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Abstract

We introduce a partial order, variance majorization, on R", which is analogous
to the majorization order. A new class of monotonicity inequalities, based on
variance majorization and analogous to Schur convexity, is developed.

2000 Mathematics Subject Classification: Primary: 26D05, 26D07; Secondary:
15A42.
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Let (z1,...,z,) and(y1,...,y,) be two sequences of real numbers in nonin-
creasing order. The sequencenajorizesy if

i [
Z Tk 2 Z Yk,
k=1 k=1

fori = 1,...,n with equality fori = n. Majorization is a partial order on
the set of nonincreasing sequences having the same sum and it plays a large A Variance Analog of
role in the theory of inequalities dating back to the work of I. Schilr [n- e
deed a function¥'(zy,...,z,) of n real variables is said to b&chur convex _

. . . Michael G. Neubauer and
if F(z) > F(y) whenever the sequenaemajorizesy. Marshall and Olkin William Watkins
[6] catalog many functions and results of this type with particular emphasis
on statistical inequalities. As a simple example, take the product function
F(z) = [;_, = If z,y aren-tuples of nonnegative real numbers and:if
majorizesy, then F'(z) < F(y). Thatis,—F is a Schur convex function. In Contents
particular, ify = (z,...,z) thenz majorizesy and therefore the product of <« N
nonnegative numbers with fixed mean is maximized when all of them are equal

to the mearz. Another way to state this well-known elementary result is that 4 >
the product of a sequenaeof nonnegative reals with fixed meanattains a

Title Page

. . . Go Back
maximum when the variance ofis zero.
Now suppose that the varianceofs also fixed. In this paper, we define a Clless
partial order (variance majorization) on the set of sequendeaving a fixed Quit
meanand a fixed variance. We obtain a monotonicity result similar to the one Page 4 of 49

above for sequences in which one is variance-majorized by the other. In partic-
ular the maximum value of the product of a sequence of honnegative reals with ,
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fixed mean and fixed variance is attained when the sequence takes on only two
valuesa < [ and the multiplicity of3 is 1. This simple consequence of the

main theorem is known as Cohn’s Inequality:[if z1,...,z, are nonnegative
reals then .

| E

k=1
wherea andg are chosen so that the sequences (x4, ..., z,) and(q, ..., «, )

have the same means and the same variances.
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LetJ (7*) be the set of nondecreasing (strictly increasing) sequend®s in

J={zeR":z1 <y <--- <2}
P ={reR" 2y <z <+ <1}

The variance majorization order involves the variances of leading subsequences
of x € 3. So letz[i| = (z1,...,z;) be the leading subsequencezofor i =
1,...,n. Note thatz[i| consists of thé smallest components af We denote A Variance Analog of

: Majorization and Some
the mean of: [2] by Associated Inequalities

7
JZ[Z] = (1/Z) Z Tk, Michael G. Neubauer and
k=1 William Watkins

and the variance af[i] by

. Title Page

Var(z[i]) = (1/7) Z(azk — z[i])2. Contents
= «“« b
< >

Go Back

Definition 2.1 (Variance Majorization). Let = = (z1,...,2,) andy =
(y1,--.,yn) be sequences of real numbersJisuch thatt = ¢ and Varx) = Close
Var(y). We say that: is variance majorized by (or y variance majorizes), if Quit

Var(zi]) < Var(y[i]), Page 6 of 49

. . vim vim
fori =2,...n. We writex < yory > .
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For fixed meann and variancey > 0, variance majorization is a partial
order on the set

S(m,v) ={x €T :x=m,Varz] = v},

which is the intersection di with the sphere ilR™ centered atn(1,1,...,1)
with radius./nv, and the hyperplane through(1,1, ..., 1) orthogonal to the
vector(1,1,...,1).

By contrast, majorization is a partial order of the set of nonincreasing se-

A Variance Analog of

quences Majorization and Some
D = {Z cR: 2 > 2 >0 > } Associated Inequalities
. . . Michael G. Neubauer and
Definition 2.2 (Majorization). Letz = (z1,...,x,) andy = (y1,...,y,) be William Watkins
sequences i® such thatt = y. We say that: is majorized by, (or y majorizes
x), If .
) m < m Title Page
B maj Contents
fori=1,...,n. Inthis case we write < .
Tt Y «“« b
The definition of majorization is usually given in this equivalent form: < >
: : Go Back
T < ,
; F ;yk Close
. . it
fori =1,...,n with equality fori = n. Qui
Page 7 of 49
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Returning now to the variance majorization order, there is a least element and a
greatest element ifi(m, v) for eachm andv > 0.

Lemma 2.1. Letm andv > 0 be real numbers and let

Lmin = (ah cee 7a17ﬁ1)

Lmax — <a27 627 cee 762)7

where

a; =m—+/v/(n—1), fr=m++/(n—1)v,
as =m —+/(n— 1), fo =m+/v/(n—1).

Thenz iy, Tmax € S(m,v) and

vim vin

Tmin = T < Lmax,

forall z € S(m,v).

Figurel shows the Hasse diagram for the variance majorization partial order
for all integral sequences of length six with sum 0 and sum of squares equal to
30. In this casegyi, = (—1,—1,—1,—1,—1,5) andz.x = (=5,1,1,1,1,1).

By contrast, the least and greatest elemen® in{z : = = m} with respect
to the majorization order afg, ..., z) and(nz,0, ..., 0).
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-5,1,1,1,1,1)

{(-4,-1,0,0,2,3) -4,-1,-1,2,2,2) (-4,-2,1,1,2,2)
A Variance Analog of
Majorization and Some
Associated Inequalities
Michael G. Neubauer and
William Watkins
{-3,-2,0,0,1,4) {-3,-1,-1,-1,3,3) {-3,-3,1,1,1,3) (-3,-3,0,2,2,2)
Title Page
Contents
44 44
(-2,-2,-1,-1,2,4) -2,-2,-2,1,1,4) {(-2,-2,-2,0,3,3)
< >
Go Back
Close
(-1,-1,-1,-1,-1,5) Quit
Page 9 of 49

Figure 1: Variance majorization partial order for integral sequencg$in30).
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Let / be a closed interval iR and letF(zy, . ..
defined ori N I™.

