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Abstract

This paper deals with a system of quasi-variational inequalities with noncoer-
cive operators. We prove the existence of a unique weak solution using a lower
and upper solutions approach. Furthermore, by means of a Banach’s fixed
point approach, we also prove that the standard finite element approximation
applied to this system is quasi-optimally accurate in L∞.
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1. Introduction
We are interested in the following system of quasi-variational inequalities (QVI’s):
find a vectorU = (u1, . . . , uM) ∈ (H1

0 (Ω))M such that

(1.1)


ai(ui, v − ui) = (f i, v − ui) ∀v ∈ H1

0 (Ω)

ui ≤ k + ui+1, v ≤ k + ui+1

uM+1 = u1,

whereΩ is a smooth bounded domain ofRN , N ≥ 1 with boundaryΓ, ai(u , v)
areM variational forms,f i are regular functions andk is a positive number.

This system arises in stochastic control problems. It also plays a fundamental
role in solving the Hamilton-Jacobi-Bellman equation, [1], [2].

Its coercive version is well understood from both the mathematical and nu-
merical analysis viewpoints (cf. eg., [1], [2], [6]).

In this paper we shall be concerned with the noncoercive case, that is, where
the bilinear formsai(u, v) do not satisfy the usual coercivity condition.

To handle this new situation, we transform (1.1) into the following auxiliary
system: findU = (u1, . . . , uM) ∈ (H1

0 (Ω))M such that:

(1.2)


bi(ui, v − ui) = (f i + λui, v − ui) ∀v ∈ H1

0 (Ω)

ui ≤ k + ui+1, v ≤ k + ui+1

uM+1 = u1,
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where

(1.3) bi(u, v) = ai(u, v) + λ(v, v)

andλ > 0 is large enough such that:

(1.4) bi(v, v) ≥ γ ‖v‖2
H1(Ω) γ > 0; ∀v ∈ H1

0 (Ω).

Under this condition, using a monotone approach inspired from [5], we shall
prove that both the continuous and discrete problems admit a unique solution.

On the numerical analysis side, using piecewise linear finite elements, we
shall establish a quasi-optimalL∞−convergence order. To that end, we propose
a new approach which consists of characterizing both the continuous and the
finite element solution as fixed points of contractions inL∞.

This new approach appears to be quite simple. It also offers the advantage
of providing an iterative scheme useful for the numerical computation of the
solution.

The paper is organized as follows. In Section2, we discuss existence and
uniqueness of a solution to problem (1.1). Section3 deals with its discretization
by the standard finite element method where, under a discrete maximum princi-
ple assumption, analogous discrete qualitative results are given as well. Finally,
in Section4 we respectively associate with both the continuous and discrete
systems appropriate contractions and give anL∞−error estimate.
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2. The Continuous Problem
Let us begin with some necessary notations, assumptions and qualitative prop-
erties of elliptic variational inequalities.

2.1. Notations, Assumptions and Preliminaries

We are given functions

(2.1) ai
jk(x), b

i
k(x), a

i
0(x) ∈ C2(Ω), x ∈ Ω, 1 ≤ k, j ≤ N ; 1 ≤ i ≤M

such that:

(2.2)
∑

1≤ j, k≤N

ai
jk(x)ξjξk = α |ξ|2 ; (x ∈ Ω, ξ ∈ RN , α > 0)

(2.3) ai
jk = ai

kj; a
i
0(x) = β > 0; x ∈ Ω.

We define the bilinear forms: for anyu, v ∈ H1(Ω),

(2.4) ai(u, v)

=

∫
Ω

( ∑
1≤ j, k≤N

ai
jk(x)

∂u

∂xj

∂v

∂xk

+
N∑

k=1

bik(x)
∂u

∂xk

v + ai
0(x).uv

)
.

We are also given regular functionsf i such that

(2.5) f i ∈ C2(Ω) and f i ≥ 0; ∀ i = 1, . . . ,M .
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and the following norm:∀W = (w1, . . . , wM) ∈
∏M

i=1 L
∞(Ω)

(2.6) ‖W‖∞ = max
1≤i≤M

∥∥wi
∥∥

L∞(Ω)
,

where‖·‖L∞(Ω) denotes the well-knownL∞−norm.

