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Abstract

The aim of this paper is to establish some new multidimensional finite difference
inequalities of the Ostrowski and Griiss type using a fairly elementary analysis.
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The most celebrated Ostrowski inequality can be stated as follows$see [
469]).
Let f : [a,b] — R be continuous ofu, b] and differentiable orja, b) whose
derivativef’ : (a,b) — R is bounded or{a,b), i.e., || f'||., = sup |f (t)] <
te(a,b)

oo, then
1.1 1 ’ ) dtl < 1 ( B GT—H)) b 4 On Multidimensional Ostrowski
( . ) f (J}) - b—a f( ) = Z_l + W ( - CL) Hf ||oo7 and Griss Type Finite

a Difference Inequalities

forall z € [a,0]. B.G. Pachpatte
Another remarkable inequality established by Griiss (g [296]) in 1935
states that

Title Page
1 b
12 ;= [ F@e@ SREIE
— a a
- - 44 >
(55 [ @) (75 [swa) <]
< L= m) (v =), Go Back
4
Close
provided thatf andg are two integrable functions dn, b and satisfy the con- -
ditionsm < f(x) < M,n < g(z) < N forall x € [a,b], wherem, M,n, N Qui

are constants. Page 3 of 19
Many papers have been written dealing with generalisations, extensions and
variants of the inequalitied. (1) and (L.2), see 1] —[1(] and the references cited 3. Ineq. Pure and Appl. Math. 4(1) Art. 7, 2003
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therein. It appears that, the finite difference inequalities of the Ostrowski and
Gruss type are more difficult to establish and require more effort. The main
purpose of the present paper is to establish the Ostrowski and Griss type finite
difference inequalities involving functions of many independent variables and
their first order forward differences. An interesting feature of the inequalities
established here is that the analysis used in their proofs is quite elementary and
provides new estimates on these types of inequalities.
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In what follows,R andN denote the sets of real and natural numbers respec-
tively. Let NV;[0,a;] = {0,1,2,...,a;},a;, € N. i« = 1,2,... ., nandB =

H N;[0,a;]. For a functionz (z) : B — R we define the first order forward

difference operators as

Az(z)=z(x1+ 1L, z9,...,2) —2(2),..., Az ()

— _ On Multidimensional Ostrowski
=z(21,. ., Tpo1, T + 1) — 2(2) and Griiss Type Finite
. X Difference Inequalities
and denote the—fold sum overB with respect to the variable= (y1,...,y,) €
B by B.G. Pachpatte
a;—1 an—1
Z Zo Zo (Y1, 4n) Title Page
Yy Y1 Yn=
Clearly>” z (y) = 3_ z () for -,y € B. The notation Contents
Y ’ <4« >
gl < >
Z A'LZ (yla s Yi-1, li, Litly--- 73771) y TiyYi € NZ [07 ai]
Go Back
o w—l Close
fori =1,2,...,nwemeanfor = 1itis >, Az (t1,29,...,2,) and soon _
) .. *nTd t1= y1 Quit
and for; = 1itis tn;/n Anz (Y1, -+, Yn-1,tn) . We use the usual convention Page 5 of 19
that the empty sum is taken to be zero.
Our main results are given in the following theorems. 3. Ineq. Pure and Appl. Math. 4(1) Art. 7, 2003
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Theorem 2.1.Let f, g be real-valued functions defined éhand A, f, A,g are

bounded, i.e.,
[Aif]lo = sup|Aif (z)| < oo,
reB

1Aig]l o = sup|Aig (z)] < oco.
r€B

Letw be a real-valued nonnegative function defined®mand > w (y) > 0.

)
Then forz,y € B,

@) |7@)g@) ~ 51203 )~ 532/ (@) D9 )

< g o @12 +17 (0 18I i),

g(fﬁ)gw(y)f(y)+f(r)2y3w(y)g(y)
2§w(y)

(22) |f(x)g(z)—

> w (y)

n
Y =1

g (@[ 1Aifll o + [ (@) 1 Aigll o] i — il
2%310(1/) ’

<

=1

whereM = H a; andHi (IE) = Z |IE7, — yz‘ .
i= Y
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The following result is a consequence of Theorgm