Definition 3.1 (Variance Monotone). The functionF' is variance monotone
increasing ord N 1™ if

, ) be areal-valued function

vin
<y = F(z) < F(y),
forall x,y € 3N I". If —F is variance monotone increasing, we say thais
variance monotone decreasing.

Definition 3.2 (Schur Convex). The functionF' is Schur convex o® N [ if

maj

v <y = F(z) < F(y),
forall z,y e DN I".

The next theorem is the main result.

Theorem 3.1. Let [ be a closed interval irR"”, and let F'(zy,...,z,) be a
continuous, real-valued function ann ™ that is differentiable on the interior
of 3 N I™ with gradientV F'(z) = (Fi(z),..., F.(2)). Suppose that

22— Z1 Z3 — X2 Zn T Zn—1
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for all = € 3% N I". ThenF is variance monotone increasing 6m I™, that is

forall z,y e 3N I".

For functions of the forn¥'(z) = ¢(x1) +- - - + ¢(x,,), TheorenB.1special-
izes to the following corollary:

Corollary 3.2. Let ¢(t) be a continuous, real-valued function on a closed in-

terval I such thaty is twice-differentiable on the interior afand ¢” is nonin- I\/’I*.Va.’ian.ce Al
. : ajorization and Some
creasing. Then the function Associated Inequalities
F(zy,.ox) = ¢(@1) + - 4 ¢(x) Rl b
is variance monotone increasing on the set of nondecreasing sequences in
That is, Title Page
2Ry = dw)+ e+ d(zn) < dyr) + -+ Dlyn), Contents
forall x,y € TN 1" S S
. | | 2
It turns out thatS(m, v) C I"™ when the interval
Go Back
I= [m —vV(n=1v,m++/(n— 1)1})} —

(see Corollary4.8). Thus the sequences,., andzx,,, (described in Lemma Quit
2.1) are inI". So, if F' is variance monotone increasing 0m /", then the
maximum and minimum values d@f are attained at,,,, andx,,;,. This means
we can bound?(z) by expressions involving only the mean and variance: of

Page 11 of 49
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Corollary 3.3. Letm andv > 0 be real numbers and

I= [m—\/m,m—l— (n—l)v].

Let F' be a variance monotone increasing functionZJon /™. Then

'7041761) S F(SE) §F<a27627"'752)7

for all z € S(m,v), whereay, 1, as, 5> are defined as in Lemnial

F(Oél,..

By comparison, the following theorem by Schur is the result analogous to The-
orem3.1for majorization. It plays the central role in the theory of majorization
inequalities:

Theorem 3.4 ([/]). Let F'(z) be a continuous, real-valued function @nthat
is differentiable on in the interior aD. Then

maj

v <y = F(z) < Fy),
forall x,y € © if and only if
(3.2) Fi(2) > Fy(2) > -

> Fo(2),

for all z in the interior of®.

The result analogous to CorollaB2 for majorization is known as Kara-
mata’s Theorem:
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Corollary 3.5 ([4]). Let ¢ be a continuous, real-valued function on a closed
interval I such thaty is twice differentiable on the interior afand ¢” is non-
negative. Then

maj

r <y = o)+ +o(xn) <dyr) +- -+ dyn),

forall z,y e DN I".
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In this section, we give a short list of some common functions that are monotone
in both the regular majorization and variance majorization orders. And we give
as corollaries some samples of the kinds of inequalities one can obtain from
Corollary 3.3

A Variance Analog of
Majorization and Some
Associated Inequalities

Let Fx(z) denote théith elementary symmetric function of the sequence _
Michael G. Neubauer and

(z1,...,2,) €ER™ William Watkins
Ey(z) = Zzhziz T R
where the sum is taken over all setskdhdices withl < i, < --- < i}, < n. Title Page
Theorem 4.1. Let E;, be thekth elementary symmetric function. Then Contents
. «“« b
r <y = FEp(y) < Ep(x), < >
vm k() _ Era(y)
<y =
r <y Ev@) = Euly) ) Go Back
Close
forall z,y € 3N [0, 00)".
Quit

The next corollary is obtained from CorollaBy3 by evaluating the elemen-

. . Page 14 of 49
tary symmetric functiorty,, at x,,;, andz .. g
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Corollary 4.2. Letx € J
where

sty = et = (%) (o ) ()

B(U,m,/{?):Ek(l’min):(Z) (m— ni1>kl(m+(k_1> nil)

The inequality analogous to Theorehi for (regular) majorization is given
next:

Theorem 4.3 (|, p. 80]).

N[0,00)". ThenA(v,m, k) < Ex(z) < B(v,m, k),

maj

T <y = Ek(y) Ek()

maj n(y) _
)~

r <y =

By (z)
Ey(z)

(

forall z,y € © N[0, 00)".

Let p be a positive real number and gft) = ¢*. Thepth moment function of

z € [0,00)™ is given by
My(z) = A + -+ 2

The following results are applications of Corollari2$ and3.2

A Variance Analog of
Majorization and Some
Associated Inequalities

Michael G. Neubauer and
William Watkins

Title Page
Contents
44 4 4
| | 2
Go Back
Close
Quit
Page 15 of 49

J. Ineq. Pure and Appl. Math. 7(3) Art. 79, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:michael.neubauer@csun.edu
mailto:
mailto:
mailto:bill.watkins@csun.edu
http://jipam.vu.edu.au/

Theorem 4.4. Let M, be thepth moment function. Then

maj

r <y = My(x) < M,(y), forp e (—o0,0] U [1,00)
v’ <y = My(y) < My(a), forp € [0,1],

forall z,y € ® N[0, 00)" and

< y = M,(x) < My(y), forp € (—o0,0] U [L,2]
< M,

= y = M,(y) (x), forp € [0,1] U [2, 00),

forall z,y € 3N [0, 00).