2.2. Elliptic Variational Inequalities

Let f in L∞(Ω) andψ in W 2,∞(Ω) such thatψ ≥ 0 on ∂Ω. Let also b(·, ·) be
a continuous and coercive bilinear form of the same form as those defined in
(1.2) and consideru = σ(f, ψ) a solution to the following elliptic variational
inequality VI: findu ∈ H1

0 (Ω) such that

(2.7)


b(u, v − u) = (f, v − u) ∀v ∈ H1

0 (Ω)

u ≤ ψ; v ≤ ψ.

Theorem 2.1. (cf. [3],[ 4]) Under the above assumptions, there exists a unique
solution to the variational inequality (VI) (2.7). Moreover,u ∈ W 2,p (Ω),
1 ≤ p <∞ .

2.2.1. A Monotonicity property for VI ( 2.7) Let (f, ψ),
(
f̃ , ψ̃

)
be a pair

of data andu = σ(f, ψ), ũ = σ
(
f̃ , ψ̃

)
the respective solutions to (2.7).

Theorem 2.2. (cf. [4]) If f ≥ f̃ andψ ≥ ψ̃ thenσ(f, ψ) ≥ σ(f̃ , ψ̃).
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2.3. Existence and uniqueness

As mentioned earlier, we solve the noncoercive system of QVI’s by considering
the following auxiliary system: find a vectorU =

(
u1, . . . , uM

)
∈ (H1

0 (Ω))
M

such that

(2.8)


bi (ui, v − ui) = (f i + λui, v − ui) ∀v ∈ H1

0 (Ω)

ui ≤ k + ui+1 , v ≤ k + ui+1

uM+1 = u1.

It can readily be noticed in the above system, that besides the obstacles
“k + ui+1”, the right hand sides depend upon the solution as well. Therefore,
the increasing property of the solution of VI with respect to the obstacle and
the right hand side, reduces the problem (2.8) to finding a fixed point of an
increasing mapping as in [5].

Let L∞(Ω) =
∏M

i=1 L
∞
+ (Ω), whereL∞+ (Ω) is the positive cone ofL∞(Ω).We

introduce the following mapping

T : L∞(Ω) −→ L∞(Ω)(2.9)

W −→ TW =
(
ζ1, . . . , ζM

)
where∀ i = 1, . . . ,M , ζ i = σ (f i + λwi; k + wi+1) is solution to the follow-
ing VI:

(2.10)


bi (ζ i, v − ζ i) = (f i + λwi, v − ζ i) ∀v ∈ H1

0 (Ω)

ζ i ≤ k + wi+1, v ≤ k + wi+1.
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Problem (2.10) being a coercive variational inequality, thanks to [3], [4], has
a unique solution.

2.3.1. Properties of The MappingT Let us first introduce the vector̂U0 =(
û1,0, . . . , ûM,0

)
, where∀i = 1, . . . ,M, ûi,0 is solution to the equation

(2.11) ai(ûi,0, v) = (f i, v) ∀ v ∈ H1
0 (Ω).

Sincef i ≥ 0, there exists a unique positive solution to problem (2.11). More-
over, ûi,0 ∈ W 2,,p(Ω), p <∞ (cf. e.g., [5]).

Proposition 2.3. Under the preceding notations and assumptions, the mapping
T is increasing, concave and satisfies:TW ≤ Û0, ∀ W ∈ L∞(Ω) such that
W ≤ Û0.

Proof. 1. T is increasing .

Let V = (v1, . . . , vM), W = (w1, , . . . , wM) in L∞(Ω) such thatvi ≤ wi,
∀i = 1, , . . . ,M . Then, by Theorem2.2, it follows thatσ(f i + λwi; k +
wi+1) ≥ σ(f i + λvi; k + vi+1). Thus,TV ≤ TW.

2. TW ≤ Û0 ∀W ≤ Û0.

Let us first recall thatu+ = sup(u, 0) andu− = sup(−u, 0). The fact that
both of the solutionsζ i of (2.10) andûi,0 of (2.11) belong toH1

0 (Ω), we
clearly have:

ζ i −
(
ζ i − ûi,0

)+ ∈ H1
0 (Ω).
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Moreover, as(ζ i − ûi,0)+ ≥ 0, it follows that

ζ i −
(
ζ i − ûi,0

)+ ≤ ζ i ≤ k + wi+1.