Corollary 2.2. Letg (z) = 1in Theorem2.1and hence),g () = 0, then for
x,y € B,

1 1 <
. S < — ) )
(2.3) |f<x> M;f(y) < M;HAJHO@HZ (v),
n On Multidimensional Ostrowski
ww) )| Zw) L NAiflle lzi — vl and Grliss Type Finite
(2 4) f (x) oy < y i=1 Difference Inequalities
Z w (y> N Z w (y) ’ B.G. Pachpatte
Y Y
whereM, w and H; (x) are as in Theorer. L Title Page
Remark 2.1. It is interesting to note that the inequalitie®.8) and 2.4) can Contents
be considered as the finite difference versions of the inequalities established by
Milovanovit [3, Theorems 2 and 3]. The one independent variable version of « dd
the inequality given in4.3) is established by the present author irt]. < >
Theorem 2.3.Letf, g, A; f, A;g be asin Theorer.1. Thenforevery,y € B, Go Back
1 Close
(2.5) |f(2)g(x) = 579(x) ) f () Quit
Y Page 7 of 19
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D Al |2 — yi\]
i=1

Z 189l |zi — yi!] )
=1

1
<
- M

y

(26) ‘f (1)g (@)~ 1700 Y 7 )
—%f(x)gg(y) +% (;f@) (gﬂ@)‘
< # (Z |Aifll o Hi (ZU)) (Z 1Aig|l o Hi (95)> ;

whereM and H; (=) are as defined in Theorefhl

Remark 2.2. In [8, 9] the discrete versions of Ostrowski type integral inequali-
ties established therein are given. Here we note that the inequalities in Theorem
2.3are different and the analysis used in the proof is quite elementary.

Theorem 2.4.Let f, g, A, f, A;g be as in Theorerd.1 Then
1 1 1
MZf(x)g(m) - (MZJ”(?U)> <MZQ(«%’)>|
1 - i
< aE (Z D 1Al s - yA] > 1Al i — y@-\]) ,
T Yy =1 =1

2.7)
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(2.8)

S @) - (%Zﬂx)) (%ng)‘

<omY <Z lg @18 o + 11 @) 18ig1].) 2 <x>) ,

T =1

whereM and H; (x) are as defined in Theorethl

Remark 2.3. In [4] and the references cited therein, many generalisations of o .
.. . . . .- . . : - On Multidimensional Ostrowski
Gruss inequality 1.2) are given. Multidimensional integral inequalities of the and Griiss Type Finite
Gruss type were recently established in {]. We note that the inequality2(8) briEnes el elies
can be considered as the finite difference analogue of the inequality recently B.G. Pachpatte
established in |, Theorem 2.3].
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2.1

Forz = (x1,...,2,),y = (y1,...,yn) In B, it is easy to observe that the

following identities hold:

n x;—1
(3.1) (z) {ZAif(y1,--->Z/i1,ti,$i+17-~-75€n)}7

=1 \ti=y;

(3.2) g(x)

n x;—1
{Z Alg (y17' e ayi—lvtivmi-‘rla s 7$n)} .
i=1

ti=yi

Multiplying both sides of 8.1) and 3.2) by ¢ () and f (x) respectively and

adding we get

(B.3) 2f(x)g(x) —g(x) f(y) — f(x)g(y)

n r;i—1
ZL‘) Z { Z Azf (yl, ce 7yi—17tiaxi+1a N ,le’n)}

=1 \ti=y;
n r;—1
z) Z { Z Aig (Yis -5 Yim1s tis Tigrs - - - axn)} :
=1 \t;=y;

Summing both sides oB(3) with respect tay over B, using the fact that/ > 0
and rewriting we have

(3.4) f(x)g Zf ——f Zg
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x;—1

QabY
D>

Y =1

ti=yi

+ [z

‘f(:v)g(

Z Azf (yl; ce
z;—1

{Z Azg ?/1, S
ti=y;

From (3.4) and using the properties of modulus we have

s Yi1, Ly Tig1, - - -

7yi—1ati7wi+1> s

On Multidimensional Ostrowski

- and Griss Type Finite
QMg Z f f Z g\ Difference Inequalities
z;—1 7 B.G. Pachpatte
[ |Z [Z{ ZAif(ylv'-'7yi—1ati7$i+17'"7wn) }
= xtiyl - Title Page
+ |f |Z [Z{ ZAzg (yla"'7yi—17ti7xi+17“'7xn) }] Contents
=t A= - - <« »
[ !Z[Z{HAJH zl} <o
=1 mtilyl - Go Back
D> > {3l
=1 ti=yi m Qu|t

QMZ!Q )AL oo + LF (@) Aigll o] (Z\r yz>
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n

= ﬁ g @)1 Aiflloe + [ (@)] [ Aigll o] Hi () -

i=1

The proof of the inequality4d.1) is complete.

