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ABSTRACT. Zhizhiashvili proved sufficient condition for the Cesaro summability by negative
order of N-multiple trigonometric Fourier series in the spaéel < p < co. In this paper we
show that this condition cannot be improved .
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Let RN be N-dimensional Euclidean space. The elementskéf are denoted by =

(r1,...,2n)yy = (Y1,---,YN)s - - FOranyz y € RY the vector(z; +y1,...,7x + yn)
. 1/2
of the space?” is denoted by + y. Let||z| = (Zﬁil :v2> :

]

Denote byC ([0,2]" ) the space of continuous di 27|, 27-periodic relative to each vari-
able functions with the following norm

[flle = sup [f(2)|

z€[0,2n] N

and L? ([O, 27r]N>, (1 < p < o0) are the collection of all measurabter-periodic relative to

each variable functiong defined o0, 2x]", with the norms

= ([ era) <o

For the cas@ = oo, by L? ([O, 27r]N> we mear’' <[0, 27r]N>.
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2 USHANGI GOGINAVA

Let M = {1,2,...,N}, B :== {s1,...,8:}, S < Spx1, k = 1,....7Tr =1, B C M,
B’ := M\B. Let
Alsid (f,x, hs) == f (21, .., Ts;-1,Ts, + Ns;y Ts,41y -+, TN)
— f(@1, . g1, Ty, Tsyg1s - TN) -

The expression we get by successive application of operatdrs! (f,z,hy,),. ..,
Ay (f 2, by, ) will be denoted byA? (f, z, h,,. .., hs, ), . €.

AP (fom by, b)) = Al (ABMs e )
Let f € LP <[0, 27r]N) . The expression

WB (Osys 3053 f) = sup HAB(f7',h51,...,hsr)

.

is called a mixed or a particular modulus of continuity in ftfenorm, when car@B) € [2, N]
orcardB) = 1.

The total modulus of continuity of the functighe L? ([O, 277]N> in the L? norm is defined
by
w(@,f), = suwp [If (- +h)=FO), (1<p<o0).

Ihl<s

Suppose thaf is a Lebesgue integrable function ﬁn%]N , 2 periodic relative to each
variable.Then itsV-dimensional Fourier series with respect to the trigonometric system is de-

fined by

o o

=A(1)

Z 22 g A iy Hcoszjxjnsmzkmk,

11=0 in=0 BCM jeB’ keB
where

ail ..... iy = 7TN / f(x H COS 4, H sin i,rpdx
’ B
[0,27]~ jeb ke

is the Fourier coefficient of and X (i) is the number of those coordinates of the vector
(i1, ...,1x) Which are equal to zero.

Let S, pv (f,x) denote thep,, ..., py)-th rectangular partial sums of thé-dimensional
Fourier series with respect to the trigonometric system, i. e.
p1 PN
Spl ~~~~~ PN (f,$) = Z Z All ~~~~~ iN (f,l’),
11=0 in=0
where
Agyin (frz) = 2720 Z a“ ..... in H COS 1, Hsmzkask
BcM jeB’ keB
The CesardC; aq, . . ., a)-means ofN-muItipIe trigonometric Fourier series defined by
my N
e (HA ) D D TLA% D S (1:9)
p1=0 pn=0j=1
where

, a#—-1,-2,..., n=0,1,....
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It is well-known that [4]
(1) c1 (a)n® < A% < ey (a)n®,

For the uniform summability of Cesaro means of negative order of one-dimensional trigono-
metric Fourier series the following result of Zygmund [3] is well-known: if

w (0, f)e = 0(6%)
anda € (0,1), then the trigonometric Fourier series of the functjpis uniformly (C, —«)

summable tqgf.
In [2]] Zhizhiashvili proved sufficient conditions for the convergence of Cesaro means of nega-

tive order of N-multiple trigonometric Fourier series in the spz{cfe([o, 27r]N>, (1<p<o0).
The following is proved.