Therefore, we can takev = ζ i − (ζ i − ûi,0)+ as a trial function in (2.10).
This gives:

bi
(
ζ i,−

(
ζ i − ûi,0

)+)
=
(
f i + λwi,−

(
ζ i − ûi,0

)+)
.

On the other hand, takingv = (ζ i − ûi,0)
+ in equation (2.11) we get

bi
(
ûi,0,

(
ζ i − ûi,0

)+)
=
(
f i + λûi,0,

(
ζ i − ûi,0

)+)
and, sinceW ≤ Û0, by addition, we obtain

−bi
((
ζ i − ûi,0

)+
,
(
ζ i − ûi,0

)+)
= 0

which, by (1.4), yields (
ζ i − ûi,0

)+
= 0.

Thus
ζ i ≤ ûi,0 ∀ i = 1, 2, . . . ,M

i.e.,
TW ≤ Û0.
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3. T is concave.

Let us agree on the following notations:

wi
θ = θwi + (1− θ)w̃i; wi

θ,k = θ(k + wi) + (1− θ)(k + w̃i); θ ∈ [0, 1].

Then we have:

T (θW + (1− θ)W̃ )

=
[
σ
(
f 1 + λw1

θ ; k + w2
θ

)
, . . . ,

σ
(
f i + λwi

θ; k + wi+1
θ

)
, . . . , σ

(
fM + λwM

θ ; k + w1
θ

)]
=
[
σ
(
f 1 + λw1

θ ;w
2
θ,k

)
, . . . , σ

(
f 1 + λwi

θ;w
i+1
θ,k

)
, . . . , σ

(
fM + λwM

θ ;w1
θ,k

)]
.

Now, denoting by:

ζ i = σ
(
f i + λwi; k + wi+1

)
,

ζ̃ i = σ
(
f i + λw̃i; k + w̃i+1

)
,

ζ i
θ = θζ i + (1− θ)ζ̃ i,

U i
θ = σ

(
f i + λwi

θ;w
i+1
θ

)
.

It is clear thatζ i
θ is admissible for the problem which hasU i

θ as a solution.
So

U i
θ +

(
U i

θ − ζ i
θ

)−
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is admissible for this problem. Therefore,

(2.12) b
(
U i

θ,
(
U i

θ − ζ i
θ

)−) ≥ (f + λwi
θ,
(
U i

θ − ζ i
θ

)−)
.

Also, we can takeζ i− (U i
θ − ζ i

θ)
− as a test function in the problem where

ζ i is the solution and̃ζ i− (U i
θ − ζ i

θ)
− can be taken as a test function in the

problem whose solution is̃ζ i. From this we deduce that

(2.13) −b
(
ζ i,
(
U i

θ − ζ i
θ

)−) ≥ −
(
f + λwi,

(
U i

θ − ζ i
θ

)−)
and

(2.14) −b
(
ζ̃ i,
(
U i

θ − ζ i
θ

)−) ≥ −
(
f + λw̃i,

(
U i

θ − ζ i
θ

)−)
.

Now multiplying (2.13) by θ, and (2.14) by 1− θ, addition yields

−b
(
ζ i
θ,
(
U i

θ − ζ i
θ

)−) ≥ −
(
f + λwi

θ,
(
U i

θ − ζ i
θ

)−)
which added to (2.12) gives

b
(
U i

θ − ζ i
θ,
(
U i

θ − ζ i
θ

)−) ≥ 0.

Thus (
U i

θ − ζ i
θ

)−
= 0

which completes the proof i.e.,

T
(
θW + (1− θ)W̃

)
≥ θTW + (1− θ)TW̃ .
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2.3.2. A Continuous Iterative Scheme of Bensoussan-Lions TypeStart-
ing from Û0 solution of (2.11) andǓ0 = 0, we define the iterations:

(2.15) Ûn+1 = TÛn; n = 0, 1, . . .

and

(2.16) Ǔn+1 = TǓn; n = 0, 1, . . . ,

respectively.
The analysis of the convergence of these iterations requires to prove the fol-

lowing intermediate results.

Lemma 2.4. Assumef i ≥ f 0 > 0 ; 1 ≤ i ≤ M, wheref 0 is a positive
constant, and let

0 < µ < inf

 k∥∥∥Û0

∥∥∥
∞

;
f 0

λ
∥∥∥Û0

∥∥∥
∞

+ f 0

 .