Multiplying both sides of 8.4) by w (y) , y € B and summing the resulting
identity with respect tgs on B and following the proof of inequality2(1), we
get the desired inequality ir2(2).
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2.3

From the hypotheses, as in the proof of Theoiz the identities §.1) and
(3.2) hold. Multiplying the left sides and right sides &f.{) and @3.2) we get

(4.1) f(x)g@)—g@)f(y)—f(2)g(y)+f(y)g)

n r;—1
= [ {ZAif(yl,...,yi1,ti,$i+1,...,l‘n)}]

=1 ti=vy;

On Multidimensional Ostrowski

and Griss Type Finite
§ E Difference Inequalities
Azg yla"‘7yi—17ti7$i+17"'7xn) . q

ti=y; B.G. Pachpatte

Summing both sides ofi(1) with respect tg on B and rewriting we have

Title Page
1
(4.2) f(z)g Mg Z Iy Contents
1 | 44 44
A Zg +sz:f(y)g(y) < >
1 n Go Back
:MZ [ {ZAif(:ylu'-’7yi—17ti7xi+17‘"axn)}] Close
Y =1 \¢i=y;
n r;—1 QUit
[Z { Z ANig (Y1, i1, bis Tigrs - - - ,l’n)}] . Page 13 of 19
=1 \ti=y;
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From (4.2) and using the properties of modulus we have

1 1
|f(fr)g(fv)—ﬁg(l’)2f( A% Zg Zf(y)g(y)
Y Y
1 n x;—1
SM [Z {Z‘Aif(yla-"ayi1ati>$i+17'~->wn)|}|]
Y =1 ti=yi
x;—1
[Z { Z |A’Lg yl» ey Yie1, tia Tit1y--- ﬂxn>|}“ on M:r!i;dg?ﬁgsl-?—gsle?:lsrt':&wsm
=1 ti=yi Difference Inequalities
> 1Al |2 — yi‘] N yi,] 7 B.G. Pachpatte
=1 =1
which is the required inequality ir2(5). M PR
Summing both sides o8(1) and @.2) with respect ta; and rewriting we get Contents
44 44
4,
4.3) f(z Z fly ) ,
1 n(md Go Back
= MZ Z; tZ Azf (ylv'-'vyi—lathxi-‘rl)'"71:71) Close
Yy 1= i=Yi
and Quit
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Yy ti=yi

respectively. Multiplying the left sides and right sides 13 and ¢.4) we get

]\149 Zf ]\Zf(x)zy:g(y)

—3 (g f (y)> <;9 (y)>

n x;—1
1 (Z [Z{ZAf yla~--7yi—1,tz‘,l‘i+1,...,[£n)}])
i=1 \ti=y;

Yy
x;—1
X Z[ {ZAig(ylv“'7yi—17ti7'ri+17"'Vrn)}]>’
Y = ti=y;

From (4.5) and using the properties of modulus we have

‘f<x>g<a:> — 0 @)Y ) - 0 Y0 )
+ % (%:f(y)) (Zg(y)>‘

Y

(4.5) f(z)g
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1 n
<3z [Z
Y =1 ti=y;

n x;—1
X Z Z {Z|Aig(y17---ayi—lathxi-‘rla"'?xn”}
Y =1 ti=y;

< [ 1Al <x>> (Z 2l H, <x>> .

This is the desired inequality ir2 (6) and the proof is complete.

z;—1
{Z A f (Y15 s Yim1s tiy Tigrs - - 7%)\}
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2.4

From the hypotheses, the identitidsd) and 3.4) hold. Summing both sides of
(4.2) with respect tor on B, rewriting and using the properties of modulus we
have

3 A ) - (%;ﬂx)) (%;gm))‘
n zi—1 n Multidimensional Ostrowski
< 2]\142 Z (Z [Z {Z IAf (Y1, - Vet b, Tiga, - - >$n)|}“ ° Marl‘tddGrUSSTyple?:"iite k

- Difference Inequalities
x Y =1 ti=yi

n z;—1 B.G. Pachpatte
X [Z {Z 18ig (Y1, - s Yits by Tigs - 7$n)|}u>

i=1 ti=Yi

. . Title Page
1
SEYWe ; (Z ; 1A fll oo 12 — Z/i\] ; [Aigll o i — yi’]) : Contents
v - «“ 33
which proves the inequality2(7). < >
Summing both sides oB(4) with respect tac on B and following the proof
of inequality @.7) with suitable changes we get the required inequality2if)( Go Back
The proof is complete. Close
Quit
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