <AN(r, f) + 3N, (r, %) +2N (n ( }a),> + S(r, f).

This contradicts withX.3). The proof is complete.
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1.3

The proof is similar to that of Theoreth2. We defineF’ andG and @3.1) as
above, and we also distinguish two cases to discuss.

Case 3.H = 0. We also have3.2). From (3.3) we know thaB (oo, f) = 1,
and from (.4), (1.5 and (L.6), we further know,, (0, f) > % Assume that
D # 0, then
D(F-1-1) 1
F—1 G-1

Il
Q

SO

- (r’ ﬁ) _ N(r,G) = S(r, f).

If D # —1, using the second fundamental theoremAgisimilarly as @.6)
we have

T(r,F)=N (n %) +S(r, f),

T(r,f)=N (r, %) +S(r, f).
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Then

FG-1-0)=-
and thus,
k J®
(4.2) f® (f(k) — (14 C)a) = —C’a27.
As same as3.8), by Lemma2.2and 3.3) and N (7" %) ), from (4.1)
we have
2T (r, f¥)y =T ( f;f ) +S(r, f)
f(k)
=N (r, T) + S(r, f)

IN

EN(r, f) + kN (T, %) +S(r, f)=S(r, f).

SoT(r, f*)) = S(r, f) andT

/N

r,#) = S(r, f). Hence

T(r,f)<T (r f)) +T(r, f?) +0(1)

) fW

f(k)
=T (r, 7) +T(r, f*) +0(1) = S(r, f),

this is impossible. Therefor® = 0, and from (8.2) then

1

G—lEE(F—l).
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If C'# 1, then

G=—=(F-140),

1
C

1 1
N<T’E)_N(T’—F—1+C’)'

By the second fundamental theorem aBd)we have

and

T(r,F) < N(r,F)+ N (r, %) + N (r, ﬁ) +S(r,G)

By Lemma2.1for p = 1 and 3.3), we have

T(r,f) <N (r, %) + N (r, %) + S(r, f)
<N (7’, %) + Nijp (7’, %) + N(r, f)+ S(r, f)

Henced, (0, f) < 3. This is a contradiction witl; (0, f) > 24%(0, ) >
ndF = G, ie. f = f®. This is just the conclusion of this

;. S0C =1a
theorem.
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Case 4.H # 0.
Subcasel.1 [ > 1. Assimilar as Subcasgl, From @.9) and (3.10 we have

_ 1 — 1
N(r,F_l)—l—N(r,—G_l)

Whilel > 2,

_ 1 — 1 — 1 1
- <
N(lJrl(/raG_l)+N(2(T7G_1)+N(T7G_1)_N<T7G_1)

Meromorphic Function That
Shares One Small Function
With Its Derivative

Qingcai Zhang

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 23 of 28

J. Ineq. Pure and Appl. Math. 6(4) Art. 116, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:qingcaizhang@yahoo.com.cn
http://jipam.vu.edu.au/

— 1 — 1
=+ NO (7", ﬁ) + NO (T’, 5) +T(T,G) + S<7n7f>
By the second fundamental theorem, we have
T(r,F)+T(r,G)

SN(T’,F)—FN(T;G)_'—N(T’l) +N(T’_> N Tﬁ)

_ 1 1 1
—’—N(T,m) —N() T,ﬁ) —N() (T,a>+S<T,F)+S(T,G)
)

SO
— 1 1
T F) < NG F) + Na (1 ) 4 Ve (g ) +500)

)
T(r, f) < 3N(r, f) + Ny (r, %) A (r, %) LS f).

By Lemma&.1for p = 2 we have

T(r, f) < (34 k)N(r, f) + 2Ny (7’, %) + S(r, f),

SO
(34 k)O(c0, f) + 20244(0, f) < k + 4.

This contradicts with1.4).
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Whilel =1,

_ 1 — 1 1
— |+ < <1 G)+0
N (T’G—1> N(T’G—l) _N<T’G—1) <T(r,G) (1),

so by Lemm&.1forp =1,k =1, we have

_ 1 — 1
N(r,F_l)—l—N(r,G_l)
1

— — 1 — — 1
< N(T7F)+N(2 (T75) + N (hﬁ) +N0 <T7a> +T(T7G)+S(T7f)
— — 1 1 — 1
<2N(r, F)+ N (7’7 5) + N, (T’f> + Ny (7"75) +T(r,G) + S(r, f)
As same as above, by the second fundamental theorem we have

T(r, F)+T(r,G) < 4N(r, F)+2N, (r, %) + Ny (7“, é) +T(r,G)+S(r, f),

SO

T(r,F) <4N(r, F) + 2N, (T, %) + Ny <T, é) + S(r, f),

T(r, f) < AN(r, f) + 2N, (r, %) LN, (7‘, %) + S0 f).
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By Lemma2.1for p = 2 we have

1
Tl ) < (@4 RN ) 43000 (7 ) + 50,
SO
(4+ k)O(oc0, f) + 3024£(0, f) < k +6.
This contradicts with1.5).
Subcase4.2 | = 0. From (3.14), (3.15 and (3.16 and Lemma2.1 for

Meromorphic Function That

b= 17 k= 1, nOtiCing Shares One Small Function
1 1 1 1 With Its Derivative
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+ N (r, %) + Ny (r, %) + Ny (r, é) + S(r, f)
< N(r,F)+2N ( ;/) +N (ré) +T(r,G)+ S(r, f)
< 4N(r,F) + 2N, (7’, %) + N, (r, é) +T(r,G) + S(r, f).
As same as above, by the second fundamental theorem, we can obtain
T(r, F)+T(r,G) <

SO

T(r,F) <6N(r, F)+ 3N, (T, %) + 2N, (r, é) +S(r, f),

T(r, f) < 6N(r, f) + 3N, ( ;) LN, ( %) S f).

By Lemma&.1for p = 2 we have

T(r, f) < (6 + 20)N(r. f) + 5Nas ( 1) LS f),

f
SO
(6 4 2k)O (00, f) + 5241 (0, f) < 2k + 10.

This contradicts with1.6). Now the proof has been completed.

N(r, F)+3N, (r, %) 12N, (r, é) T, G) S (r, f),
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