Then we have

(2.17) T (0) = µÛ0.

Proof. Indeed, from (2.16), T (0) = Ǔ1 = (ǔ1,1, . . . , ǔ1,M), whereǔi,1 is the
solution of the following variational inequality:

(2.18)


bi (ǔi,1, v − ǔi,1) = (f i + λǔi,0, v − ǔi,1) ∀v ∈ H1

0 (Ω)

ǔi,1 ≤ k; v ≤ k.
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Then by the choice ofµ it is clear that

v =
(
ǔi,1 − µûi,0

)−
+ ǔi,1

can be taken as a trial function in the VI (2.18) inequality. So taking

v = −
(
ǔi,1 − µûi,0

)−
as a trial function in (2.11) and using the fact thatf i ≥ f 0 andǔi,0 = 0, we get
by addition:

bi
(
ǔi,1 − µûi,0,

(
ǔi,1 − µûi,0

)−)
=
((
f i − µf i − µλûi,0

)
,
(
ǔi,1 − µûi,0

)−)
=
((
f 0(1− µ)− µλûi,0

)
,
(
ǔi,1 − µûi,0

)−)
.

But, again, by the choice ofµ

f 0(1− µ)− µλûi,0 ≥ f 0(1− µ)− µλ
∥∥∥Û0

∥∥∥
∞
≥ 0.

Thus, by (1.4) (
ǔi,1 − µûi,0

)−
= 0

i.e.,
ǔi,1 = µûi,0 ∀ i = 1, 2, . . . ,M.
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Proposition 2.5. Let C = {W ∈ L∞(Ω) such that0 ≤ W ≤ Û0}. Let also
γ ∈ ]0 ; 1], W, W̃ ∈ C such that:

(2.19) W − W̃ ≤ γW .

Then, the following holds

(2.20) TW − TW̃ ≤ γ(1− µ)TW.

Proof. By (2.19), we have(1− γ)W ≤ W̃ . Then, using the fact thatT is
increasing and concave (see Proposition2.3.), it follows that

(1− γ)TW + γT (0) ≤ T [(1− γ)W + γ.0]

≤ TW̃

Finally, using Lemma2.4. we get (2.20).

Theorem 2.6.Under conditions of Propositions2.3– 2.5, the sequences
(
Ûn
)

and
(
Ǔn
)

are monotone and well defined inC . Moreover, they converge re-
spectively from above and below to the unique solutionU of system of QVI’s
(1.1).

Proof. The proof will be carried out in five steps.

Step 1. The sequence(Ûn) stays inC and is decreasing.
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From (2.15) it is easy to see that∀i, ûi,n is solution to the following VI:

(2.21)


bi(ûi,n, v − ûi,n) = (f i + λûi,n−1, v − ûi,n) ∀v ∈ H1

0 (Ω)

ûi,n ≤ k + ûi+1,n−1; v ≤ k + ûi+1,n−1

ûM+1,n = û1,n.

Sincef i ≥ 0 and ûi,0 ≥ 0, a simple induction combined with standard
comparison results in variational inequalities lead toûi,n ≥ 0 i.e.,

(2.22) Ûn ≥ 0 ∀n ≥ 0.

Furthermore, by Proposition2.3. and (2.15), we have:

Û1 = TÛ0 ≤ Û0.

Thus, inductively

(2.23) 0 ≤ Ûn+1 = TÛn ≤ Ûn ≤ · · · ≤ Û0.

Step 2. (Ûn) converges to the solution of the system (1.1).
From (2.22) and (2.23) it is clear that∀i = 1, 2, . . . ,M

(2.24) lim
n→∞

ûi,n(x) = ūi(x), x ∈ Ω and(ū1, . . . , ūM) ∈ C.

Moreover, from (2.22) we havek+ ûi+1,n−1 ≥ 0. Then we can takev = 0
as a trial function in (2.21), which yields

γ
∥∥ûi,n

∥∥2

H1(Ω)
≤ bi(ûi,n, ûi,n) ≤

∥∥f i + λûi,n−1
∥∥

L2(Ω)

∥∥ûi,n
∥∥

H1(Ω)
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or more simply ∥∥ûi,n
∥∥

H1(Ω)
≤ C,

whereC is a constant independent ofn. Henceûi,n stays bounded in
H1(Ω) and consequently we can complete (2.24) by

(2.25) lim
n→∞

ûi,n = ūi weakly inH1(Ω).