Again we obtain bounds of/,(z), which depend only on the mean and
variance ofr, from Corollary3.3.

Corollary 4.5. Letx € 3N [0, 00)" with meann are variancev. Let

Afm, v, p) =My (i) =(n = 1) (m = /75 )+ (m+ = 1))’
B(m, v, p)=Mp(Zmax) (m —+/(n— 1)v>p +(n—1) (m + #)p.

A(m,v,p) < My(x) < B(m,v,p), forp € (—00,0) U|L,2)
and

B(m,v,p) < My(x) < A(m,v,p), forp € [0,1] U [2,00).
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Theentropyfunction is defined for: € [0, 00)™ by

H(z) = —(z1logxy + - -+ + x, log x,).

Letting ¢(t) = —tlogt, we have¢”(t) = —1/t, which is nonpositive and
increasing or0, o). Thus—¢ satisfies the conditions of Corollari€s2 and
3.5. Thus we have the following inequalities:

. A Variance Analog of
Theorem 4.6.Let H be the entropy function. Then Majorization and Some
Associated Inequalities

vim
r <y = H(y) < H(ZL‘), Michael G. Neubauer and
William Watkins

forall z,y € 3N 0,00)", and

maj Title Page
v <y = H(y) < H(z), Contents
forall x,y € ® N[0, 00)". <44« >
| >
Go Back
The smallest and the largest coordinates of a sequence are variance monotone Close
decreasing.
Quit

Lemma4.7.Letx,y € 3. Then
Page 17 of 49

vim
r <y = x>y andx, > y,.
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We call this result a lemma because it is a part of the proof of TheGrém
rather than a consequence of it.

When combined with Corollar$.3, Lemma4.7 gives bounds for the small-
est and largest coordinates of a sequencg(in, v) in terms ofm andv:

Corollary 4.8. Letx = (xy,...,z,) be a sequence ii(m,v). Then

m—y/(n—1v < 2 < m—y/v/(n—-1)

m+y/v/(n—1) < =z, < m+/(n—1)v.

A Variance Analog of
Majorization and Some
Associated Inequalities

Applying Corollary4.8to the eigenvalues of a symmetric matrix, we recover _
an equivalent form of an inequality of Wolkowicz and Styan Theorem 2.1] Michae! o Newbauerand
that bounds the maximum and minimum eigenvalues by expressions involving
only the trace and Euclidean norm of the matrix:

Title Page
Corollary 4.9. Let G be a symmetric matrix with eigenvalugs < --- < A,,. F——
Then
44 44
tr tr e
©) L /llGIE— (@) < A, < TG 1 Vo1 /u[GTE — (tr(@))2 ) ,
W& _ Vit /[P = ((G))? <\ <T@ — L /[[GIP = (r(G))2. Go Back
Close

Corollary 4.9 follows from the fact that the meam and variance of the _
eigenvalues can be expressed in terms of the trace and Euclidean| 6orof Quit

Page 18 of 49
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G as follows:

tr(G)
n
SO m)?
1 2 2
- Z A —2mA\; +m
1 2 2
g(tr(G ) —nm?)
1
= (n]|G]]* — tr(G)?).

A Variance Analog of
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Lemma2.1 guarantees that there is a least and a greatest elem@iitirw)
with respect to the variance majorization order. Now we restrict th&(setv)
to an intervall = [m — é, m + (3], with 6, 3 > 0, containingmn. From Corollary
4.8, we have

[m— v/(n—1),m+ v/(n—l)r

n A Vari Analog of
c Stm,v) < [m— Vi =Do,m++/n= 1] S
Associated Inequalities
Soif eithers, 5 < y/v/(n — 1), thenS(m,v) N I" = (). However, ifS(m,v) N Michael G. Neubauer and
I™ is not empty, then it contains a least element, but it may not contain a greatest William Watkins
element.
Lemma 5.1. Letm and v > 0 be real numbers. Lef be the intervall = Title Page
[m — 0, m+ (] such thatS(m, v) N I™ is not empty. Then there exist unique real Contents
numbersn — § < a <~y <m+ §andanintegefl < j <n — 1 such that the «“ by
sequence
| >
j n—i—l
Tin = (4, . .. ,oz,%;nqLﬁ,...,m—kB) € S(m,v)NI". Go Back
vm Close
Moreoverz,,;, < x forall z € S(m,v) N I™. "

Example 5.1.Letn = 5. The least element i¥(0,1944/5) N [—36, 24]°
is (—18,—18,—12,24,24). There is no greatest element &(0, 1944/5) N
[—36,24]°. See Sectiof.”.

Page 20 of 49
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The situation for restricting the sequences to a closed interval is a little
different for majorization. There is always a least element and a greatest in
DN [m, M]". The sequencez, ..., z) € DN [m, M|" is the least element. The
greatest element with respect to majorization takes at most three values for its
coordinates, two of which are the end points of the closed interval. That is, the
greatest element in for majorizationnN [m, M]" is of the form

(M,...,M,0,m,...,m).

A discussion of restricting the majorization order to an interval is given in
[5] and [5, page 132].
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The main technique used in the proofs is to express the sequericas Imear
combinations of a special basis f&f, the so-called Helmert basis.