Theorem A (Zhizhiashvili). Let f € L? ([O, 27r]N> forsomep € [1,+o00] anda; +- - - +ay <
1, wherea; € (0,1),i=1,2,...,N. If

W (0,f), = o (81 Fe),
then

lomarmey ()= |, =0 as m;—o0,i=1,...,N.

In casep = oo the sharpness of Theorgnj A has been proved by Zhizhiashvili [2]. The
following theorem shows that Theorg¢m A cannot be improved in caseg < co. Moreover,
we prove the following
Theorem 1(for N = 1 seel[l]) Leta; + -+ ay < landa; € (0,1),7=1,2,..., N, then
there exists the functiofy € C ([0, 27T]N) for which

(2) w (6, fo)o = O (61 F TN

and -
lim HO’T_nal’;;%’_aN (fo) — f()“l > 0.

m—oo '\ Y

Proof. We can define the sequenge, : £ < 1} satisfying the properties

= 1 1
3) >, —arFray = O (W—MN) )
j=k+1 J k
k—1
(4) Zn;—(al-i-u-—i-aj\r) — O (ni_(al—i_'”—’—aN)) ’
j=1
1
(5) Bht 2
N k

Consider the functiorf, defined by
fO (.I‘l,...,QIN) = ij (.I‘l,...,CEN),
j=1

where
N

1 .
fj (1’1, e ,ZL’N) = m HSIH’I’LjZL'i.
n; i=1

J. Inequal. Pure and Appl. Math?(3) Art. 86, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 USHANGI GOGINAVA

From E) it is easy to show thdt € C ([O, 27r]N> . First we shall prove that

(6) w;i (6, f)o = O (621t +eny i=1,...,N.
Let L <§ < -L-. Then from ) andmél) we can write that

o1, o Timy, T + 6, Tig, - o) — fo (T1, .o sy, T4, Tig1, -, TN

1
< Z oAy |sinn; (x; +9) — sinn;jz;|

7j=1 .7
k—1
< 1 5 1
E m|81nn] (ZL’Z—f— ) —SIHTL].ZUZ|+2 E it Fan
Uun n
j=1""J j=k

1
< Z a1+ +aN (na1+~~~+azv>
k

_o<5 (et MN)*O(W%W)
k

— O (g,

which proves|(p).
Since

N
<Y wil6,f)
=1
we obtain the proof of estimatioﬁ](Z)

-----

@ ooy (fo) = fol,

.....

.....

k—1
= lomerey () = fill, - Z omermen ()] — lefch
j=1 j=k+1

=]—-II—-1IIT—-1V.
It is evident that

(8) g (FY =0, j=k+ 1 k42,

Using (3) for/V we have

(9) IVSZW:O(W>
j=k "7 k

Since [2]

and
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from (4) and [(b) we get

k—1
1 1—(a1++an)
(10) II = O ( 1—(a1+-+an) Zn] ' "
U j=1
1 k—21(++) n’1€(1++aw)
. —(a1++an 1
=0 A—(art+-tan) an + 1 (a1+-+an)
Ny, j=1
—0 ny, ()
o nllc_(al+ ~Fan)
1 1—(a1+-+an)
=0 (E) =o0(l) as k— o
Since
al” . (fr)=0, for Bc M,B#M
and
M n, TN for dy = =iy = g
agl,..).,m (fe) = _
0, otherwise,

from (1) we have
1) [l Ul

21
:/ / ot (fk,arl,...,xN)’dxl---de

N
a7 L . .
/ / nk717 <fk,x1’7:L'N)H81nnkxldxl"d$]\/'
=1
= .. E § :HA a;—1
Ar_Lgl A_aN ng— ’LJ

11=0 in=0j=1

N
/ / i1 fk,xl,...,xN)Hsinnkxid:U1~-de

i=1

v

:WNA al.”A aN nk,, (fk>
Nk
=7 ! .- 1 n, TN > (o, ..., an) > 0.
A ANk v
Combining [7) —[(I]t) we complete the proof of Theofgm 1. O
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