Step 3. U = (ū1, . . . , ūM) coincides with the solution of system (1.1).
Indeed, since

ûi,n(x) ≤ k + ûi+1,n−1(x)

then (2.24) implies
ūi(x) ≤ k + ūi+1(x).

Now let v ≤ k + ūi+1 thenv ≤ k + ûi+1,n−1, ∀n ≥ 0. We can therefore
takev as a trial function for the VI (2.21). Consequently, combining (2.24)
and (2.25) with the weak lower semi continuity ofbi(v, v) and passing to
the limit in problem (2.21), we clearly get

bi(ūi, v − ūi) = (f i + λūi, v − ūi) ∀v ∈ H1
0 (Ω), v ≤ k + ūi+1.

Step 4. Uniqueness. Let U , Ũ be two solutions of the system (1.1). These are
fixed points ofT . Therefore, sinceU − Ũ ≤ U , by takingW = U and
W̃ = Ũ in (2.19) with γ = 1− µ we have

U − Ũ ≤ (1− µ)U.
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Doing this again withγ = 1− µ, we obtain

U − Ũ ≤ (1− µ)2U

and inductively

U − Ũ ≤ (1− µ)nU ≤ (1− µ)n
∥∥∥Û0

∥∥∥
∞
.

Thus, makingn tend to∞ yieldsU ≤ Ũ . Finally, interchanging the roles
of U andŨ , we obtainU = Ũ

Step 5. The monotone property of the sequence(Ǔn) can be shown in a similar
way to that of sequence(Ûn). Let us prove its convergence to the solution
of system (1.1). Indeed, apply (2.19),(2.20) with

W = Û0; W̃ = Ǔ0; γ = 1

then
TÛ0 − TǓ0 ≤ (1− µ)TÛ0,

so
0 ≤ Û1 − Ǔ1 ≤ (1− µ)Û1.

Applying (2.20) again, yields

0 ≤ Û2 − Ǔ2 ≤ (1− µ)2Û2

and quite generally

0 ≤ Ûn − Ǔn ≤ (1− µ)nÛn ≤ (1− µ)nÛ0 ≤ (1− µ)n
∥∥∥Û0

∥∥∥
∞
.
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Thus
Ûn − Ǔn → 0 a.e

from which it follows that

Ǔn → U = U

is the unique solution of system of QVI’s (1.1).

2.3.3. Regularity of the solution of system (1.1) The following is a theo-
rem on the regularity of (1.1).

Theorem 2.7.(cf. e.g,[1]). Let assumptions (2.1)-(2.5) hold. Then each compo-
nent of the solution of system (1.1) belongs toC(Ω̄)∩W 2, p(Ω); ∀2 ≤ p <∞.
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3. The Discrete Problem
Let Ω be decomposed into triangles and letτh denote the set of all those ele-
ments;h > 0 is the mesh size. We assume that the familyτh is regular and
quasi-uniform.

Let Vh denote the standard piecewise linear finite element space,

(3.1) Vh = {v ∈ C(Ω) ∩H1
0 (Ω) such thatv/K ∈ P1 , ∀K ∈ τh }.

Let Bi be the matrices with generic coefficients

(3.2)
(
Bi
)

ls
= bi(ϕl, ϕs) 1 ≤ i ≤M ; 1 ≤ l, s ≤ m(h),

where,{ϕl}, l = 1, 2, . . .m(h) is the basis ofVh.
Let rh be the usual restriction operator defined by

(3.3) ∀v ∈ C(Ω) ∩H1
0 (Ω) , rhv =

m(h)∑
l=1

vlϕl.

In the sequel of the paper we shall make use of thediscrete maximum princi-
ple (d.m.p) assumption. In other words, we shall assume thatBi, 1 ≤ i ≤ M
are M-matrices (see [7]).

3.1. Discrete Variational Inequality

Let uh ∈ Vh be the solution of the following discrete variational inequality

(3.4)


b(uh , v − uh) = (f, v − uh) ∀v ∈ Vh

uh ≤ rhψ; v ≤ rhψ.
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3.1.1. A Discrete Monotonicity Property for VI ( 3.4) Let (f , ψ), (f̃ , ψ̃)
be a pair of data andu = σh(f, ψ), ũ = σh(f̃ , ψ̃) the respective solutions of
(3.4). Then we have the discrete analogue of Theorem2.2.