The purpose of this section is to describe the relationship between the coordi-
nates of am-tuplex € R™ and the coordinates afwith respect to the so-called

A Variance Analog of

Helmert basis foR™ (see [, p. 47] for a discussion of the Helmert basis). The Majorization and Some
Helmert basidor R” is defined as follows: ReseE s ERUEes
1 Michael G. Neubauer and
T William Watkins
wy = —(1, 1, ,1)
vn
1 .
w; = —(—1,1,0,...,0 Title Page
1 \/5( )
1 Contents
wl=—(-1,-1,2,0,...,0
> V6 ( ) <« 3
4 >
T 1 —_— Go Back
wl = ——(=1,...,-1,i,0,...,0)
i(i+1) Close
: Quit
1 Page 22 of 49
wl | = ————(-1,...,-1,n—1). J
(n—1)n
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It is clear that{wy, w1, ..., w,_1} is an orthonormal basis f@&". Thus every
vectorz € R"is a linear combinatiom = 3" aywy.. The Helmert coefficient
ag is determined by the mean of the sequence. Specifically,ay = /nz.

The other Helmert coefficients,, ..., a,_; are related to the variance, partial

variances, and order of the coordinates: of

Lemma 6.1. Letz be a sequence of real numbers with= S}~ aswy. Then

Var(ali)) = £(a} -+ aly),

fori=2,...,n. In particular,
1
Var(z) = —(ai + -+ a,_y).

Proof. Sincea;, = z - wy,

= ¢Var(x[i]).

Thei x 7 identity matrix is denoted by; andJ; denotes the x  matrix all of
whose entries are one. The fact that_, w]w;, = I, — (1/4)J; follows from a
simple inductive argument. O
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Letx = > a;w;. Inthe next definition and lemma, we give necessary and
sufficient conditions on the sequengs, ..., a, ) for the sequence to be
nondecreasing. (Clearly, the coefficiegtdoes not influence the relative order-
ing of the coordinates of.)

Definition 6.1 (Admissible Sequence)Leta = (ay, . .
of nonnegative real numbers. Thens admissible if

for2 <i<n-—1.

Lemma6.2.Letx = (z4,...,x,) beavectoriR™ anday, . .., a,_, be scalars
such thatr = E?‘Ol a;w;. The following conditions are equivalent:

., a,—1) be a sequence

1. z is nondecreasing.

2.a; > 0,fori =1,...,n — 1, and the sequenc€? = (a2,...,a2_ ) is
admissible.

3. the kth component of; _,w; — a;w;_; IS nonnegative for alk # ¢ and
nonpositive fork = i.

Proof. Let1 < i < n — 1. Thenzy — 21 = v/2a4, and

Titl — T = La; . (1 — 1)a;—1 B a;
T i (m m)
(i + 1a; B (1 —1)a;—q

Vit Ji-Di
(6.2) = - <\/z’(i + 1)a; — /(i — 1)mz~_1) :

S|
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for i > 2. Thuszx is nondecreasing if and only i, > 0, fori =1,...,n —1
anda'® is admissible. So Conditiorisand? are equivalent.
Now let (a;_w; — a;w;_1)x be thek component ofi;,_;w; — a;w;_;. Then

(@il i . )
Vili+1) * VGi-1)i itk <4,
i1 (i-Daj—1 ; .
B i (i - - ~ If kj =1,
(63) (ai_lwi — aiwi—l)k — '\/z(erl) \/(Z,l)l
i if k=it 1,
0 Jif k> + 1.

To prove that Conditior?2 implies Condition3, suppose that; > 0 for
i=1,...,n—1andthat® is admissible. It is clear from Equatiof.p) that
(ai_lwi — a,-w,-_l)k >0 for all £ 7£ 1 and that(ai_lwi — a,-wi_l)i <0.

Conversely, suppose that Conditidmolds. Withk = 3,7 = 2 in Equation
(6.3), we geta; > 0. With k = 1 < i we get that® is admissible and, > 0
for all 7. Thus Conditior? holds. O

3.1 4.7

Let F' be a differentiable, real-valued function 6m /™ satisfying Inequality
(3.1). Letz,y be nondecreasing sequenced’insuch thatt = g, Var(z) =

Var(y) andz 2y, Let

n—1 n—1
T = 5 aRWy, Y= E brw,
k=0 k=0
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for scalarsu, by, Kk =0,...,n — 1, and let

a® = (a%, . ,ai_l),

b = (B2, . 0.

» Yn—1

Sincer = g, we haveny = by. By Lemma6.2, a, b, > 0fork =1,...,n—1,
a'® andb® are admissible, and by Lemnaal

(6.4) S < SR
k=1 k=1

for 1 < < n— 1 with equality in Inequality §.4) for : = n — 1 since Vafz) =
Var(y).

Next define a path(t) = (co, c(t)1, .. .
by, and

,¢(t)p—1) fromatob by co = ap =

c(t)y = \/(1 —t)a2 + tby,

fort € [0,1] andk = 1,...,n — 1. Thenc(t)® = (1 — t)a® + tb®?, from
which it follows thatc® is admissible and that

St < S < SO0
k=1 k=1 k=1

fori=1,...,n—1.
Now define a path(¢) from x to y by

i
L

2(t) = apwo + Y  c(t)pwg.

1

B
Il
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Sincec(t), > 0 andc(t)® is admissible(t) is a nondecreasing sequence.

Let j be the smallest index for whiaky # b;. Thenc(t), = a; for k < j
andc(t); > 0fort > 0. Itis easy to verify that'(¢), = (b7 — a2)/c(t);, (unless
c(t)r = 0). Thus the tangent vectef(t) is given by

n—1
(6.5) 2 (t) = Z b — a W
— (b
— g (Y Wi
(% — ) (Cj Cj+1

w; (.

2 2 2 2 Jj+2 7+3

+ (bj11 + bj0 — ajy — ajy) (— - )
Ci+2  Cj+3

+o (B0

Wy — Wiy —
2 2 2 n—2 n—1
_al_a2_"'_an—1)< - ),

Cn—2 Cn—1

for ¢ > 0. It follows from Inequality 6.4) that z/(¢) is a nonnegative linear
combination of the vector%% -2 fori=j+1,...,n—1.