Theorem 3.1.Under thed.m.p, If f ≥ f̃ andψ ≥ ψ̃ then σh(f, ψ) ≥ σh(f̃ , ψ̃).

3.2. The Noncoercive Discrete System of QVI’s

Let Vh = (Vh)
M . We define the noncoercive discrete system of QVI’s as fol-

lows: findUh = (u1
h, . . . , u

M
h ) ∈ Vh solution of

(3.5)


ai(ui

h, v − ui) = (f i, v − ui
h) ∀v ∈ Vh

ui
h ≤ k + ui+1

h , v ≤ k + ui+1
h

uM+1
h = u1

h.

And, similarly to the continuous problem, we solve (3.5) via the following im-
plicit coercive system: findUh = (u1

h , . . . , u
M
h ) ∈ Vh solution to

(3.6)


bi(ui

h, v − ui) = (f i + λui
h, v − ui

h) ∀v ∈ Vh;

ui
h ≤ k + ui+1

h , v ≤ k + ui+1
h ;

uM+1
h = u1

h.

Let us also note that all the properties established in the continuous case remain
conserved in the discrete case, provided thed.m.p is satisfied. The proofs of
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these will not be given as they are respectively identical to their continuous
analogue ones.

3.3. Existence and Uniqueness

Let us first definêU0
h to be the piecewise linear approximation ofÛ0 defined in

(2.11):

(3.7) ai(ûi,0
h , v) = (f i, v) ∀v ∈ Vh; 1 ≤ i ≤M.

We consider the following mapping

Th : L∞(Ω) −→ Vh,(3.8)

W −→ TW = (ζ1
h, . . . , ζ

M
h ),

where,∀ i = 1, . . . ,M , ζ i
h = σh(f

i + λwi, k + wi+1) is the solution of the
following discrete VI:

(3.9)


bi(ζ i

h, v − ζ i
h) = (f i + λwi, v − ζ i

h) ∀v ∈ Vh,

ζ i
h ≤ rh(k + wi+1), v ≤ rh(k + wi+1).

Proposition 3.2.Under thed.m.p, Th is increasing, concave and satisfiesThW ≤
Û0

h ∀W ∈ L∞(Ω),W ≤ Û0
h .
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3.4. A Discrete Iterative Scheme of Bensoussan-Lions Type

We associate with the mappingTh the following discrete iterative scheme:
starting fromÛ0

h defined in (3.7) andǓ0
h = 0, we define:

(3.10) Ûn+1
h = ThÛ

n
h

and

(3.11) Ǔn+1
h = ThǓ

n
h

respectively.
Similarly to Theorem2.6, the convergence of the above algorithm rests on

the discrete analogues of Lemma2.4. and Proposition2.5, respectively.

Lemma 3.3. Assumef i ≥ f 0 > 0; 1 ≤ i ≤ M, wheref 0 is a positive
constant, and let

0 < µ < inf

 k∥∥∥Û0
h

∥∥∥
∞

;
f 0

λ
∥∥∥Û0

h

∥∥∥
∞

+ f 0

 .

Then we have

(3.12) Th(0) = µÛ0
h

Proposition 3.4. Let Ch = {W ∈ L∞(Ω) such that0 ≤ W ≤ Û0
h }. Let also

γ ∈]0, 1], W, W̃ ∈ Ch such that:

(3.13) W − W̃ ≤ γW .
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Then the following holds

(3.14) ThW − ThW̃ ≤ γ(1− µ)ThW.

Theorem 3.5. Under conditions of Proposition3.2 – 3.4, the sequences(Ûn
h )

and (Ǔn
h ) are monotone and well defined inCh. Moreover, they converge re-

spectively from above and below to the unique solutionUh of system of QVI’s
(3.5).
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4. The Finite Element Error Analysis
In what follows, we prove the convergence of the approximation and estab-
lish a uniform error estimate. Our approach consists of characterizing both the
solution of systems (1.1) and (3.5) as the unique fixed points of appropriate
contractions inL∞(Ω). To that end we need first to introduce a coercive system
of quasi-variational inequalities and prove that its solution is monotone with
respect to the right hand side.

Let F = (F 1, . . . , FM) ∈ L∞(Ω) . We denote byZ = (z1, . . . , zM) the
solution of the coercive system of QVI’s:

(4.1)


bi(zi, v − zi) = (F i, v − zi) ∀v ∈ H1

0 (Ω)

zi ≤ k + zi+1

zM+1 = z1.

Denoting byzi = σ(F i, k+ zi+1), we introduce the sequencesZ
n

= (z̄1,n, . . . ,
z̄M,n) andZn = (z1,n, . . . , zM,n) defined by

z̄i,n+1 = σ(F i, k + z̄i+1,n),

and
zi,n+1 = σ(F i, k + zi+1,n),

where z̄i,0 is the unique solution ofb(z̄i,0, v) = (F i, v) ∀v ∈ H1
0 (Ω) and

zi,0 = 0.
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Theorem 4.1.(cf. [6]) The sequence(Z
n
) and(Zn) converge respectively from

above and below to the unique solution of system (4.1). Moreoverzi ∈ W 2, p(Ω)
1 ≤ i < M ; 1 ≤ p <∞.

Proposition 4.2. Let
(
F 1, . . . , FM

)
;
(
F̃ 1, . . . , F̃M

)
be two families of right

hands side andZ =
(
z1, . . . , zM

)
; Z̃ =

(
z̃1, . . . , z̃M

)
be the respective solu-

tions of system (4.1). Then the following holds. IfF ≥ F̃ , thenZ ≥ Z̃.

Proof. Let Z̄0 =
(
z̄1,0, . . . , z̄M,0

)
andZ̃

0

=
(
z̃

1,0
, . . . , z̃

,M,0
)

such that̄zi,0 and

z̃
i,0

are solutions to equationsb(z̄i,0, v) = (F i, v) andb
(
z̃

i,0
, v
)

=
(
F̃ i, v

)
,

respectively. Then the respective associated decreasing sequences

Z
n

= (z̄1,n, . . . , z̄M,n) and Z̃
n

=
(
z̃

1,n
, . . . , z̃

M,n
)

satisfy the following assertion.

If F i ≥ F̃ i thenz̄i,n ≥ z̃
i,n ∀i = 1, . . . ,M.

Indeed, since

z̄i,n+1 = σ
(
F i, k + z̄i+1,n

)
,

z̃
i,n+1

= σ
(
F̃ i, k + z̃

i+1,n
)
,
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F i ≥ F̃ i implies z̄i,0 ≥ z̃
i,0
, ∀i = 1, 2, . . . ,M. So, k + z̄i+1,0 ≥ k + z̃

i+1,0

and thus, from standard comparison results in coercive variational inequalities,
it follows that

z̄i,1 ≥ z̃
i,1
.

Now assume that̄zi,,n−1 ≥ z̃
i,n−1

. Then, asF i ≥ F̃ i, applying the same com-
parison argument as before, we get:

z̄i,,n ≥ z̃
i,n
.

Finally, by Theorem4.1, passing to the the limit asn→∞, we getZ ≥ Z̃.

Remark 4.1. Proposition4.2 remains true in the discrete case provided the
d.m.p is satisfied.

4.1. A Contraction Associated with System of QVI’s (1.1)

Consider the following mapping

S : L∞(Ω) → L∞(Ω)(4.2)

W → SW = Z =
(
z1, . . . , zM

)
,

whereZ is solution to the coercive system of QVI’s below

(4.3)


bi(zi, v − zi) = (f i + λwi, v − zi) ∀v ∈ H1

0 (Ω)

zi ≤ k + zi+1, v ≤ k + zi+1; i = 1, ..,M

zM+1 = z1.
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By Theorem4.1, problem (4.3) has one and only one solution.

Proposition 4.3. The mappingS is a contraction inL∞(Ω). i.e.,∥∥∥SW − SW̃
∥∥∥
∞
≤ λ

λ+ β

∥∥∥W − W̃
∥∥∥
∞
.

Therefore, there exists a unique fixed point which coincides with the solutionU
of the system of QVI’s (1.1).