We now show that(t) € [™ for all ¢ € [0, 1]. Indeed, both the first and the
last coordinates of(¢) are nonincreasing functions of Thus

yr=z(11 <z2(t)h <z2(t)2 < < 2()n < 2(0)n = @y

Sincey,, z, € 1, z(t) € I"™ and thusF'(z(¢)) is defined for alt € [0, 1]. To see
thatz(¢); andz(t),, are decreasing, we examine the first and last coordinates of
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the vectorsf?—*l1 — %, The first coordinate is

1— T

—1 1
V(i = 1ic;_y " Vili + )¢

which is nonpositive since!? is an admissible sequence. Thiig); < 0 and
z(t); is nonincreasing im. This proves the first part of Lemm@ar.
The last coordinate o’gfl — %t is zero unless = n — 1 and in that case it is

~(n=1)
V(= 1ne,_y

which is also nonpositive. Thust),, is nonincreasing. This proves the other
part of Lemma4.7.

Finally to prove thatF'(z(t)) is an increasing function ity we show that

dF
——  =VF.% >
o VE-Z(t) >0

In view of Equation 6.5), it suffices to show that

VF- <w"‘1 - %) >0,

Ci—1 C;

fori=45+1,...,n—1.
Sincew;, is orthogonal to the all-ones vecter

VE- (wi‘l - %) — (VF - Fe) - <w"‘1 - %) |
Ci—1 Ci Ci—1 Ci

A Variance Analog of
Majorization and Some
Associated Inequalities

Michael G. Neubauer and
William Watkins

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 28 of 49

J. Ineq. Pure and Appl. Math. 7(3) Art. 79, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:michael.neubauer@csun.edu
mailto:
mailto:
mailto:bill.watkins@csun.edu
http://jipam.vu.edu.au/

Foreach = 1,...,n — 1 define a functionk; on 7% N I" by

Fia(z) — Fz(z)

Zi+1 — Zi

Ki(z) =

Now leti < j. Thenw is a convex combination ok, (z) for k =
iy...,5 — 1t

and so
Fj(z) — Fi(z) < (25 — z1) Ki(2)
foralli < jandz € ¥ NI,

Sincec(t)® is an admissible sequence, Lemfaguarantees that all com-
ponents of”” - — “ are nonpositive except thth component. Of course the
ith component oWF Fieis zero. It follows that

(VF = Fe)- (“’ - %> > Ki(2)( - ) - (“’ - %)

Ci—1 C; Ci—1 C;
Wi—1 w;
Ci—1 C;
=0.
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The last equality holds because= ZZ;; cpwy, IS clearly orthogonal técv,;f —

We have shown tha= > 0, for = € 3 N [" andt € (0,1). ThusF(z(t))
is an increasing function a@f SoF'(z) = F(2(0)) < F(2(1)) = F(y).
By the continuity ofF’, F' is variance monotone increasing dm /”.

3.2

Let ¢(¢) be a continuous, real-valued function on a closed intehalch that
¢(t) is twice-differentiable on the interior dfand¢”(¢) is nonincreasing oi.
Let z be an increasing sequencelifi Leti be an integer satisfyng < i <
n — 1. By the mean-value theorem, there ex&ts the intervalz; < &; < 2,14

such that
) =0 ) _ e
Zit1 Zi

Inequality @.1) follows since&; < & < --- < &,.1, ¢” is nonincreasing, and

Fi(2) = ()

4.1

SinceEy(z) and E, (z) are constant of¥(m, v), we assume thdt > 3. Let:
be an integer satisfyingg < i < n — 1 and IetE,g““) be thekth elementary

symmetric polynomial of the — 2 variableszy, 2o, .. ., z;_1, zi12,. .., z,. Then

Ey(z) = Ez(f’iﬂ) + (2 + Zi+1)Ezgiii1H) + Zizi+1E1§iii2H)'
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Thus

0211 0z

1 OFk(2)  0E(2)\ _ _ gl
Zit1 — % O0zin1 0z =2

for all = € J N [0,00]". But the sequence is nondecreasing s&. " >
E,(CZ”;” fori = 1,...,n — 1. It follows from Theorem3.1 that — E}(z) is

= —(Zi+1 - Zi)E;&i;l)a

and so

variance monotone increasing. ThHg(z) is variance monotone decreasing.

This proves the first inequality in Theorefril
To prove that the functio'(z) = Ex.1(z)/Ex(2) is variance monotone
increasing, we must show that Inequalig/X) holds. It suffices to show that

Fy(z) — Fi(z) > Fs(z) — Fg(z).

29 — 21 Z3 — 22
We write £, for the kth elementary symmetric function of, . . ., z, and £}, for
the kth elementary symmetric function ef, . . ., z,. Then

(6.6) Er = B+ (21 + 20+ 23) B+ (2120 + 2123+ 2223) By _y + 212023 E) 5.
It follows that
0 (FE
F o= 2 (fen
821 Ek
= E,%
+ ZQZg(EkE]:;_Q - Ek+1El/<:—3)]'

EvE), — By By 4 (22 + 23) (BB — Exa By _y)
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Thus

F—F 1
2 - = ) [EkEl/c—l — Bp1 By + 23 (B By — Ek'i'lEllc—B)} :
22— 21 Ek
Similarly,
F; — F 1
3 2 =—= [Ek’El/c—l — Ek+1E]/€_2 + z1<E]/<:EI/c—2 - Ek’"‘lE;ﬂ—?’)} ’
23 — 22 Ek
so that

FQ—Fl Fg—FQ 23 — 21 f ,
— = EE,. ,— BB .
29 — 21 23 — 29 E]% ( kHE—2 k+1 k‘—3)

Sincez; —2z; andE;} are positive, it remains to show thatE;,_,—Fy.1 .,
is nonnegative, which can be rewritten using Equatif)(as
EkEllc—z - Ek+1E]/€—3
= (EyEy_5 — E’/C+1E]I€73) + (21 + 22 + 23) (B By — ELE} )
+ (122 + 2123 + 2222) (B o By — B Ej_s).

Each of the expressions ii. above are nonnegative. These weak inequal-
ities follow from a simple counting argument. Or we can use an old result in
Hardy, Littlewood and Polyad p. 52]:

z€[0,00)"ands >r — E, 1FE, > FEE, 4,

withr =k —2ands=k+1,k, k — 1.
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5.1

We may assume that = 0 so that/ = [—d, J].
Letz ¢ R" with meanz = 0. There exist real numbers= (ay,...,a,1)

such that: = 327" a;w; Thenz € S(0,v) if and only if a satisfies the follow-

ing conditions:
a; > 0, forall
(6.7) a® is admissible
Srta? =nw.

Letz € S(0,v). The only vector amongy, . ..
coordinate iv,,_;. Thus

, w,_1 having a nonzerath

n—1

Zp — Ap—1-

n

To computez; in terms ofa,, notice that the first coordinate of eaah is

—1/\/k(k+1). So

n—1
21 =
P k k +1
Thusz € " if and only if
(6.8) (n—1)aZ_, <nf?
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and

MH

(6.9)

o \/ k+1

Next, we establish another inequality for the sequencés which » =
3" apwy, € S(0,v) N I™. Sincea® is admissible and Inequality (©) holds, we
have

207 < 6a5 < --- < k(k+1)a} <--- < (n—1na>_, <n*p
Thus
1 1
6.10 < |- - ——
(610 d<n® |p- o).

fork=1,...,n—1.
We now definé = (by,...,b,_1) SO that it satisfies Condition§.() and so
that for all othera satisfying Conditions§.7), we have

(6.11) i:bi < Z az,
k=1 k=1

fori = 1,...,n — 1. In view of the fact thab '~ a? = nv = S_1_| b2, the
inequalities above are equivalent to

n—1 n—1
(6.12) doai< Y
k=i+1 k=i+1
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fori=0,...,n—2.
We begin by specifying the integgr The function

is decreasing in with

Thus there exist$ < j < n such that

1 1 1 1

(6.13) n3? [— — —] <v<nf? [—, — —1 )
j+1 n J n
Define the sequence of nonnegative réais (b, ...,b,_1) as follows:

(6.14) b?:nQﬁQF—‘l },fori:jJrl,...,n—l

1 1+ 1

1 1
2 272

619 = | )

b =0, fori=1,...,5—1.
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It is clear that

3
—

2 _
b, = nv.
1

To check thab® is admissible, notice that

B
Il

i(i+1)b7 = n*B% = (i + 1)(i + 2)b7, 1,

fori=j5+1,...,n—2. Also

JG 1B =G+ 1) [nv 2 (# - 1)]

J+1 n

1 1 1 1
<se0 [ (5= ) = (-0
:TLQﬁQ

= (j + 1)(j + 2)b§+1.

The inequality follows from the choice of in Inequality 6.13. Of course
0=1i(i+1)b? < (i+1)(i+2)b, fori=1,...,5—1. Thusb® is admissible.
It follows thatb satisfies Conditionss(7).

Next we show that Inequalities (L2 hold. So suppose that= (a4, .

.. ,Clnfl)
satisfies Conditions5(7) and €.8). Then from Inequality§.10 we get

n—1
1 1
g az§n2ﬁ2{, ——].
- 7+ 1 n
k=i+1
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Fori > j we have

S 2 [

k=i+1 k=i+1 k+1

1 1
2.2 4
_nﬁ[i—i—l n]

So Inequality 6.12) holds for: > j. Fori < 7,

| I

n—1 n—1 n—1
a; < a; =nv = Z b2
k=i+1 k=1 k=i+1
So Inequality 6.12) holds fori < j too.
Now let )
Tmin = Z brwy,
k=1
j n—j—1
We now show that = 2, = (o, ..., @, 7, 0,...,0) forsome—§ < a <y <

(3. From the proof of Lemmé&.2we haver,,; = z; ifand only if i(s — 1)b? | =
i(i+1)0?. Fori =1,...,5 — 1 we have); = 0. Soz; = --- = z; = a. And
i(i— )b, =i(i+1)bifori=37+4+2,....,n—1. SOxj0 =+ =z, = S.
The last equality follows from the choice bf_;.

We now show tha{—é < a. SinceS(0,v)NI™is nonempty, let € S(0,v)N
I" and letz = ZZ | a;w; for some nonnegative reais= (a1, ...,a,—1). Then

—5§21:

_Z\/i(zﬁrl)'
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We will show that

(6.16) Z

from which it follows that—9 < « and hence that,,;, € ™.
We begin with the following identity:

7 i—1
1
a;—bi=——| > (ap = b)) = > (af —b}) | .
ai + b; k=1 k=

2+1

Then
n—2 1 1 7
6.17 - — a; — b3),
( ) Z \/T ; (Ci Cz—l—l) ;( k k)
where
fori=1,...,n — 2. Both sequences? andb® are admissible. Thus

ci = \i(i + 1)(a; +b;) < /(i + 1)@ + 2)(air1 + biy1) = civa,

fori =1,...,n—2. Itfollows thatl/c; — 1/¢;1; > 0. Inequalities §.11) hold

so that the expression on the right-hand side of Equafialv) is nonnegative.