Proof. Let W, W̃ ∈ L∞(Ω). We considerZ = SW = (z1, . . . , zM) andZ̃ =
SW̃ = (z̃1, . . . , z̃M) solutions to system of QVI’s (4.3) with right hands side
F = (F 1, . . . , FM) andF̃ = (F̃ 1, . . . , F̃M), whereF i = f i + λwi andF̃ i =
f i + λw̃i. Now setting

Φ =
1

λ+ β

∥∥∥F − F̃
∥∥∥
∞

; Φi =
1

λ+ β

∥∥∥F i − F̃ i
∥∥∥
∞

it follows that
F i ≤ F̃ i +

∥∥∥F i − F̃ i
∥∥∥
∞

and

F̃ i +
a0(x) + λ

λ+ β

∥∥∥F − F̃ i
∥∥∥
∞
≤ F̃ i + (a0(x) + λΦ) (becauseai

0(x) = β > 0)

so, by Proposition4.2, we obtain:

zi ≤ z̃i + Φi.
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Interchanging the roles ofW andW̃ , we similarly get

z̃i ≤ zi + Φi.

Thus ∥∥zi − z̃i
∥∥

L∞(Ω)
≤ Φi

which completes the proof.

In a similar way to that of the continuous problem, we are also able to char-
acterize the solution of the system of QVI’s (3.5) as the unique fixed point of a
contraction.

4.2. A Contraction Associated with The Discrete System of
QVI’s ( 3.5)

We consider the following mapping:

Sh : L∞(Ω) → Vh(4.4)

W → ShW = Zh =
(
z1

h, . . . , z
M
h

)
,

wherezi
h is solution to the discrete coercive system of QVI’s:

(4.5)


b(zi

h, v − zi
h) = (f + λwi, v − zi

h) ∀v ∈ Vh

zi
h ≤ k + zi+1

h ; v ≤ k + zi+1
h

zM+1
h = z1

h.
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Thanks to [6], [8] system (4.5) has one and only one solution.
Next, making use of Proposition4.2and Remark4.1we have the contraction

property ofSh.

Proposition 4.4. The mappingSh is a contraction inL∞(Ω). i.e.,∥∥∥ShW − ShW̃
∥∥∥
∞
≤ λ

λ+ β

∥∥∥W − W̃
∥∥∥
∞
.

Therefore, there exists a unique fixed point which coincides with the solutionUh

of the system of QVI (3.5)

Now, guided by Propositions4.3and4.4, we are in a position to establish a
uniform error estimate for the noncoercive system of QVI’s (1.1). To this end,
we need first to introduce the following auxiliary discrete coercive system of
QVI’s.

4.3. An Auxiliary Coercive System of QVI’s

We consider the following coercive system of QVI’s: find̄Zh =
(
z̄1

h, . . . , z̄
M
h

)
solution to

(4.6)


b (z̄i

h, v − z̄i
h) = (f + λui, v − z̄i

h) ∀v ∈ Vh

z̄i
h ≤ k + z̄i+1

h ; v ≤ k + z̄i+1
h ; i = 1, . . . ,M

z̄i,M+1
h = z̄1

h.
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Clearly, (4.6) is a coercive system whose right hand side depends onU =(
u1, . . . , uM

)
the continuous solution of system (1.1). So, in view of (4.4),

we readily have:

(4.7) Z̄h = ShU.

Therefore, using the result of [6], we have the following error estimate.

Theorem 4.5. (cf. [6])

(4.8)
∥∥Z̄h − U

∥∥
∞ ≤ Ch2 |Logh|3 .

4.4. L∞- Error Estimate For the Noncoercive System of QVI’s
(1.1)

LetU andUh be the solutions of system (1.1) and (3.5), respectively. Then we
have:

Theorem 4.6.
‖U − Uh‖∞ ≤ Ch2 |Logh|3 .

Proof. In view of (4.8) and Propositions4.3and4.4, we clearly have

U = SU ; Uh = ShUh; Z̄h = ShU.

Then , using estimation (4.8), we have

‖ShU − SU‖∞ =
∥∥Z̄h − U

∥∥
∞

≤ Ch2 |Logh|3 .
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Therefore

‖Uh − U‖∞ ≤ ‖Uh − ShU‖∞ + ‖ShU − SU‖∞
≤ ‖ShUh − ShU‖∞ + ‖ShU − SU‖∞

≤ λ

λ+ β
‖U − Uh‖∞ + Ch2 |Logh|3 .

Thus

‖U − Uh‖∞ ≤ Ch2 |Logh|3(
1− λ

λ+ β

) .
This completes the proof.
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