Therefore Inequality§.16) holds. This proves thatd < «. It follows that
Tonin € 1™,
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Finally, we show that,;, is unique. Let
l n—l—l

—— ——
y=(ag,...,a1,7,08,...,0) € S(0,v)NI",

where—o < a; < v < 5. We begin the proof that = z,,,;, = y by showing
that/ = ;.
From the definition ob we have

by=---=b;_1 =0. A Variance Analog of
J A
Majorization and Some

Sincey . — y = a, we have Associated Inequalities
1= =U=0
Michael G. Neubauer and
a;=---=aj_1=0. William Watkins
But Title Page
-1 -1 c
(618) bi S ai _ O, ontents
k=1 k=1 44 44
andb;;; > 0,s0l —1 < j. < >
We now show thaj < I. Go Back
Sincey;.1 = -+ = y,, We have
Close
I+ 1)+ 2)ad, = (+ DI +2)ad, = = (n— Dna_, = n?. out
In addition, Page 39 of 49
G+DG+207, = +2)(J + 3y == (n—1)nb, 1 = n?F%
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Then

1 1
2 _ 2921
@ =n ko k+1]°
fork=1+1,...,n—1,and
'l 17
B2 —n232 |2 —
nﬁ_k; k+1]’

fork=j+1,...,n—1.
Supposé < j. Thena, = b, k=1, ...
the fact that

,j+1anda; > b;. This contradicts

—_
3
|
—

n—

Q
BN
IA

=y
BN

ol

I

i
<

j
Thereforej <landsoj =lorj=1—1.
Supposg = [ — 1.Then from Inequality§.18 we haveb; = 0 andy = a.

Since .
J J
D ai <) b=
k=1 k=1

we haven; = 0 and soy; = a4, which contradicts the assumption that< ;.
It follows thatj = [.

To finish the proof of uniqueness, we show that b. This follows imme-
diately since

bl\D

ak:bkzo

fork=1,...,j—1landfork=j+1,....,n—1,andd ;_ 1ak = > 1ak
Thusa; = b; and soa = b. It follows that:z:mln =.
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2.1

Let 2yin = (aq,...,0q,01) be defined as in the statement of Lemia.
Clearly, Vafz,[i]) = 0, fori = 2,....,n — 1. ThuSzy, =z x, for all
x € S(m,v).

The argument forr,.x = (a2, (s, ..., [F2) is more involved. Let), and
b= (b1,...,b,_1) be the coordinates af,., in the Helmert basis:

Tmax = (@2, B2, ..., B2) = bywo + biwy + - -+ + bp_1w,_1.

Since the second througtth coordiates ofr,,,,, are the same, the admissible

sequencé® satisfies:
2b7 = 6b3 = 12b5 = -+~ = (n — 1)nb?_,.

Now letz € S(m,v) with
T = aoWo + ajwy + -+ + Ap_1Wp_1.

We must show that

(6.19) iag < ibg,
k=1 k=1

fori =1,...,n — 1. We need the next lemma to finish the proof.

Lemma 6.3. Letr = (ry,...,r,) be an admissible sequence of nonnegative
real numbers withy_r, = t. Lets = (s1,...,s,,) be the unique sequence of
nonnegative reals with

251 = 68y = 1253 = --- =m(m + 1)s,,
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and>_ sx =t. Then

fori=1,...,m.

Equation 6.19 follows from Lemmab.3withm = n—1,r = a®, s = b,
andt = nv.

Proof. (Lemma 6.3) The condition on the sum and for admissibility can be
expressed in matrix form as follow3: r;, = ¢ andr is admissible if and only

if the firstm — 1 coordinates of ' are nonnegative and the last coordinatg is
where

[ —1; to O ce 0
0 —ty 13 0o --- 0
T=| 0 o0 —t tin 0
0 0 '
0 0 _tm—l tm
11 1 1]

andt; = i(i + 1). We can express this condition symbolically as

_ +m—1
TT—[ : ],

where+,,_; is a vector inR™~! with nonnegative components.
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From the definition ok we have

_ Omfl
TS—{ y ],

where0,,_; is the zero vector iR™~!. SoTr > Ts. (The inequalities are
coordinate-wise.)

Now let P be them x m lower triangular matrix with ones on and below the
main diagonal. Then

A Variance Analog of
Majorization and Some
(a1 Associated Inequalities
Pr = LT Michael G. Neubauer and
: ) William Watkins

T1—|—T’2+"'+Tm

Title Page
We must show thaPr < Ps. Content
Let Q = P~!. ThenQ is the lower triangular matrix with diagonal entries onten's
equal to 1 and subdiagonal entries equal-to All other entries are zero: 44 4 4
1 0 0 - 0] ¢ >
-1 1 0 --- 0 Go Back
Q= 0 : Close
0 -1 10 .
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Next observe that'() is the tridiagonal matrix:

[ —(2 t2 0 cee 0 0]
o —q3 tz3 - 0 0
. 0 tg —{4 0 0 i U1 u
o=l _{Om—l 1]’
0 0 tmfl —qm tm
0 o 0 0 1|

wheret; = i(i+1),q; = t;_1 +t; = 2%, Uy is the(m — 1) x (m — 1) submatrix
of TQ in the upper left corner, and= (0, ...,0,t,,)". Thus(TQ)™! = PT~!
has the following form:
pri_ Ul w
I S N
for somew € R™1.

Next we show that-U; is a symmetric M-matrix. LetD be then x n
diagonal matrix with diagonal entriég2,1/3,...,1/(n+ 1). Then

2 -1 0 -- 0 O
-1 2 -1 .- 0 O
o -1 2 .- 0 O

—-DU,D =
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which is positive definite. It follows that U, is also positive definite and hence
an M-matrix. Thus all of the entries @f; ' are negative. (See’], Theorem
2.5.3)

-1
Pr=PT 'Tr = {Ul w} [+";‘1] <t m .

Oy 1 1
But .
Ps=pPT'Ts— U1 @] |Omtf —y|v)
Opoyr 1 t 1 A Variance Analog of
Majorization and Some
ThUS,PT < Ps. O Associated Inequalities
Michael G. Neubauer and
5 1 William Watkins
First we show that: = (—18,—18,—-12,24,24) is the least element in Title Page

S(0,1944/5) N [—36, 24]° with respect to the variance majorization order. We

will construct the coordinates af= byw, + byw; + bawsy + bsws + byw, in the

Helmert basisig, wy, we, w3, wy. < Y
The mean of: is 0 sob, = 0. To compute the other coordinates we first

Contents
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soj = 2. Now from Equations.14) we have:
b1 — 0,

1 1
b2 =1944 —5%2.24%2 |- — | =24
2 3 5 ’

11

b3 = 5% - 247 {5—5} = 1200,
1 1

b = 5% - 247 {g—ﬂ = 720.

Then

2 = V24w, + V1200ws + V720w,
=2(—1,-1,2,0,0) + 10(—1,—1,—-1,3,0) + 6(—1,—1, -1, —1,4)
— (—18,—18,—12,24,24).

Next we show that (0, 1944/5) N [—36, 24]° has no greatest element. Sup-
pose there is an element € S(0,1944/5) such thatr S wforallz e
S(0,1944/5) N [—36,24]°. We will prove thatw ¢ [—36, 24]°.

The vectorsr = (—36,0,0,18,18) andy = (—36,0,6,6,24) are both in
S(0,1944/5) N [—36,24)°. Soz,y < w. To expresse,y in terms of their
coordinates in the Helmert basis fat, let H be the5 x 5 matrix whose columns
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are the Helmert basis fd@°:

|
Rl rk- a2
o W ®) o o
|

o o o &lH ElH
Sl 5 s sl 5
o o o o o

o o P R N

S-Sl S-Sl S

Then the coordinate vectors ©fy with respect to the Helmert basis are

a=xH = (0,18V2,6v6,15v3,9v/5)
b=yH = (0,18V/2,8V6,8V3,12V5).

Thus

a® = (0,648,216, 675, 405)
b® = (0,648, 384,192, 720).
The partial sums ai® andb® are
a® : (0,648, 864, 1539, 1944)
b : (0, 648, 1032, 1224, 1944)
The maximum of each of the five partial sums is

(0, 648, 1032, 1539, 1944)
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and the sequence with these partial sums is
¢® = (0,648, 384,507, 405).
Thus the least upper bound ofy is

cH' = (=37,—1,5,15,18).

Now letw be a sequence ifi(0, 1944/5) such thaw S wiorallv € S(0,1944/5).

Expressw in terms of the Helmert basis; = > | d,w;, for nonnegativel;. Then

%

S <Y dandy R <3
k=1 k=1 k=1

k=1

fori =1,...,n—1sothat

2 2
Ck S dka

fori = 1,...,n — 1. Thus(—37,—1,5,15,18) < w and by Lemmat.7,
wy < —37. Sow ¢ [—36,24)°.

A Variance Analog of
Majorization and Some
Associated Inequalities

Michael G. Neubauer and
William Watkins

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 48 of 49

J. Ineq. Pure and Appl. Math. 7(3) Art. 79, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:michael.neubauer@csun.edu
mailto:
mailto:
mailto:bill.watkins@csun.edu
http://jipam.vu.edu.au/

[1] J.H.E. COHN, Determinants with elementd, J. London Math. Soc42
(1967), 436—-442.

[2] R.A. HORNAND C.R. JOHNSON; Topics in Matrix AnalysisCambridge,
1991.

[3] G.H. HARDY, J.E. LITTLEWOODAND G. POLYA, Inequalities Cam-
bridge, 1967.

[4] J. KARAMATA, Sur une inégalité rélative aux fonctions convexespl.
Math. Univ. Belgrade]l (1932) 145-148.

[5] J.H.B. KEMPERMAN, Momentproblems for sampling without replace-
ment, L,11,11l. Nederl. Akad. Wetensch. Proc. Ser7A,(1973), 149-188.

[6] A.W. MARSHALL AND I. OLKIN, Inequalities: Theory of Majorization
and Its ApplicationsAcademic Press, 1979.

[7] 1. SCHUR, Uber eine Klasse von Mittelbildungen mit Anwendungen auf die
DeterminantentheorieSitzungsber. Berlin Math. Gesellscha®? (1923),
9-20. (ssai Schur Collected WorK#.. Brauer and H. Rohrbach, eds.) Vol.
Il. Springer-Verlag, Berlin, 1973, 416-427.)

[8] H. WOLKOWICZ AND G. STYAN, Bounds on eigenvalues using traces,
Linear Algebra Appl.29 (1980) 471-506.

A Variance Analog of
Majorization and Some
Associated Inequalities

Michael G. Neubauer and
William Watkins

Title Page
Contents
44
|
Go Back
Close
Quit
Page 49 of 49

J. Ineq. Pure and Appl. Math. 7(3) Art. 79, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:michael.neubauer@csun.edu
mailto:
mailto:
mailto:bill.watkins@csun.edu
http://jipam.vu.edu.au/

	Introduction
	Majorization and Variance Majorization
	Definitions of Variance Majorization and Majorization
	Least and Greatest Sequences with Respect to the Variance Majorization Order

	Variance Monotone Functions and Schur Convex Functions
	The Main Result
	Schur Convex Functions

	Some Variance Monotone and Schur Convex Functions
	Elementary Symmetric Functions
	Moment Functions
	Entropy Function
	Coordinates of x

	Restricting S(m,v) to an Interval
	Proofs 
	Helmert basis
	Proof of Theorem 3.1 and Lemma 4.7
	Proof of Corollary 3.2
	Proof of Theorem 4.1
	Proof of Lemma 5.1
	Proof of Lemma 2.1
	Example 5.1


